Fourteenth International Conference on

Geometry, Integrability and Quantization Geome‘l:’r'q

June 813, 2012, Varna, Bulgaria I Lil: ’
Ivailo M. Mladenov, Andrei Ludu ntegrability
and Akira Yoshioka, Editors an

Avangard Prima, Sofia 2013, pp 74-86 .. ®
doi: 10.7546/gig-14-2013-74-86 QU“ ntization

f-BIHARMONIC MAPS BETWEEN RIEMANNIAN MANIFOLDS

YUAN-JEN CHIANG

Department of Mathematics, University of Mary Washington, Fredericksburg
VA 22401, USA

Abstract. We show that if 7 is an f-biharmonic map from a compact Rie-
mannian manifold into a Riemannian manifold with non-positive curvature
satisfying a condition, then 1 is an f-harmonic map. We prove that if the
f-tension field 74(¢) of a map ¢ of Riemannian manifolds is a Jacobi field
and ¢ is a totally geodesic map of Riemannian manifolds, then 7¢(¢ o 9) is
a Jacobi field. We finally investigate the stress f-bienergy tensor, and relate
the divergence of the stress f-bienergy of a map v of Riemannian manifolds
with the Jacobi field of the 7¢(¢) of the map.

1. Introduction

Harmonic maps between Riemannian manifolds were first established by Eells
and Sampson in 1964. Afterwards, there are two reports and one survey paper
by Eells and Lemaire [15-17] about the developments of harmonic maps up to
1988. Chiang, Ratto, Sun and Wolak also studied harmonic and biharmonic maps
in [4-9]. f-harmonic maps which generalize harmonic maps, were first intro-
duced by Lichnerowicz [25] in 1970, and were studied by Course [12, 13] recently.
The f-harmonic maps relate to the equation of the motion of a continuous sys-
tem of spins with inhomogeneous neighbor Heisenberg interaction in mathematical
physics. Moreover, F'-harmonic maps between Riemannian manifolds were first
introduced by Ara [1,2] in 1999, which could be considered as the special cases of
/f-harmonic maps.

Let f : (Mi,g) — (0,00) be a smooth function. By definition the f-biharmonic
maps between Riemannian manifolds are the critical points of f-bienergy
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where dv the volume form determined by the metric g. The f-biharmonic maps
between Riemannian manifolds which generalized biharmonic maps by Jiang [20,
21] in 1986, were first studied by Ouakkas, Nasri and Djaa [27] in 2010.

In section two, we describe the motivation, and review f-harmonic maps and their
relationship with F-harmonic maps. In Theorem 3.1, we show that if 4/ is an
f-biharmonic map from a compact Riemannian manifold into a Riemannian man-
ifold with non-positive curvature satisfying a condition, then ¢ is an f-harmonic
map. It is well-known from [18] that if ¢/ is a harmonic map of Riemannian man-
ifolds and ¢ is a totally geodesic map of Riemannian manifolds, then ¢ o ¥ is
harmonic. However, if ¢ is f-biharmonic and ¢ is totally geodesic, then ¢ o 1)
is not necessarily f-biharmonic. Instead, we prove in Theorem 3.3 that if the f-
tension field 77(¢) of a smooth map 1 of Riemannian manifolds is a Jacobi field
and ¢ is totally geodesic, then 77(¢ o 1) is a Jacobi field. It implies Corollary
3.4 [8] that if ¢/ is a biharmonic map between Riemannian manifolds and ¢ is to-
tally geodesic, then ¢ o v is a biharmonic map. We finally investigate the stress
f-bienergy tensors. If ¢/ is an f-biharmonic of Riemannian manifolds, then it usu-
ally does not satisfy the conservation law for the stress f-bienergy tensor Sg (¥).
However, we obtain in Theorem 4.2 that if ¢ : (M1, g) — (M, h) be a smooth
map between two Riemannian manifolds, then

div SJ (V) = £(J,, () (Y), dy(Y))  forall Y € T(T'M) (1)

where div Sg is the divergence of Sg and J., () is the Jacobi field of 7¢(3)) (there
is a - or + sign convention in the formula). Hence, if 77(¢) is a Jacobi field, then
1 satisfies the conservation law for S; . It implies Corollary 4.4 [22] that if 1 is
a biharmonic map between Riemannian manifolds, then ) satisfies the conserva-
tion law for the stress bi-energy tensor Sz(¢). We also discuss a few applications
concerning the vanishing of the stress f-bienergy tensor.

2. Preliminaries

2.1. Motivation

In mathematical physics, the equation of the motion of a continuous system of
spins with inhomogeneous neighborhood Heisenberg interaction is

oY , ,

5 J@) (W x AY) + V[ (¢ x Vi) (2)
where 2 C R™ is a smooth domain in the Euclidean space, f is a real-valued
function defined on €2, +(x,t) € S2, and x is the cross product in R? and A is the
Laplace operator in R™. Such a model is called the inhomogeneous Heisenberg
ferromagnet [10,11, 14]. Physically, the function f is called the coupling function,
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and is the continuum of the coupling constant between the neighboring spins. It is
known from [18] that the tension field of a map % into S? is 7(1)) = A+ |Vh|?ep.
Observe that the right hand side of (2) can be expressed as

b x (fr() + V[ - V). 3)
Hence, v is a smooth stationary solution (i.e., % = 0) of (2) if and only if
fr(@) +Vf-Vy=0 C))

i.e., ¢ is an f-harmonic map. Consequently, there is a one-to-one correspondence
between the set of the stationary solutions of the inhomogeneous Heisenberg spin
system (2) on the domain ) and the set of f-harmonic maps from € into S2. The
inhomogeneous Heisenberg spin system (2) is also called inhomogeneous Landau-
Lifshitz system (cf. [19,23,24]).

2.2. f-harmonic Maps

Let f : (M1,9) — (0, 00) be a smooth function. Many aspects of the f-harmonic
maps which generalize harmonic maps, were studied in [12, 13, 19, 24] recently.
Let® : (M1, g) — (Ma2, h) be a smooth map from an m-dimensional Riemannian
manifold (M7, g) into an n-dimensional Riemannian manifold (M, h). A map
¥ (My,9) = (Mas,h) is f-harmenic if and only if ¢ is a critical point of the
[-energy

By =3 [ flaupa.

In terms of the Euler-Lagrange equation, ¢ is f-harmonic if and only if the f-
tension field

Tr(¥) = fr(¥) + dy(grad f) = 0 5)
where 7(¢)) = Try Ddy is the tension field of ¢. In particular, when [ = 1,
() = T(¥).
Let F' : [0,00) — [0,00) be a C? function such that I > 0 on (0,00). F-
harmonic maps between Riemannian manifolds were introduced in [1,2]. For a

smooth map v : (My, g) = (Ma, h) of Riemannian manifolds, the F-energy of v
is defined by

2
)= [ Fl%Y
M,
When F(t) = t, % (p > 4), (1 +20)° (@ > 1. dim M; = 2), and ', they
are the energy, the p-energy, the a-energy of Sacks-Uhlenbeck [28], and the ex-
ponential energy, respectively. A map ¢ is F'-harmonic if and only if ¢ is a crit-
ical point of the F'-energy functional. In terms of the Euler-Lagrange equation,

)dw. Q)
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¥ M1 — My is an F' — harmonic map if and only if the F'-tension field

) = () rw) + v (grad(m%») ~o. @

Proposition 1. 1) If ¢ : (My, g) — (Ma, h) an F-harmonic map without crit-
ical points (i.e., |dy,| # O for all x € M), then it is an f-harmonic map with
f= F’(%). In particular, a p-harmonic map without critical poinis is an f-
harmonic map with f = |dy|P~2.

2) [15,25]. A map o : (M{*, g) — (M3, h) is f-harmonic if and only if 9 :

(M, fﬁg) — (MZ%, h) is a harmonic map.

Proof: 1) It follows from (5) and (7) immediately (cf. Corollary 1.1 in [26]).
2) See [15]. |

3. f-biharmonic maps

Let f : (Mj,g9) — (0, 00) be a smooth function. f-biharmonic maps between Rie-
mannian manifolds which generalized biharmonic maps [20,21], were first studied
by Ouakkas, Nasri and Djaa [27] recently. An f-biharmonic map ¢ : (M1,9) —
(M2, h) between Riemannian manifolds is the critical point of the f-bienergy func-
tional

(B 0) = 5 | )l ®)

where the f-tension field 77(vy) = f7(¢) + d¢(grad f). In terms of Euler-
Lagrange equation, ¢ is f-biharmonic if and only if the f-bitension field of ¢/

(12) ; () = £AST; () £ fR (r5(3), dep)dep = 0 )

where

m
Afry() = DfDry(4) = [ Dprs(#) = > (Deyf Deiry(¥) = S Dp, eis(1))-
i=1
Here, D, D are the connections on TM;, 1)~ 1T M, respectively, {e;}i<icm isa
local orthonormal frame at any point in M, and R’ is the Riemannian curvature of
M. There is a + or - sign convention in (9), and we take + sign in the context for
simplicity. In particular, if f = 1, then (72) ;(¢/) = 72(%), the bitension field of ).

Theorem 2. If ¢ : (M1, g) — (Ma, h) is a f-biharmonic map from a compact
Riemannian manifold M, into a Riemannian manifold My with non-positive cur-
vature satisfying

<fD€iD€in(w) - DeifDein(’dJ), Tf(w» 2 0 (10)



78 Yuan-Jen Chiang

then 1 is f-harmonic.
Proof: Since v : My — My is f-biharmonic, it follows from (9) that

(r2)§(¥) = DfD7p(¥) — [ Dpp(h) + R (14(4),d9p)dyy = 0. (11)
Suppose that the compact supports of the maps wt and D, ag;t {yn} € C°(M; x

(—e, €), M) is a one parameter family of maps w1th 1o = 1) are contained in the
interior of M. We compute

%fAHTf(’(J’)HQ = [{De,7(¥), De,s () + f{D*Drs (), 7 (¥))
=f <Deﬁf(1/’) e Tf () + [(De; De, 75 (1)
~Dp,,.. f(¢)) ()
= f(DeZTf(w) De,m5(¥)) + (f De, De, (1)) (12)
—De; fDe;7(4) + De; f De,7§ () — D, ., 75 (¥), 75 (%))
= [{De;7(¥), De,75(4)) + (f De, De, 5 ()
—De, [ De, 75 (1), 75 () — (f(R(dep, )7z (), 74(1)) >0
(where D*D = DD — Dp [20]) by (10), (11), f > 0 and R’ < 0. It implies that

1
S Al @IE > 0.

By applying the Bochner’s technique, we know that ||74(¢)||? is constant and that

De;rp(yp) =0 forall i=1,2,..m

It follows from Eells-Lemaire [15] results that 74(¢)=0, i.e., ¢ is f-harmonic on
M. n

Corollary 3 (200). If ¢ : (M, g) — (May, h) is a biharmonic map from a com-
pact Riemannian M, manifold into a Riemannian manifold My with non-positive
curvature, then 1 is harmonic.

Proof: When f = 1 and ¢ : M; — My is a biharmonic map from a compact
Riemannian M; manifold into a Riemannian manifold My with non-positive cur-
vature, (11) becomes

n(¢) = D*D7(¢) + R (7(¢), dy)dy = 0.
The identity (13) reduces to
%AIITW)II2 = (De;7(¥), De,7(¥)) + (D* D1 (), 7(¥))
= (De,7(4), De,m()) — (R'(d%, d) (), 7(+h)) >0
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since 1) is biharmonic, and M3 is a Riemannian manifold with non-positive cur-
vature R'. Note that (10) is automatically satisfied. It follows from the similar
arguments as Theorem 3.1 that ¢/ is harmonic. |

It is well-known from [18] that if ¢ : (M, g) — (M2, h) is a harmonic map of
two Riemannian manifolds and ¢ : (Ma, h) — (Ms, k) is totally geodesic of two
Riemannian manifolds, then ¢ o ¢ : (M1, g) — (Ms, k) is harmonic. However,
if ¢ : (My, g) — (M, h) is an f-biharmonic map, and ¢ : (Ma,h) — (M3, k)
is totally geodesic, then ¢ o ¢ : (My, g) — (Ms, k) is not necessarily an f-
biharmonic map. We obtain the following theorem instead.

Theorem 4. If 7¢(1)) is a Jacobi field for a smooth map 1 : (M1, g) — (M2, h) of
two Riemannian manifolds, and ¢ : (Mo, h) — (Ms, k) is a totally geodesic map
of two Riemannian manifolds, then 7¢(¢ o 9)) is a Jacobi field.

Proof: Let D,D',D,D',D",D, D’ and D" are the respective connections on
TMy, TMa, Y~ TMa, T Ms, (¢ 0¢) T Ms, T* My ® "' T My, T*M; ®
¢~ T Ms and T*M,® (¢ o 1)~ T'Ms. Then we have

D5d(¢ 0 ) (Y) = (Dyyxydd)dih(Y) + dg 0 Dxdep(Y) (13)
forall X, Y e I'(T'M;). We have also
RM3(dg(X"),d¢(Y"))d¢(2') = R?TTMs (X', Y")dg(Z') (14)

forall X', Y', Z' € T'(I'M>).
It is well-known from [18] that the tension field of the composition ¢ o 1 is given
by

(¢ 09p) = do(r()) + Trg DAg(dy, d9p) = de(r(¢))
since ¢ is totally geodesic. Then the f-tension field of the composition of ¢ o %) is
(0 ¢) = do(75(¥)) + [ Trg Dd(dep, dep) = dg(77(4)))
since ¢ is totally geodesic. Recall that {e_z};”;l is a local orthonormal frame at any

pointin M1, and let D*D = D, D, — Dp,, e, and D"™D" = D! D/ - Df

Dek e’
Then we have

D" D"74(¢ o) = D" D"(dg o 75(4))
= D}, D (d¢ o 74(¥)) = D, ., (dg o 75(4)).
We derive from (13) that
D, (d¢ 0 71(¥) = (D, 14, 39) (77(¥)) + dé © Dy (74())
= d¢ o De, 7¢(1h)

(15)
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since ¢ is totally geodesic. Therefore, we arrive at
D¢, D¢ (d¢ o 7¢(¢)) = D, (dp 0 De,7(4)) = d¢p o De, De, 74(¢p)  (16)

and
Dp, e ([P0 7(¢)) = dp o Dp,, e, 75 (%) (17
Substituting (16), (17) into (16), we deduce
D" D"r¢(¢p o4p) = dp o D*Drs(3)). (18)

On the other hand, it follows from (14) that
RM2(d(¢ 0 9)(e), (9 0 4))d(¢ 0 ) (e:)
= R? M (dyp(eq), 7 () dg (A (es)
= dg o RM: (dgp(es), 75 () dp(e;). (19)

By (18) and (19), we obtain
D" D"rp(¢ 0 9) + RM(d(¢ 0 9)(es), (¢ 0 9))d(¢h 0 %) (ei)

= d¢ o [D*Dry(¢) + RM(dep(e;), 7(¢))deo(e)].  (20)
Consequently, if 77(¢) is a Jacobi field, then 7¢(¢ o 1) is a Jacobi field. |

Corollary 5 ([8]). If ¢ : (M1, g) — (Ma, h) is a biharmonic map between
two Riemannian manifolds and ¢ : (Mo, h) — (Ms, k) is totally geodesic, then
pop: (M, g) = (Ms, k) is a biharmonic map.

Proof: If f = 1 and ¢y : (M1, g) — (Ma, h) is a biharmonic map of two Rie-
mannian manifolds, then 77(¢) = 7(¢/) is a Jacobi field. We can apply the analo-
gous arguments as Theorem 3.3, and (20) becomes

D™ D'7(¢ 0 ) + RM(d(¢ 0 9)(ea), (¢ 0 ¥))d(g 0 ) (e3)
= d¢ o [D*Dr(y) + R (dip(e), 7(¥))dep(e:)]
ie., (o) = dgo (ma(y)), where T2(¢)) is the bi-tension field of ¢). Hence, we

can conclude the result. |

4. Stress f-bienergy Tensors

Let : (Mi, g) — (M2, h) be a smooth map between two Riemannian manifolds.
The stress energy tensor is defined by Baird and Eells [3] as

S5(¢) = e(¥)g —¢"h

where e(y)) = |dg’|2- Thus we have divS(y) = —(v(¢),dvy). Hence, if 9 is
harmonic, then 1+ satisfies the conservation law for S (i.e., div S(%) = 0). In
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[27], the stress f-energy tensor of the smooth map ¢ : M; — My was similarly
defined as
ST(¥) = fe()g - ¥~k
and they obtained
div S (¥) = —(r¢(¥), d¥)) + e(¥)df.
In this case, an f-harmonic map usually does not satisfy the conservation law
. . d|? i da|2

for Sf./ 2In particular, by letting f = F’("Tl), then S7(y) = F’(’VT')e(zp)g
—F' (%)d)*h. It is different than following Ara’s idea [1] to define S¥' (1))

= F(M)g - F'(%)?ﬁ*h, and we have

)
2
div S*(¢) = —(rp(¥), ).
It implies that if ¢ : M7 — My is an F-harmonic map between Riemannian
manifolds, then it satisfies the conservation law for S¥.

The stress bienergy tensors and the conservation laws of biharmonic maps between
Riemannian manifolds were first studied by Jiang [22] in 1987. Following his
notions, we define the stress f-bienergy tensor of a smooth map as follows.

Definition 6. Let ¢ : (M, g) — (Mas, h) be a smooth map between two Rie-
mannian manifolds. The stress f-bienergy tensor of v is defined by

S{OGY) = Sy )X, ¥) + do, Dlrg(@) (X, ¥)

—(dy(X), DyTp(¥h)) — (d(Y), Dxs(¥))
forall X, Y € T(TM)).

2L

Remark that if ¢ : (My, g) — (May, h) is an f-biharmonic map between two
Riemannian manifolds, then v/ does not necessarily satisfy the conservation law
for the stress f-bienergy tensor Sg . Instead, we obtain the following theorem.

Theorem 7. If 1) : (M1, g) — (Ma, h) be a smooth map between two Riemannian
manifolds, then we have

divSJ(Y) = £(J,,y(Y), d¥(Y))  forall Y eT(TMy)  (22)
where J_ () is the Jacobi field of T¢(1)).

Proof: For the map ¢ : M; — M> between two Riemannian manifolds, set Sg =
K1 + K», where K and K are (0, 2)-tensors defined by

Ky(X,Y) = glrg(@)A(X, V) + (g, Dry(9))(X, V)
K(X,Y) = ~(@(X), Dyrs()) — (v, Dxrs().
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Let {e;} be the geodesic frame at a point a € M7, and write Y = Y'e; at the point
a. We first compute

div K((Y) = ) (De,K1)(e1,Y) = (ei(Ki(e:,Y) — Ki(ei, De,Y))
= Yl @Y + Y (A (er). Deyrg()Y)
i k

_%|7'f('¢’)|gyiei = D _(d(er). Deyry(¥))Y"es)

k

= <DY7_f('Z/J)7 Tf(w» + Z<d¢(Ya ei)7 Dein("vb)> (23)
+ Z<d¢(ei)’ DYDein(d)))

= (Dy74(¥), 75 (1)) + Tr(DAY(Y, ), D.7(¢)))

+Tr(dy (), DPrp(y)(Y, ).

We then compute

div KQ(Y) = Z(DeiKz)(ez" Y) = Z(ei(KQ(eiaY) - KQ(ei’DeiY))

= —(Dy7p(®h), T¢(®)) = > _(DAY(Y, €;), De,m4())

— Y (¥ (e:), De,DyT(4) — D,y (%))

' i (24)
HAY(Y), Ats(9)) = —(Dy7s(3h), 74(4))
— Te(DAy(Y,.), D.7p(4))

—Tr(d(.), DPrp(9) (. Y)) + (de(Y ), Ap ().

Adding (24) and (25), we arrive at
divS§(Y) = =(dp(Y), Arp(e) + Y _(de(er), R'(Y, ei)rs(4)
’ (25)

= =(Jr,)(Y), du(Y))
where J_ () is the Jacobi field of 7 (3)). |
Corollary 8. If 74(v)) is a Jacobi field (i.e., J,,(y) = 0) foramap ¢ : My — Mo,
then it satisfies the conservation law (i.e., div Sg = 0) for the stress f-bienergy
tensor Sg.
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Theorem 9 ([22]). If ¢ : (M, g) — (Ma, h) is biharmonic between two Rie-
mannian manifolds, then it satisfies the conservation law for stress bienergy tensor

So
Proof: If f = 1 and ¢ : (M, g) — (M2, h) is biharmonic, then (26) yields to
div Sp(Y) = (dy, A7) + D (d(e), R (Y, X:)7(¥)

= (V) A(Y)) = £(n(e), d(Y))

where (1)) is the bi-tension field of ¢ (i.e., 7(¢) is a Jacobi field). Hence, we can
conclude the result. |

Proposition 10. Let o) : (M, g) — (Ma, h) be a submersion such that T5(v)
is basic, ie., T(1)) = W o) for W € T'(T'Ms). Suppose that W is Killing and
|W|? = 2 is non-zero constant. If M is non-compact, then 7;(1)) is a non-trivial
Jacobi field.

Proof: Since 7 (1)) is basic

c? _ _
S{(x,v) = (5 + {4, D7 ()X, Y) = (d(X), Dy74(¢))

—(dy(Y), Dx7¢(¥))
where X,Y € T(TM;i). Let a be a point in M; with the orthonormal frame
{e:}iZ, such that {e;}7_; are in THEM, = (TY M)~ and {ex}j., ., are in
TY My = Ker di(a). Because W is Killing, we have
(9, Drs(#))(a) = Z<dwa(ej) De,7s(¥)) + Z dva(er), Dey 7y (¥))

27)

(26)

Z (dva(e;), Dy )W) =0.
J

Therefore,
2

S (@)(X,Y) = S(0Y) + (dea(X), D)2 )W)

—(da(Y), DY W) = C—(X,Y>.

If M is not compact, Sg 5 g is divergence free and 74(¢) is a non-trivial Jacobi
field due to ¢ # 0. |

Proposition 11. Ify : (M2, g) — (M, k) is a map from a surface with Sg =0,
then 1 is f-harmonic.
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Proof: Since Sg = 0, it implies

0="TrS] = |7p(4)[2 + 2(Dr(sh), dv) — 2(Drs(9), dgp) = |7 ()|

Proposition 12. If )y : (M™, g) — (My, h) (m # 2) with S = 0, then
1

m — 2

for X, Y € T(T(M)).

[T () 2(X,Y) + (Dx7p(h), dep(Y)) + (Dy74(¥), dip(X)) =0 (28)

Proof: Suppose that SQf = 0, it implies Tr Sg = 0. Therefore
m

(Drp(¥),dv)) = — mlw(zﬁ)ﬁ m# 2. (29)

Substituting it into the definition of Sg , we arrive at
2
XY
— (W)X, Y)

—(Dx1p(th >, dp(Y) > —(Dy7p (), dp(X)).

0=S8/(X,Y)=—
(30)

Corollary 13. If ¢ : (M1,g) — (Ma,h) (m > 2) with S{ = 0 and rank ¢ <
m — 1, then v is f~harmonic.

Proof: Since rank(a) < m — 1, for a point a € M, there exists a unit vector
Xo € Kerdify. Letting X =Y = X,, (28) gives to 7¢(1) = 0. |

Corollary 14. If v : (M1,g9) — (Mo, h) is a submersion (m > n) with S{ =0,
then i is f~-harmonic.
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