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Interpolation schemes which assume prescribed values on the boundary of a
triangle are presented. The development of these interpolants is based upon
univariate interpolation along line segments joining a vertex and a side. Initially,
methods which only interpolate to function values on the boundary are described.
This is followed by the application of several techniques which extend these
methods so as to include interpolation to first order derivatives on the boundary.

1. INTRODUCTION

The purpose of this report is to present some new methods for inter-
polating to function values and derivatives given on the boundary of a
triangle. Interpolation methods of this type have utility in such areas as
finite element analysis and computer aided geometric design.

The first methods of this type were presented by Barnhill, Birkhoff and
Gordon [3]. Their methods are based upon the combination of interpolation
operators consisting of univariate interpolation along lines parallel to the
sides of the triangle. The fundamental operators of this paper consist of
univariate interpolation along lines joining a vertex and its opposing side.

In Section 2, we define the basic side-vertex method, which interpolates
only to position values on the boundary and describe some improved
versions of it. In Section 3, we consider interpolation to both position and
slope on the boundary. Two general approaches are utilized. The first is
based upon the combination of operators consisting of Hermite inter-
polation along lines joining a vertex and a side. Following this, a general
technique for extending methods which interpolate to position only, to
methods which interpolate to both position and slope is described and
utilized.

* This research was supported by the Office of Naval Research under Contract NR
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INTERPOLATION IN TRIANGLES 319
2. INTERPOLATION TO POSITION ‘DATA ONLY

The original development of the side-vertex method is based upon the
Boolean sum of three operators consisting of linear interpolation along lines
joining a vertex and its opposing side. For the standard triangle T, with
vertices (0, 0), (0, 1) and (1, 0); the linear interpolants have the form

ACTFYp. @) = (1 — p) F (0, —1—) + pF(1, 0)

l—p
4 1Fp, @) = (1 = ) F (32, 0) -+ aF O, D) @.1)
ALUFp. ) = (0 + O F (2 o) + (U =2~ ) FO,0)

and

A;f o AP[F] = Ay* 0 Ay® o A3*[F] = (1 — p — q) F(0, 0) + pF(1, 0) + ¢F(0, 1),
j=1,23  i#]
Therefore, the Boolean sum
A @D A’ @ Ay = Ay° + 4p° + Ay° — Ay® o Ay°
— Ayf o Ag® — Ay® o A* + Ay o Ay’ o Ay®

yields the interpolation operator

ATFNp, ) = (1 =P F(0,77—) + (L = 9 F(72,0)

+(p+q)F(pf_q,pj_q)

—pF(1,0) —gF(0,1) — (1 — p — @) F(0,0).  (2.2)
This operator has been discussed by Marshall [8], Marshall and Mitchell
[9] and Barnhill [1].

For an arbitrary triangle 7" with vertices ¥V, = (x;,y;), i=1,2,3 an
analogous operator can be defined by the use of an affine map

X = x(pa q)
y =y(p, q)

which maps T, to T. For F defined on 7, we define

A[F)x, y) = A*[F)(p(x, y), 4(x, ) 2.3)
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(0,1)
(B, 3,
p+q’ p+q
q
(Olﬁ')
(p,q)
b B CIT PR 25 (1,0)
P
FiGure 2.1

where
F(p, q) = F(x(p, 9), (P, 9))

and p = p(x, ), ¢ = q(x, y) represents the inverse of the affine map.
There are, of course, a total of six transformations depending upon the
association of the vertices of T, and 7. In general, it is possible that an inter-
polation scheme defined on the standard triangle could lead to six different
schemes for an arbitrary triangle. These schemes are said to be affine equivalent
to each other and any method for which all the affine equivalents are identical
is termed an gffine invariant method. Each of these affine transformations may

be represented by
x(p,q) = x;p + x4 + Xpr

(2.4)
¥(p, @) = yip + yiq + yir

where r = 1 — p — g and (i, J, k) is one of the six permutations of (1, 2, 3).
The associated inverse mapping is given by

'x—x,c X; — Xp
Y =Y Vi~ Vi
p(x,y)—lxi_x’c x, = x,
Yie = Ve Vi — Ve
’x——xi X; — Xp
Y —Yi Vi — Jk
= 2.
9060 = o x =, 2.5
Yi— Y Vi ™ Vi
‘x—xi X3 xj
_ Wy =Yi Yei— D
r(x9y)_ ka“xj Xy — X;
Ve — Vi YVi— Vs
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Applying equation (2.3) for each transformation, we obtain the following
interpolant for F defined on T

st == S S

x —xq9(x,¥)  y—yqxy)
+ (1~ gCe ) F T—q(xy) ° l—q(x,y))

x —xr(x,y) ¥y — yr(x,y)
+ (1 = rCe M F T =100y 1=r(x,y) )

- P(x, y) F(xz ,yz) - q(x: y) F(x.’i ’ ya) - r(x’ .V) F(xk ’ yk)
(2.6)

From equation (2.4) and (2.5), it is clear that each permutation leads to the
same formula and consequently this method is affine invariant. We will find
it convenient to utilize the barycentric coordinates b, , i = 1, 2, 3 defined by

x = byxy + byxy + bgx;
y=byi+ by, + byys 2.7

1 =b,+ b, + by
and

|x-—xa' X = X

bi—bz(x’y) ’xi——xj X; — Xp

Yi—=Yi Yi— W

L i=1,23; iAjEkEL

We will denote the point opposite the vertex V; by

— ' _(x—xibi Yy —yib; .
=Sy = (o A=), =12l (2.8)
This notation is further illustrated in Figure 2.2.

Incorporating this notation, the basic side-vertex method takes the rather
simple form

3
A[F] = Z [(1 - bi) F(Si) - sz(Vz)] (2-9)
=1
Using the properties
b; .
bsy=1T-6 ' 77
0 i=7j

1 (2.10)
bV =,
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the line bjbk= By N N N j
N
N \
N b.=.25

N N i
N b.=.50

1

AN
b,=.75
FIiGURE 2.2

we can easily compute

3

A[b,-] = Z [(1 ~ bi) bj(Si) - b‘b,-(V,-)]

7=1

- ,i [ -5 %ﬂ] — b,

i5t]
= b,’ .
Since the linear span{l, x, y> is equivalent to <{b; , by, bs>, we can conclude

that A has algebraic precision of degree at least one. 4 has no higher degree
of precision, because

by .
an .
b2 — bbb . .
21 i 0k
A[b1 ] (1 — b,)(l . bk) 1 ?EJ ;é: k ?é 1.

Concerning the continuity of A[F] we can note that the only potential
discontinuity is in the term (I — b;) F(S;) at (x, y) = V. Since
(1 — B) F(S)I < |(1 — b)) Fllr

it follows that
lim (1 — b) F(S) = 0
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and so A[F] e C(T) for Fe C(T). But this is the extent of the smoothness of
A[F]. In general, A[F] will have singularities in its first (and higher) order
derivatives at the vertices, regardless of the smoothness of F. Equation (2.11)
provides an example of this. If we compute

ob; ob
2 4 2 7k
_6_[ bib, ]_b" ax 05
ox Lb;+b, 1~ (b; + by
and let (x, y) approach V; along the line ab, = 8b; we find that
ob; ob
2 9 2 Yk
2 b ] Pt
ax bj + bk v, o (OC + /3)2 ’

which is dependent upon the direction of approach.

We now proceed to improve upon the operator A. It is interesting to note
that if « is any continuous function defined on [0, 1] with the property
a(0) = 0, a(l) = 1, then the following generalization of A will be an inter-
polation operator for F e C(T):

A[F] = Z [a(1 — b)) F(S)) — oAby) F(V)). (2.12)
Of particular interest is the case «(f) = ¢2 which leads to
AX[F] = Z [(1 — 6,)* F(S) — b2F(V))] (2.13)

which defines an operator with algebraic precision of degree two with the
property that A*[F]e CYT) for F € CY(T). This operator has been developed
by Thomas [10] as the Boolean sum of the operators

AMF) = (1 — bR F(S), i=1,23.

In order to verify that A*[Fle C{T) for Fe C{T) we need only concern
ourselves with the term (1 — b;)? F(S;) at the vertex ¥;. Performing the
differentiation, we find that

2101 — by F(S)] _
ox

(1 — b)) F(Sy) -+ [(x — x3) Fu(S))

+(y = P FAS) — 201 — b)Y F(S] 2

b,
ox °

Using the fact that F, F,,, F, € C(T), it is easy to see that o[(1 — b,)? F(S,))/ox
is continuous and that

ol — b F(SII __
ox )

lim
b1
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In general, the second derivatives of A*[F] exhibit a similar behavior to the
first derivatives of A[F] in that the values at the vertices depend upon the
direction of approach.

Concerning the algebraic precision of A*, we first note that
<17 X Y, x27 XY, y2> - <b1 s b2 ’ b3 ’ b12’ 229 b33> = <b1 b bz ? b3 ? b1b2 4 b1b3 ? b2b3>-
Using equation (2.10) we find that

A*lb)) = 23: (1 — b)? b(Sy) — b2by(V3)

M

[ — b2 2] —

ot

@
z

Ry

— b1+ b) — by
and

A*[bjby] = i (1 — 5:)?b,(S) bil(Ss) — b*b(V) bu(Vy)

i=1
by,

_( - 1)2(1 b)(l_b)—bbk’ l?éj,k,

and so A* has precision of degree at least two.
The operator A* has no higher algebraic precision since

b — b2bby

A =G —ya by TIFEAT

and
A*[b2b,] = bzb" itk A
b+ by ~ '

In fact, it is true in general that an interpolation operator which utilizes only
values of Fon 0T (and not derivatives) cannot be exact for all third degree
polynomials. This is due to the fact that b,b,b, is a cubic which is identically
zero on 07.

3. INTERPOLATION TO BOTH POSITION AND SLOPE

In this section, we extend the methods of the previous section to include
interpolation to first order derivatives on the boundary of 7. Two general
approaches are used and several methods are obtained. The first approach is
based upon operators similar to A4,, i = 1,2, 3; in that they consist of
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univariate interpolation along line segments joining a vertex and its opposing
edge. Rather than linear interpolation, we use the general Hermite operator

H(g)t) = h(t) g(1) + k() g'(1) + A1 — 1) g(0) — k(1 — 1) g'(0), 3.1)

where A(1) = K'(1) = 1, A1) = h(0) = #'(0) = h(1) = h(0) = K'(0) = O.
Applying this operator to

R =F@uS; -0 — 1)V, i=1,273 (3.2)
and letting t = t(x, y) = 1 — b, , we define

DJF] = h(1 — b)) F(S;) + k(1 — by) Ri(1) + h(b,) F(V3) — h(b:) R0),

(3.3)
where
R(1) = (x — x») Fm(S'i) ‘_*‘ [Ey — ) F(Sy) ,
' (3.4)
Ri’(l)
Yi
FiGURE 3.1

While we are primarily interested in the case of cubic Hermite inter-
polation, where A(f) = t2(3 — 2t) and h(z) = t3*(t — 1), many of our results
hold in the more general situation without much additional complication.
However, we do require that k, h € C2[0, 1]. In order to simplify some later
equations, we introduce the notation

__h@
MO = =y
%(Vi) = (xx — X3) Fo(Vs) + (e — »2) F(V), 3.5

‘gg(&) = (x, — X) F(S) + (3 — ) FAS)

640/25/4-3
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and write

D, =B, + P, (3.6)
where

BIF) = h(l — b) F(S) — bih(1 — b) [b, 5 (S) + b5 (50)],
PAF) = hb) F(V) + bib6) [bs 5= (V) + ba - (V)] (3.7

i=1,23  i#jAk#IL

FIGURE 3.2

We are ultimately interested in approximations which are contained in
CXT). Since the first order derivatives of D,[F] on T involve second order
derivatives of F on e; , we require these derivatives to be continuous. Conse-
quently, we define

Cp2=3F.FeC{T); v————| e€Cle)),n+m=2;i=1,2,3.
oxn oy™ |,

an+mF
xn

Note that C;? admits functions which are not C2-compatible at the vertices
but requires C*-compatibility. The only potential C-discontinuity of D,{F]
is at the vertex ¥V , but since D,[F]interpolates to first order derivatives of V;,
it is clear that D,[F] e CYT) for F € C;. In general, this is the extent of the
smoothness of D,[F] regardless of the smoothness of F, » and h. As an
example, when D; = D, is based upon cubic Hermite interpolation, we have

0 i=4{¢ {¢{£n+m+#/{

15,2 = 2
Dcz[b{ bnbm] _bl%ﬂb[;@_ i # /, {H#£<n%tm~L (38)
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and these functions have second order derivatives whose value at V; is
dependent upon the direction of approach.
Our first method is based upon a technique due to Brown and Little {1].

THEOREM 3.1. Let Fe Cr2, then

b22b32D1[F] + b12b32D2[F] + b12b22D3[F]
b22b32 + b12b32 + b12b22

D[F] = (3.9

is contained in CY(T) and interpolates to F and its first order derivatives on oT.
Also, D[p] = p for all functions p such that D,[p] = p,i=1,2,3.
Proof. The weight functions

b2b,?
b,7bs* + by*bg? + by?hy? *

W, = i=1,2,3 i#£jAtk#i

have the properties:

3
z Wz = 1,
i=1

W; ‘ei = Bij >
oWile, = 0;

where ¢ represents any first order differentiation.

This operator, for the case of cubic Hermite interpolation, was first
considered by Barnhill, Herron and Little [2]. In this case, D is exact for all
polynomials in the ten dimensional space of cubic polynomials

C=<b;,bb;, bbby ;i,j,k=1,2,3). (3.10)

In order to develop an interpolant based upon the Boolean sum of these
operators, we require the composition D, - D;. By inspection, we can see
that D, o D,[F] will involve the limit along e; of second order derivatives of F.
For example, in the case of cubic interpolation,

3
De; o Dos[F] = Z P ol F] + b1byby

X [6F0A) +2 5 (V) + 25 (V) + 5o (o).

i#j#k A
(3.11)
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where the argument V;, o e; is used to indicate the value obtained at V', as a
limit along the edge e, . For these operators to commute, so that the Boolean
sum will interpolate on both e, and e;, it would be necessary to assume
C:-compatible data at the vertices. Rather than make this assumption, we
consider the more general operators

b.D;° D; + b;D; o D;
b+ b;

D, =D;+ D, — L k=1,23 i#jEk A

(3.12)

which reduce to the normal Boolean sum in the case of compatible data.
It is easy to verify that D, interpolates to F and its first order derivatives on e,
and e¢;, and that D, is Hermite interpolation on e, . Using a technique
originally due to Gregory [7], we obtain our next interpolant.

THEOREM 3.2. If Fe C;?, then
B[F] = WIBI[F] + W252[F] + Waﬁs[F] (3.13)

where
W, = b3 — 2b; + 6b,b,), i#j#kF#I (3.19)
is contained in C*[T] and interpolates to F and its first order derivatives on oT.

Furthermore, D[ p] = p for all functions p such that D,[p] = p, i = 1,2, 3.
Proof. As Gregory has shown, the weight functions have the properties:

3

Z Wi = 1,
i=1

Wi lei - 0,
an ‘ei - Oa

where @ represents any first order differentiation.

While the weight functions given by equation (3.14) are the simplest
polynomials with the required properties, there are many other functions
which will also satisfy these conditions. For example

b?
W= e T
3b, + b, 3b; + b, ., .
— h2 k i i i
W, =b,; bi+bk+b,-+bk l], i #jF#k #i

or €ven

W, = (1 — b)[1 — cos(wb,)] + b;[cos(mb;) + cos(wb)l}, i#j#k #IL
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THEOREM 3.3. Let F € C;2 and define

b,b
D =D, — " p o0, + Dy + D, — 222 b, 0 (0, + D)
biby
+ Dy — A Dy o (Dy + Dy) (3.15)

where A = bib, + biby + byb; . Then D'[Fje CT) and interpolates to F,
F,and F, on 2T. The precision consists of all functions p such that D[ p] = p,
i=1,23.

Proof. One;, where b, = 0,

D'[F]l., = Flo, + Di{F1l., + DulF]le, — Di o (D; + DIF] ., = F ., ,

i # kAL
Let 0 represent any first order differentiation, then
8D’ = @D, — b2b3 8[D, o (Dy + Dy)] — D, o (D, + D) a[ b“’Aba
+ 8D, — bzlbg oD, > (D1 + D] — Dy o (D + Dy 2 bldb3 ]
1 oD, — bzbz 8Dy o (D, + Dy)] — Dy o (Dy + D,) a[ b1Ab2 ]

Again on the edge ¢;, and using the fact that D, o D,[F] is Hermite inter-
polation, H, on any edge, we obtain

oD'[F]|., = OF |,, + @D,[F]1,, + 8Dy[F] 1., — o[D; o (D; -+ DyIF]|.,

biby + byby + byb, ]
A4

—Ha[

= oF|,,,
¢y
The precision claimed follows immediately by direct substitution.

As an application of this theorem, we choose cubic Hermite interpolation
and use equation (3.11) to obtain

DIF) = Y. [BF| — PolF] ~ CIF] (3.16)
where
car = =202 [ervy 2 Z vy +2. 2

b,  &F by  &F
+b,~+bk9e,~3€( 7)+b—{~—bkae,6k(V ek)]

P#j#k i (317
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We now return to more discussion on Boolean sums. While it is not the
case that D; and D; commute, we do know that D, ® D;, i = 1, 2, 3; will
have the interpolatory properties of D, in that it will interpolate to F and its
first order derivatives on e; and e, . Since D,[F] and any D,, o D,[Fl,n # m
reduce to Hermite interpolation on e;, we also know that D, ® D, will
interpolate to F (but not necessarily its first order derivatives) on e; . This
leads to the following theorem.

THEOREM 3.4. Let F € C;2 and define
3 _—
D* = Z bi[Di @ Di]’ (3-18)
i=1

Then D*[F] e CXT) and interpolates to F, F,, and F, on 8T. The precision set is
the intersection of precision sets of D;, i = 1,2, 3.

Proof. Because of the interpolatory properties of D, @ D, stated above,
it is clear that D*[F] interpolates to F on ¢T. Since

6D*[F] = b1 a[l_)l @ Dl] + [51 @ Dl] ab1
+ by 8[Dy @ Dy} + [Dy @ D,] 0b,
+ by 8[Dy @ Dy] + [Dy @ Dy) 0b,

where 0 represents any first order differentiation, it is also clear that the
first order derivatives of D*[F] coincide with those of F on 0T. Again precision
is just a matter of direct substitution.

As an example, we choose D; = D,;, i = 1,2,3. We expand equation
(3.18) to obtain

byby(1 + by)

* —_— o
Dc - Dcl b1+b2b3 Dcl (Dc2 +D03)
biby(1 + by)
+ Dc2 - b2 T b1b3 Dcz (Dcl '+‘ Dcs) (319)
bibo(l +b9)
+ Dc3 - b3 + b1b2 Dca (Dcl + Dcz)

and use equation (3.11) to obtain

3
D{TF] =}, [BulF]— Pu[F] — CIIF]] (3.20)
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where

ciir = YR8 [6r(vy 2 22 () + 25 ()]

bbbyl +b) @F .
T bt bh B 56, 0%

bbbl +b) &F .
bj + blbk 68,‘ 6ek (V1 ek),

+

i#=js*k+#i (B21)
It is interesting to note the similarity of equation (3.19) and equation (3.15).

THEOREM 3.5. Let P[F] € Cy? satisfy the fifteen conditions:

oP[F oF , .
MWy =Ly, i=123 145 D)
PO[F] &F

ae,.ae,.(V’“’"’) Bo 0. 7e; (Vieoe), L,pk=1,2,3 i#j#*k#Ii
Then

3
D[F] = Y [B.F] — B;° 1] + P[F] (3.23)
i=1
is contained in CXT) and interpolates to F, F, and F, on ©T. Furthermore,
D has the precision of ®.
Proof. Consider the subspace
CP) = {F:F =F— P[Fl,Fe Cs2.

On this subspace, D;,[F] = B,[F], i = 1,2, 3. Since D, o D;[F], i # j only
involves the values of F and its derivatives at the vertices, D; - D,[F] =
D, o D,[F] = 0. Therefore, the triple Boolean sum over C;*®) reduces to

D, ® D, ® Da[F] = BI[F] + Bz[F] + Bs[F]-

Consequently,

3
Z B,[F — O[F]]

will interpolate to F — ®[F] on &7. This implies that D[F] will interpolate
to F. The statement about precision is obvious.
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As a source of interpolants with the properties of ®, we can use the
following.

LEMMA 3.6. The interpolant

- szz e Da[F] + bsDa ° Dz[F] lel ° Da[F] -+ bst ° D1[F]

$IF1 = b | b, + b, ]+ 8 b, F b, ]
byD; o D2[F] + szz o Dy[F]

+ b3[ 5 h ] (3.24)

satisfies the fifteen conditions of equation (3.22).

Proof. Since D; o D,[F]), i 5 j is Hermite interpolation on o7, it is clear
that the first nine conditions are satisfied. For the remaining six conditions,
we let P; = D,o D; — P, — P, — P,, i + j, and wirte

B1F) = PiF + PR+ PiF + Y b [DEELE BRI 5

Let us consider one of the conditions of equations (3.22), say i = 1, j = 2,
k = 3. Applying this to one of the last six terms of equation (3.25), we find
that

bib; P F1 bb;
ag[ 1054 45 ] ag[ 5 ]

b; + by _ b; + by .
——_—3e1 de, (V3o ey) = Pu[FI(Vy) ——_‘—ael e, (Vseoey)

o5 bf b ] 8P,k[F] (

+ %e, V) Vs)

apjk[F] W 8[ 5, + bk]

+ Vs

4 ij[F]
Vyoes e, Oey

b:b;
: ] (V3o ey)

+[bj+bk

The fact that P;,[F] = 0 on &7 implies that

Py [ b:b; Pyl F] ]
b:f + bk (V3 o 62) — [ bibf ]
de, oe, b; + by

&Pyl F]
A 32[ ael aez (V3 eZ)]'
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Leti # j # k # i and £ 5 n, then

bibj ] . g = {, k=n
[ b+ b, 1ly,.., 10  otherwise.
Therefore,
2 P[F] o P[F] 2Dy o Do[FI— P] .,
de, 382( 30 €) = de, (Va e) + de, oe, (Vioey)

where P = P, + P, -+ P,. Since it can be shown that

0D, o D,[F] . 8F
W(V:ﬂez) = Ze, (Vs €s)

the argument is complete.
As an example of the use of this lemma, we apply it to the case of cubic
Hermite interpolation and obtain

SIFl= 3 b2[G—2b:+ b)Y

i=1

eSS

+ byl + 2b]) (V) + b(1 -+ 2bk) (Vz) (3.26)
bpt  BF beb,? o

T8 15, de,00, V) T 3T e 7en ¢ Vioe)].

It is interesting to note that this interpolant is the unique element of the
Birkhoff and Mansfield [6] space D,; determined by the conditions of
equation (3.22). In the case of C2-compatibility, this interpolant is Birkhoff’s
tricubic interpolation [4].

We now illustrate the use of Theorem 3.5. We choose D; = D,;, =
B,; + P,; to be based upon

h(t) = 34 — 3t), k() =13t — 1),
and @ = &, of equation (3.26). As it turns out,
3

Y Bu[®.] =&, + %, [Pu{F]1+ Q{F]] (3.27)

where
Qi[F] = b2b;b, [6F(V) L (V) 4 _(V)
b; + by 6ej dey, Vioe) + 5—- b; + b, _|_ b, de; Oey, Vi ek)],
P#j#kF#I
(3.28)

+
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Therefore, Theorem 3.5 yields the following interpolation operator

M

D, =

[By — Poi — Qil- (3.29)

i=1

This approximation has the interesting property that in the case of C2-
compatibility, all of the weight functions are polynomials.

Our second approach is based on the following technique: We assume that
G is any interpolation operator that utilizes only position information and w
is a function which is zero on all of 7. We then consider interpolants of the
form

P[F](x, y) = G[F](x’ ¥) + w(x, y) h(x, »)

where h is yet to be determined. Imposing conditions that require P[F]
to interpolate to first order derivatives on &7 will impose only interpolation
to position data on A. For example, say 7' = T, and we impose interpolation
to the normal derivative along the edge p = 0. This requires that

0 0,9) = 2 0.9) + 10, ) - 0.9) + w0, 0 5 0.0

oF
= '5; ©,9)

which implies that
oF oG
-5m@— mw)
1O, q) =

0.9
After obtaining these values for all three edges, we define

h(x, y) = HlhKx, y)

where H is also an interpolation operator which only requires position values
on 2T. In other words, we are considering interpolants of the form

P[F] = GIF] + w - H[f—_—w(—;[—ﬂ] (3.30)

We now proceed to apply this technique on the on the triangular domain
T =T, with G = A%, as defined by equation (2.13), and w(p,q) =
pq(l — p — g). While it is not necessary for the application of this technique,
we assume for this example, C2-compatibility on F. Performing the necessary
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calculations, we find that H will be operating upon a function with the
boundary values

Wp,0) =~ {5

P[5 (L0 = 5 (L.0) + 2 (7,0) + 2701, 0)]

q( »,0)

— (1= ) [5-(0.0) + 2F(, 0)] + 2F(p, 0)

h(p,1 —p) :RE)ITI_) "‘a";'(P,l —D)

P[50 = 21, 0)] ~ 265 1 — ) — (1L = p)

x [%f;(p,l —P) = 5 (1= p) + 5 0. — 270, D]}

0.9 =1 : —9q) 31)

— [ 0.0 = 50 1) + 5 0.0) + 270, 1)

(0 q)

—( -9 [—% 0,0) + 2F(, 0)] + 270, g).

We now note that this data is not C%-compatible at the vertices. In fact,

3F
% aq(00) (0 1)+ (0 1)+5 (00)+a ©,0

+ 2F(0, 0) — 2F(0, 1

lim (0, g) =

and

lim h(p, 0) = & aq(o 0) — (1 0)+ (1 0) + - a (0 0)+—(0 0)
+ 2F(0, 0) —2F(1,0).

Similar conditions hold for the other two vertices. In order to continue this
process, we use for H the following generalized version of A* which can
accomodate this type of incompatible data.

A=Y a-brFS)+ Y 12

i=1

t#l#k#t

X [b Um F(V; + e(V; — V) + be lim F(V; + (Vi — V)]
(3.31)
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Performing all of the required calculations and mapping to the triangle T
we obtain

3 3
PIF] =} BiF]+ % [F(Vi)[2[g(bf s by) + &by, b)) + bibib ] — b7
=t 1#32}»#
. OF | OF 2F
g, VD85, b) + - (V) 8lbe, b) — g (V) bibihd
(3.32)
where B, is B; of equation (3.7) based upon
A(t) = r3(1 + 212 — 3¢3), h(t) = 13t — 1)
and
342 —_ _
2(s, 1) :i'ﬂlfss—-ﬁ—z(l s — )1 — 1R —st(l — 5 — 1),

Since P is of the form given by equation (3.30), the precision of P will
include the precision set of A* along with w = b,b,b, and w - p for p in the
precision set of 4. Thus, we have that P is exact for

<b1, H babk > bzbjbk » bizb]'bk s bibfzbkza iaj9 k= 1) 23 33 i 7&] #* k 5 l/\
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