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BEST APPROXIMATION BY VILENKIN-LIKE SYSTEMS

G. GAT

ABSTRACT. In this paper we give a common generalization of the Walsh,
Vilenkin system, the character system of the group of 2-adic (m-adic) inte-
gers, the product system of normalized coordinate functions of continuous
irreducible unitary representations of the coordinate groups of noncommuta-
tive Vilenkin groups, the UDMD product systems (defined by F. Schipp) and
some other systems. We introduce the notion of the modulus of continuity
on Vilenkin spaces, the concept of the best approximation by Vilenkin-like
polynomials. We prove a Jackson type theorem.

Denote by N the set of natural numbers, P the set of positive integers, respec-
tively. Denote m := (my, : k € N) a sequence of positive integers such that my > 2,
k € N and G,,, a set of cardinality my. Suppose that each (coordinate) set has
the discrete topology and measure g, which maps every singleton of G, to m%c
(1k(Gm,) = 1), k € N. Let Gy, be the compact set formed by the complete direct
product of G,,, with the product of the topologies and measures (u). Thus each
x € Gy, is a sequence z := (xg,21,...), where 2 € Gp,,, kK € N. G, is called
a Vilenkin space. G,, is a compact totally disconnected space, with normalized
regular Borel measure p, u(G,,) = 1. A base for the neighborhoods of G,,, can be
given as follows

Ip(z) == Gy, I(z):={y=(yi,i € N) € Gy, : y; = x; fori <n}

for x € Gy, n € P.
ZT:={I,(z):neN,ze€Gp}

is the set of intervals on G,,.

Denote by LP(G,,) the usual Lebesgue spaces (|.||, the corresponding norms)
(1 <p< ), A, the o algebra generated by the sets I,,(z) (x € G,,) and E,, the
conditional expectation operator with respect to A, (n € N).

If the sequence m is bounded, then we call GG, a bounded Vilenkin space. If this
is not the case then we call it an unbounded Vilenkin space.

Let My :=1 and My := my My, for k € N be the so-called generalized powers.
Then every n € N can be uniquely expressed as n = Z;’;O npMp, 0 < ng < mg,
ng, € N. This allows one to say that the sequence (ng,n1,...) is the expansion of n
with respect to m. We often use the following notations. Let |n| := max{k € N :
ny # 0} (that is, M, <n < M,4+1) and nk) = Z;C:k n;M;. Next we introduce
on Gy, an orthonormal system we call Vilenkin-like system.
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The complex valued functions which we call the generalized Rademacher func-
tions ! : G, — C have these properties:
i. r is Agp1 measurable (ie. r(x) depends only on xg,...,zx (z € Gpn)),
r,g =1 for all k,n € N.
ii. If My, is a divisor of n and [ and if n**+1) = (1) (k1. n € N), then

n— 1if ne = lk,
Ek(T’ka B {0 if ng #£ Iy

(z is the complex conjugate of z).
1i5. If My is a divisor of n, then

mkfl

3 M (@) =y
j=0

for all x € G,,.
iv. There exists a 6 > 1 for which ||[7}]|cc < /M4 /0.

Define the Vilenkin-like system ¢ = (¢, : n € N) as follows.

e
k
wn::Hr,? , nmneN.
k=0

(Since r) = 1, then v, = Lrio ™).

Example A, the Vilenkin and the Walsh system. Let G,,, := Z,,, be the
my-th (2 < my, € N) discrete cyclic group (k € N). That is Z,,,, can be represented
by the set {0,1,...,my; — 1}, where the group operation is the mod m; addition
and every subset is open. The group operation on G, (+) is the coordinate-wise
addition. G, is called a Vilenkin group. The Vilenkin group for which m; = 2 for
all k € N is the Walsh-Paley group. In this case let 7} (z) := (exp(2muxy/my))",
where 2 := /—1,2 € G,,. The system ¢ := (3, : n € N) is the Vilenkin system,
where 1, := [ rg(k) =132, ri*™*. In the case of the Vilenkin group, my = 2
for all k € N, we get the Walsh-Paley system. Since |[r}'| = 1, 4i¢ and iv are trivial
and so are ¢ and 4. For more on Vilenkin and Walsh system and group see e.g.
[SWS, AVD].

Example B, the group of 2-adic (m-adic) integers. Let G, :={0,1,...,m—
1} for all ¥ € N. Define on G,, the following (commutative) addition: Let
z,y € Gyp. Then x4y = z € G, is defined in a recursive way. xg—+yo = tomo + 2o,
where (of course) zp € {0,1,...,mg — 1} and ty € N. Suppose that z,...,z; and
to,...,t, have been defined. Then write 41 +yr+1+tk = tetr1Mpt1+ 2541, Where
zr+1 €{0,1,...,mgy1 — 1} and ¢x41 € N. Then G, is called the group of m-adic
integers (if my = 2 for all k € N, then 2-adic integers). In this case let

nk
X Th— X
TZ(:E) = | exp 27TZ(—k+L+...+—O) .
mg MM —1 meMmpg—1...Mo

Let ¢y, = [T, ™ = I35, rix™*. Then the system ¢ := (1, : n € N) is the
character system of the group of m-adic (if my = 2 for each k¥ € N then 2-adic)
integers. Since |r}| = 1, ¢, 49 and v are trivial. i is also easy to see and well-known
[SW2, p. 91]. For more on the group of m-adic (if my = 2 for each k € N then
2-adic) integers see e.g. [HR, SW2, T].

Example C, noncommutative Vilenkin groups. Let o be an equivalence class
of continuous irreducible unitary representations of a compact group G. Denote
by X the set of all such . X' is called the dual object of G. The dimension of a
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representation U(U)’ o € X, is denoted by d, and let
“z(',aj)(x) = (U, &) el do}

be the coordinate functions for U(?) where &1, . .. ,&q, is an orthonormal basis in the
representation space of U(?). (For the notations see [HR, vol 2, p. 3].) According
to the Weyl-Peter’s theorem (see e.g. [HR, vol 2, p. 24]), the system of functions

\/daul(:;), o€ X, i,j€{l,...,d,} is an orthonormal base for L?(G). If G is a finite
group, then X is finite too. If X := {o1,...,0,}, then |G| =d2 +---+d2 .
Let Gy, be a finite group with order my, k € N. Let {r;™* : 0 < s < my} be

the set of all normalized coordinate functions of the group G,,, and suppose that

7Y = 1. Thus for every 0 < s < my, there exist a 0 € Xy, 4,7 € {1,...,d,} such
that
it = VT (@) (€ G,
Ty = TZkMk. Let 1 be the product system of ri7 namely
o0
Ya(2) = [[ i (@) (€ G,
k=0

where n is of the form n = Y 72 jnpMj, and z = (zg,21,...). In [GT, Gat4] it is
proved that the system v satisfies the properties 4,44, 4i. If sup;, my < oo, then v
is satisfied [G4t4]. For more on this system and noncommutative Vilenkin groups
see [GT, Gat2, Gat4].

Example D, a system in the field of number theory. Let

oo k
.
ri(z) :=exp | 2m E M—jl E x; M;
j=k It

for k,n € N and € Gy,. Let ¢, := [ r,?(k)7 n € N.

Then, ¢ := (¢, : n € N) is a Vilenkin-like system (introduced in [G&t3]) which is
a useful tool in the approximation theory of limit periodic, almost even arithmetical
functions [G4t3]. This system (on Vilenkin groups) was a new tool in order to inves-
tigate limit periodic arithmetical functions. For the definition of these arithmetical
functions see also the book of Mauclaire [Mau, p. 25].
Example E, the UDMD product system. The notion of the UDMD product
system is introduced by F. Schipp [SW2, p. 88] on the Walsh-Paley group. Let
functions ay, : G, — C satisfy: |ax| = 1 and ay, is Ay measurable. Let 7} (z) :=
(—1)**™ ay(z). 4 is trivial and since |r| = 1, so are ¢4é and ¢v. To prove ¢ is simple.
Let ¢y, == [[re, = 12, rie™e (n € N). The system ¢ := (¢, : n € N) is
called an UDMD product system. For more on UDMD product systems see [SW,
SW2].
Example F, the universal contractive projections. Let ¢,,: G,,, — C (n € N)
be measurable functions with |¢,| = 1 (n € N) and ¢9 = 1. The notion of
universal contractive projection system (UCP) is introduced by F. Schipp [Sch4]
as follows. Let f € LY(G,,) and P, f 1= ¢ Es(fé, ) for n,s € N. Then
let [Schd] P,y = P, Pyets = Pu+n Py for all j € N. Moreover, if n(®)
and k() are incomparable, that is, there are no j € N such that n>*t7) = k(® or
k) = n() | then let P, Pity = Py Py = 0. In [Gat4] it is proved that the

system (¢, : n € N) is also a Vilenkin-like system.
For f € L'(G,,) we define the Fourier coefficients and partial sums by

Fh) = /G fhudn (keN),
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I
-

n

Snf =

=)

(ke (neP, Sof :=0).

b
Il
o

The Dirichlet kernels:
n—1 .
Dn(yax) = Zwk(y)wk(m) (7’L S P’ DO = 0)
k=0

It is clear that
S ) = [ F@Du(y.a)dula).
Denote by

n—1
onf =S Sf (e, o0f=0)
k=0

Proposition 1 (Gatd). The Vilenkin-like system 1 is orthonormal.

The Dirichlet kernels play a prominent role in the convergence of Fourier series.
The following two lemmas will be useful in this regard. They can be find in [G4t4].

Lemma 2. Let Mpi1lk, y € L,(x) (n,k € N, x,y € Gy,). Then

myp—1 .
Z PR Mo () T Mo () — {0» if y & Inya(x),

j=0 My, ny € In+l(x)-

Lemma 3.

Dan ) = {o, ify ¢ L(x).

Define the maximal operator S*f := sup,,en |Sn,, f]-

Proposition 4 (Gat4). The operator S* is of type (p,p) for all 1 < p < oo and of
weak type (1,1).

Set P,, = {ZZ;& by : bo,...,bp—1 € C} (n € P) the set of polynomials the
degree of which is less then n, P := U2 P, the set of polynomials (with respect
to the system ). P is dense in C(G,,) (the set of functions continuous on G,,)
[Gat4] and we also have that the set of polynomials is dense in LP(G,,) (1 < p < o0)
[Gat4].

Then by the usual density argument (see e.g. [SWS, p. 81]) we have
Proposition 5 (Gat4). Sy, f — f a.e. for each f € LY(G,,). O

It is simple to prove the convergence theorem above (that is, Proposition 5) with
respect to convergence in norm. We mean convergence in the LP-norm (1 < p < oo
and with respect to the supremum norm for continuous functions as well. The
situation with respect to the whole sequence of the partial sums of the Fourier
series changes. For Vilenkin systems (also on unbounded G,, groups) it is known
(see e.g. [Sch2]) that f € LP(G,,) (1 < p < oo) implies that S, f — f in the
LP norm and on bounded Vilenkin groups S, f — f almost everywhere (see e.g.
[Sch3]) for 1 < p < oo. On the other hand, this is not the case on nonabelian
Vilenkin groups ([GT, Gat2, Géat4]). It seems to be interesting to try to give a
control sequence for the norm of the difference of a function and the M, th partial
seum of the Fourier series of the function. In the Walsh, Vilenkin and even in
the nonabelian Vilenkin case this control sequence is the sequence of modulus of
continuity. The problem is that we do not have a group or any other operation
on G,, and consequently the natural way to define the sequence of modulus of
continuity does not work. However, we do define it in the following way. In the
sequel let A; : G, — G, be an 1 —1 function for i € N. Set A := (Mg, A\1,...) €A
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for n € P. For any A € A and = € Gy, set A(x) := (Ao(20), A1(z1), .. .).

Definition 6. Let 1 < p < oo, f € LP(G,,) and n € P. The nth L?(G,,) modulus
of continuity of function f is

WP (f) = sup () = SO lp-

AEA

Definition 7. Let f € C(G,,) and n € P. The nth C(G,,) modulus of continuity
of function f is

wn(f) = sup [[f(-) = FA())lloo-

)\EATI
For functions in LP and n € P set

(p) — 3 _
EP(f): plnf 1P = fllp

My,

and for continuous functions set

Eulf)i= inf [P~ fll

M,

the best approximation by Vilenkin-like polynomials. It is obvious that sequences
w )( f) (for functions in LP) and w,(f) (for continuous functions) are decreasing.
We prove that they converge to zero. We prove even more, namely:

Theorem 8. Let 1 <p < oo, f € LP(G,,) andn € P. Then

SP() < 1930, — fllp < P,
and
S92 () < BO(f) <P (5).

Theorem 8 with respect to the Walsh-Paley system is the result of Watari [SWS]
and with respect to the Vilenkin system is the result of Efimov [AVD]. With respect
to the trigonometric system the fourth inequality is a Jackson type inequality. The
other three inequalities have no trigonometric analogue.

Proof. Let P € Py, be a polynomial and A € A,,. Then we prove

Pol=P.
(k)
Let j €{0,1,...,M, —1}. Then ¢; :=[[;o 7. and r} =1 implies
n—1 (&)
Y = H ..
k=0
P §e . . 4§
That is, since r;  is Ap41 measurable (ie. 77 (z) depends only on zq,...,zy

(x € Gy)) we get that for any x € G,

r @) =ri" (\@))

for k <n —1 (recall that \;(x;) = x; fo x; € G, < n). Consequently,

¥j(x) = ¢;(A(2)).

And since for any complex numbers cg, c1,...,c,_1 we have

S s(e) = S (@),
j=0 §=0

then
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Thus,

If =FoXlp <If =Pllp + [P = PoXp+[[PoA=fo
=2[lf = Plip

for all P € Py, which gives

If = f oAl < 2EP(f).
That is,

WP (f) = sup [[f() = FAO)llp = 2B (f).

Since Sws, f € P, then we also proved

1
59 () < 118as. f = Fl-
The inequalities on the left sides of Theorem 8 are proved. The rest is to prove

1508, f = Fllp < WP (f).

We prove this for polynomials, first. Let P € Py, for some n < N € N. This gives
(in the same way as above) that P(x) depends only on x, ..., zx_1. Therefore, the
notation P(x) = P(zo,...,zx_1) can be used. Let \; : G%, — Gp, forn<ieN
be functions such as that for all y; € G,,, the function S\Z(yl, )i Gy, — Gy, and
for all z; € Gy, the function A;(., z;) : Gy, — Gy, is an 1—1 function (n < i € N).
Set

/\(y, x) = (3707 ey -1, )\n(yny xn)a )‘n—i-l(yn-i-lvajn-‘rl)v .. ) S Gm

Then we have

Sur. P(x) = M, /I ., POt

=M, P(\ ,x))d
/zn(@ (Ay, x))dp(y)
M,

= U oo Y P@oan T, Aa(Wn ), Av—1 (Un—1, 2n-1)).
N

yneGmn yN—16GmN_1
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Consequently,

IS, P~ Pl = [

m

b

=i 3

du(z)

M, /1 PO = P

>

20€G M, TN-1€Gmpy_,

My,
w5

Yn€Gm,, YN -1

—P(l‘o,...,.’l}nfl,..
M,
<9E X
N z0€G M, TN

>

ynEGvn" YN-—-1 EGnLN

7P(x07"'7xn—17'

M,
= i Z

Yn € Gmn YN

DS

z0€G M, TN-1€Gm
—P(.’L‘(),...,.’En_l,...
M, Z
My

.- 7$N—1)

Z P(:EOamlw~-awn71;)\n(yn>xn)7---aS‘N71<yN717$N71))
eGmN—l

P

. 7$N71)

>

—1€GmN—1

P(xo,x1,- s Tne1, An(Yn, Tn), - - - 5\N-1(?JN-1,IN—1))

-1
p

1
162GWN1 My

P(20, 215+« s Tpe 1y A (Yns T )y - s AN—1(YN—1, TN 1))

1
p

7$N—1)

Y. PG = PO

Yn€Gm,, YN-1€Gmy_

Since for each fixed y

€ G,, we have that A(y,.) € A, then it follows
1548, P = Pllp < 0P (P).

That is, the theorem for polynomials is proved. Let f € LP and € > 0. Since the set
of polynomials is dense in LP then it follows that there exists a polynomial P € P
such as that ||f — P||, < e. By proposition 4 we have

Shr,

f=1Fly

< |Sm.f = Sa, Pllp + 1S, P = Pllp + [P = fllp
<celf = Plp + 0P (P).

On the other hand,
W (P)
= sup ||[P(.)—P

AEA,

AC)»

< sup IIP(~)*f(-)Hp+AS€u[F 1FC) = S + sup [1F(AC) = PAC)p

AEA,

AEA,

<2|f = Plly + wP ().
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Finally, by the above written
HSMnf - f ||p

<dl|f = Pllp +wP(f)
<cetwl(f)
for each € > 0. That is the proof of theorem 8 is complete. O

Finally, we remark (the proof is left to the reader)
Theorem 9. Let f € C(G,,) andn € P. Then

S92 (1) < 1801, = flloe < wnlf).

and )
iwn(f) < En(f) < walf)-
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