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PARTIAL SUMS OF CERTAIN ANALYTIC AND UNIVALENT
FUNCTIONS

B.A. FRASIN

ABSTRACT. In this paper, we study the ratio of a function of the form

flz)=2z+ Z apz”
k=2

n
to its sequence of partial sums of the form f,(2) = z + 3. apz®. Also,

k=
we will determine sharp lower bou/nds for Re{f(z)/fn(2)}, Re ?]"n(z)/f(z)}7
Re {f'(2)/f}(2)} and Re { f1,(2)/f'()}.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form:
o0

(1.1) f(2) :z—|—Zakzk,
k=2

which are analytic in the open unit disk & = {z : |z| < 1}. Further, by S we shall
denote the class of all functions in A which are univalent in &/. Then a function
f(z) belonging to A is said to be starlike of order « if it satisfies

2f'(2) }
1.2 Re > o zelU
(1.2 {#5 (= eu)
for some a(0 < a < 1). We denote by S* the subclass of A consisting of functions
which are starlike of order « in Y. Also, a function f(z) belonging to A is said to
be convex of order « if it satisfies

Zj:(,(;) } Sa  (zel)

for some (0 < a < 1). We denote by K_ the subclass of A consisting of functions
which are convex of order v in Y. A function f € A is said to be in the class P_ iff

(1.4) Re (f'(2)) > «, (z €U).

(1.3) Re{l +
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It is well known that IC, C 8* C 8. Given two functions f,g € A, where f(z) = z+
3 apzk and g(2) = z+ Y bpz¥, their Hadamard product or convolution f(z)*g(z)
k=2 k=2

is defined by

(1.5) f2)xglz) =24 apbp2®,  (z€lU).
k=2

Ruschewehy [2] using the convolution techniques, introduced and studied the
class of prestarlike functions of order «, which is denoted by R,. Thus f € A is
said to be prestarlike functions of order a(0 < a < 1) if f * s, (2) € S where
s.(z) = z/(1 = 2)207%_ It may be noted that Ro= Ko and Ry /o= 81/

In our present paper we shall make use of the following definition due to Juneja
et al. [2].

Definition. Given the analytic functions

(1.6) ®(2) *z+Z)\kz and U(z *ZJFZM«Z 0<a<l;zel),
k=2
where Ap > 0, ui > 0 and \g > py for k > 2, we say that f € Aisin £(P, T; ) if
f(z)*T¥(2) #0 and
f(Z)*q)(Z)}
1.7 Red————~>>a z€eU).
4 Sene el

It is easy to check that various subclasses of S referred to above can be repre-
sented as £(®, ¥; «) for suitable choices of ®, ¥. For example

(i) € ((1—1)27&50‘) =S5

X} z+22 z . _ .

(11) & (Wa Waa) - ICom

(iii) 5((1 . a) P

. 24+ (1—-2a)22 z . _
(IV) 5( (I—z)5—2a 1 (172)272a704> =R
In fact many new subclasses of S can be defined and studied by suitably choosing

®(z) and U(z ) Thus
(v) € (5.5 a) - {f es: Re((zf( )') > a}
={feS: Re((1-9)f'(2)+0(zf'(2))) > a} and so on.

A sufficient condition for a function of the form (1.1) to be in £(®, ¥; ) is that

o0

(1.8) > Ok — o) lax| <1 - a.

k=2

o

For the functions of the form
(19) [ ==Yt a0

the sufficient condition (1.8) is also necessary (see [1]).
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In the present paper and by following the earlier works by Silverman [3] on
partial sums of analytic functions, we study the ratio of a function of the form (1.1)
to its sequence of partial sums of the form

(1.10) fn(2) :z+zn:akzk.
k=2

when the coefficients of f(z) are satisfy the condition (1.8). We will determine
sharp lower bounds for Re{f(z)/fn(2)}, Re{fn(2)/f(2)}, Re{f(2)/f. (%)} and
Re {f,’L(z)/f/ (z)} It is seen that this study not only gives as a particular case, the

results of Silverman [3] but also give rise to several new results.

2. MAIN RESULTS

Theorem 1. If f(z) of the form (1.1) satisfies the condition (1.8), and

A\ N S 1—aq, k=23,....n
k+1 Ph+1 = Ant1 + Oflnt1, k=n+1,n+2,....
then
- 1
(21) Re{ f(Z) } > )\n-‘rl Aflbp+1 + « (Z c Z/{)
fn(2) Ant1 = Ofin g1
and
n )\n B n
(2.2) Re{f (Z)}z 1 Ol (z €U).
f(z) 1 —a+ A1 — Qpngr
The results (2.1) and (2.2) are sharp with the function given by
1—
(2.3) f2) =24 ——— 2 ntl,

Ant1 = Qfingl
Proof. Define the function w(z) by

1 +w(z) _ /\n-i-l — Ofn+1 l:f(Z) _ </\n+1 — Qllp4+1 — 1 +a):|

1- U)(Z) B l-a fn(z) )\n+1 — Qln+1
(2.4) 1T+ Y apzht + (7““;2“"“) >oagett
_ k=2 k=n-+1
14+ > agzk-1
k=2

It suffices to show that |w(z)| < 1. Now, from (2.4) we can write

A ap - k—1
1 +1 —
( - -« “ ) Z az

k=n-+1
w(z) = m )\ S
2423 apzk-1 + (7"“1:&;‘"“) ST apzkl
k=2 k=n-+1
to find that
Ang1—Qpnt1 &
O I
[w(2) —

= w Ang1—Ofni1 S
2-2 % Jag| - (R ) By
k=2 k=n-+1
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Now |w(z)] < 1if

/\n+1 — Ofhn41 =
2 o= @ rrr-
(Feetoen)

n
Jax| <22 |ax|
k=n+1 k=2

or, equivalently

n+1 — n+1
Dol + Do T e < 1
k=2 k=n+1
From the condition (1.8), it is sufficient to show that
- = ap \k — ap
n+1 — n+1 k — k
Z|ak|+ Z ?Mk\SZﬁMM
k=2 k=n+1 k=2

which is equivalent to

- A —aur — 1+«
(2.5) }:( T >MH

I Z ( k auk1_+1+au +1>ak|20.
k=n+1 a

To see that the function given by (2.3) gives the sharp result, we observe that
f(z) 1-—« -«

= ZTL -1
fn(z) >\n+1 — Olin+1 )\n+1 — Ofhn41
A — -1
= Qntl ™ Winil T henr— 1.
An-i-l — Qlin41

To prove the second part of this theorem, we write

1+w(z)  1—o+4 A1 —alng [fn(Z) 3 ( Ang1 = Qfln 11 )}

1—w(z) 1-« f(2) 1—a+ A1 — Qlint
- k—1 Ant1—Qln i1 S k—1
14 > agz" 1 — (T) > agz
k=2 k=n+1
- n
14+ Y agzk-1
k=2

where

l—a+Ant1—Qhin -
(etpmzomen) 55 |

k=n-+1

()] € — — o
223 |ay| — (%’{%fa“"“) S lak|
k=2 k=n+1
This last inequality is equivalent to
Do larl+ D T | < 1
k=2 k=n+1

Making use of (1.8) to get (2.5). Finally, equality holds in (2.2) for the extremal
function f(z) given by (2.3). O

Taking ®(z) = z/(1 — 2)? and ¥(2) = 2/(1 — z) in Theorem 1, we obtain
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Corollary 1 ([3]). Let the function f(z) be defined by (1.1). If

(2.6) S (k—a)|al <1-a
k=2
then
f(z) n
2. >
(2.7) Re{fn(z) Z i1 a (zel)
and
fn(2) n+1l—a
. > .
(2.8) Re{f(z) Z 2% (z elU)
The results are sharp with the function given by
11—«
2. = — L
(2.9) f(2) Z+n+1—a2

Taking ®(z) = (24 22)/(1 — 2)3 and ¥(z) = 2/(1 — 2)? in Theorem 1, we obtain
Corollary 2 ([5]). Let the function f(z) be defined by (1.1). If

(2.10) ik(/{—a)|ak| <l-a«
k=2
then
f(2) nn+2—aq)
210 Rl S ) 2 G T e
and
fn(2) (n+1)n+1-a)
(2.12) Re{f(z)}>(n+1)[(n+1)—a]+1—a (zetl).

The results are sharp with the function given by
1-«
z
(n+1)2—a(n+1)
Taking ®(z) = z/(1 — z) and ¥(z) = z in Theorem 1, we obtain
Corollary 3. Let the function f(z) be defined by (1.1).If

(2.13) f(z)=z+ ol

(2.14) i|ak| <l-a«
k=2

then

f(z)
(2.15) Re{fn(z) } > o (z el)
and

fn(2) 1

The results are sharp with the function given by
(2.17) f(2) =2+ (1 —a)z""

Taking ®(z) = z/(1 — 2)? and ¥(z) = z in Theorem 1, we obtain
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Corollary 4. Let the function f(z) be defined by (1.1). If

(2.18) ik|ak| <l-a
k=2
then
(2.19) Re{i(é))} > Zi? (z €U)
and
(2.20) Re{];?((;))} > ni“;ia (z €U).

The results are sharp with the function given by

(2.21)

Taking ®(2) = (z+(1—-2a)22) /(1
1, we obtain

Corollary 5. Let the function f(z) be defined by (1.1). If

2/(1—2)?72% in Theorem

(2.22) ZC(a7k)(k—a)|ak| <l-«
k=2

then

f(2) Cla,n+1)(n+1—a)— 1+«
(2.23) Re{fn(z)}z Clant Dintl—a) (z €el)
and

fn(2) Cla,n+1)(n+1—a)
(224) Re{ 72) } et Clan+nri-a €Y

where C(a, k) = ﬁ (1 —2a)/(i — 1L

The results are_sharp with the function given by
f(z) =2+

11—«

Zn—i—l
Cla,n+1)(n+1—a)

(2.25)

Taking ®(z) = (2 + 22)/(1 — 2)? and ¥(2) = 2 in Theorem 1, we obtain
Corollary 6. Let the function f(z) be defined by (1.1). If

(2.26) ik2|ak| <l-a

then -

(2.27) Re { ;;((ZZ)) } > ”Q(Iinl; T euw
and

(2.28) Re { j;?(f)) } > — ig;j);_ ~ (zeu).
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The results are sharp with the function given by
11—«
——z
(n+1)?
Taking ®(z) = (1 — 8§)z/(1 — 2)® +6(z + 22)/(1 — )3 and ¥(z) = z in Theorem

1, we obtain

Corollary 7. Let the function f(z) be defined by (1.1). If

(2.29) fz)=z+ Al

oo

(2.30) D 11— 0)k + 0k Jax| <1 -«
k=2

then

f(2) (n+1)(14+nd) -1+«
(231 Rel 15} 2 e el
and

fn(2) (n+1)(1 4 nd)
(2:32) Re{ 7(2) } e ey oy ey S S A0S

The results are sharp with the function given by

l1-—a 1

We next turns to ratios involving derivatives.

Theorem 2. If f(z) of the form (1.1) satisfies the condition (1.8), and

) S k(1 —a), k=23,...,n
k1 T Okt = E(l—a)+ 7(/\”“(;i’f)”“)k, k=n+1n+2....
then
f'(Z)} Ant1 = Qfint1 — (n+1)(1 — o)

2.34 Re > zeU
(2.34) {ffz(z) - Ant1 — Ofbnt1 ( )
and

fn( ) } Antl — Qliny1

2.35 Re > z€eU).

(2.35) {f'( )] T (n+ 1)1 —a) + A1 — apingr ( )

The results are sharp with the function given by (2.3).
Proof. We write

T+w(z)  Angr —apings [f’(z) _ (An+1 — g1 — (n+1)(1 — a))}
l-—w(z) (n+1)1-a)[fi(2) Ang1 = Qfin41

where

Ant1—Qpnt1 io: kanz*1
(n+1)(1—a) k
k=n+1

B S - An41—=Qfng1 - —
2423 ayat~ 4 (Gt ) X kgt
= c=n+1
Now |w(z)] <1 if

Tl an
Zk|ak|+ +1 )(““ Z kla| < 1.

n+1
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From the condition (1.8), it is sufficient to show that

- Mgl — Qb1 o Ap — Qfi
D Klag|+ ZEESe S Y k] <) S |
k=2 (n+1)(1_a)k:n+1 k=2 l1-a

which is equivalent to

2": ()\k — oz,ulk:o(él — a)k) x|

k=2

n i (n+1) (Mg —apr) — Anr1 — aping1)

k
(1—-a)(n+1) lak| > 0.

k=n+1
To prove the result (2.32), define the function w(z) by

1+w(z) _ (n+1)1 —a)+ A1 — gy

1—w(z) 11—«

. [J;w()) B (<n + 1><1Ai+§>+aﬁf— Py ﬂ

where

An41—Qpnt1 - k—1
(1 + (n+1)(170¢) ) k:;+1 kCLk;Z

w(z) = o S :

— Ang1—Qfin —
ot 21;::2 hazt (1 * ("trll)(lli;)l) k:%:ﬂk‘akz’f 1
Now |w(z)| <1 if

- Antl — Qllin i1 ) -
2.36 k +(1+ — k <1.
(2.36) > (14 oot 3 Hlals

It suffices to show that the left hand side of (2.36) is bounded above by the
condition > ((Ax — apk)/(1 — @) |ak|, which is equivalent to

k=2
n

M — ) — (M — Ant1 = Ofinga
— — k| |ax| + <— 1+ —————— | k| |ax| > 0.
k2< 11—« k:zn;rl 1-—« (n+1)(1—a)
(]

Taking ®(z) = z/(1 — 2)? and ¥(z) = 2/(1 — z) in Theorem 2, we obtain

Corollary 8 ([3]). Let the function f(z) be defined by (1.1). If

(2.37) S (k—a)|al <1-a
k=2
then
(2.38) Re { j:/ (('Z)) } > +n1a_ ~ (zew)
and

(2.39) Re{ ’/L(z)}> ntl-a (= e U),
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The results are sharp with the function given by

l1—«
2.40 = —— ntl
(2.40) f(2) Z+n+1—o¢2

Taking ®(z) = (2 + 22)/(1 — 2)% and ¥(z2) = 2/(1 — 2)? in Theorem 2, we obtain
Corollary 9 ([3]). Let the function f(z) be defined by (1.1). If

(2.41) ik(l{—a)|ak| <l-a

then -

(2.42) Re { j;((’z)) } > — 7; — (e
and

(2.43) Re { J;g}((j)) } > ;j;:;y (z €U).

The results are sharp with the function given by

11—« el
(2.44) f(z):z+(n+1)2_a(n+1)z+.

Taking ®(z) = z/(1 — z) and ¥(z) = z in Theorem 2, we obtain
Corollary 10. Let the function f(z) be defined by (1.1). If
(2.45) i lak] <1 -«

k=2
then
(2.46) Re{f/(z)}>1—(n+l)(1—a) (zeU)
) )~
and
fn(2) 1
(2.47) Re{f’(z)}z(nJrl)(la)Jrl (z el).

The results are sharp with the function given by
(2.48) f(z)=z+(1—a)"

Taking ®(z) = z/(1 — 2)? and ¥(z) = z in Theorem 2, we obtain
Corollary 11. Let the function f(z) be defined by (1.1). If

(2.49) ik|ak| <l-«
k=2
then
(2.50) Re { ;A((z)) } > (”nill)a (z € U)
and

fh(2) n+1
(2.51) Re{ O } > e (z €U).
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The results are sharp with the function given by

11—«

(2.52) fz) =2+

Taking ®(2) = (z+(1—2a)2?)/(1—2)3>72% and ¥(2) = 2/(1—2)?72% in Theorem
2, we obtain

Corollary 12. Let the function f(z) be defined by (1.1). If

(2.53) > Clak)(k—a)lax| <1-a
k=2

then

f'(z) Clasn+1)(n+1—a)—(n+1)(1-a)
(2.54) Re{f{l(z)} = Clasn+1)(n+1—a) (z€U)
and

fr(2) Cla,n+1)(n+1—q)
(2:55)  Re { ) } 2 i D0t ClantDmii—a U

The results are sharp with the function given by

11—« a1
(2:56) J) =2+ C’(oz,n+1)(n+1—oz)z o

Taking ®(z) = (2 + 2?)/(1 — )3 and ¥(z) = z in Theorem 2, we obtain
Corollary 13. Let the function f(z) be defined by (1.1). If

(2.57) > kK apl <1-a
k=2
then
&) o nto
2. >
(2.58) Re{f,’L(z) Z (zel)
and
fn(2) n+1
2. > .
(2.59) Re{f’(z) Z v a (zel)
The results are sharp with the function given by
l1-—a
2. = —
(2.60) fz)=2z+ (n—|—1)22

Taking ®(z) = (1 — §)z/(1 — 2)? + 6(z + 2%)/(1 — 2)® and ¥(z) = 2 in Theorem
2, we obtain

Corollary 14. Let the function f(z) be defined by (1.1). If

(2.61) D (1= 0)k + 0k Jax| <1 —a
k=2
then

(2.62) Re { J];((’?)} > 7;5:”? (z €U)
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and
fh(2) 14nd
2.63 R L > eU).
(2.63) e{f’(z) T 24nd—a (z )
The results are sharp with the function given by
1-«

2.64 = — "L
(2.64) N ES T
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