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SOME SUMMATION FORMULAE
OVER THE SET OF PARTITIONS

W. C. CHU and R. K. RAINA

Abstract. Some algebraic identities with independent variables are established by
means of the calculus on formal power series. Applications to special functions and
classical polynomials are also demonstrated.

1. Introduction

Let a(n) denote the iet__oilpartitions of n (a nonnegative integer) usually denoted
by 1%:2Kz . nkn with " ik; = n; k; is, of course, the number of partitiongof size i.
If the number of parts for the partition set of n is restricted to k, i.e., kj =Kk;

then the corresponding subset of a(n) is denoted by a(n, k). LI
For nonnegative integral vector k = (kg, ..., kn), the multinomial coe [<cieht
as usual, is defined by
X X
- PR (A TH
where the finite product ~ runs over i from 1 to n, (X)k stands for the all factorial
notation, and |k| represents the coordinate sum for the vector k = (Ky, ..., Kpn).
In his recent paper, Chu [3] obtained a useful algebraic identity in the form
I;yll:l .
(1.2) = E i )
a(n)

where x and y are assumed as two complex numbers. This formula contains
numerous similar binomial summations over the set of partitions as special cases.

The purpose of the present paper is to generalize (1.2) involving certain se-
quences which are generated by the function f(t) [g(t)]* (see Carlitz [1, p. 521]).
The algebraic identity to be obtained may also be viewed as the means of variable-
separation for the sequences involved. The usefulness of our results is depicted by
considering some applications which yields summations formulas over the set of
partitions for special functions and classical polynomials.
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2. Main Theorem

For formal power series f(t) and g(t), with (0) = g(0) = 1, consider the formal
expansions

1
(2.1) FO = MOt An(1) = An;
B —
(2.2) OO = At
n=0
and
1
(2.3) fOOO = cnOt",
n=0

where X is an arbitrary complex number independent of t.
It follows from (2.2) and (2.3) that

1
(2.4) Ca(x) = An—mAm(X).

m=0
We propose to establish the following:

Theorem. For arbitrary complex numbers x and v,

r 1 I % 1
25) Chl) = Am o A,
m=0 a(m)
and
1 .
(26) Ca) = Aem(@=%) LGOI,
m=0 a(m)

Proof. In view of the defining equations (2.2) and (2.3), and the exponential
law a*¥ = (a¥)*, and performing simple calculus on formal power series, we have

f(©) [gOTY = FO {1+ (9P — DY

=fO :IAi(Y)ti 1

k=0 e, K

=f®  © A
k=0 (k)
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The assertion (2.5) follows now on comparing the coe [cieht of t" on both the
sides.
By writing

FO) O = [FOI L+ FO O -1},
and proceeding on the same lines as indicated above, the desired result (2.6) is
easily arrived at. 1

Corollary. For arbitrary complex numbers x and y,

@7) AGY)= L TADI
a(n)

It follows easily from (2.5) (or (2.6)) in the case when f(t) = 1.

3. Applications

Since most of the classical special functions and orthogonal polynomials can be
identified with the sequence {C,} defined by (2.3), therefore, our theorem would
widely be applicable. To illustrate, we consider the following examples.

Example 1. Let us set

l1+u—au

0= i@

and g(t) =1+u,
where u is implicitly defined in terms of t by u = t(1+ u)@*". By appealing to the
results of Gould [4]:

1 1
L d+bk X+ (a+b)k

l+u—au
Kk — X
X+ @+ bk K t=l+u

S T+u—(a+bu’

k=

the following combinatorial identities emerge from (2.5) and (2.7):
1 —1 —1
Xy + bn xy+(@+bn _ r ;1 %’+ b)(n —m)

xy + (a+b)n n rn=0a+b n—m
3.2 1 L]
(3-2) . I%ﬁ y y+ (a+b)i i
o(m) y + (a+h)i i
and
1 —1 1 [
Xy Xy +bn %y y + bi '
3.3) - = - _ . .
y + bn n o) k y + bi i

It may be observed that for a = b = 0, both (3.2) and (3.3) correspond to the
formula (1.2).
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Example 2. Next let

1—av

MO =@y

g(t) =e",

where v = te@*PV  then (2.5) and (2.7) in conjuction with the known formula
(Gould [4])

Ld+ bk X+ (@ + DK t _ (1—av)e¥

(3.4) X+ (@+Db)k k!l 1—(a+h)V’

k=i

yield the following identities on Abel coe Lciehts:

xy+bn  [xy+(@+bn]" _ T—b1 [@@+b)(n—m)""

xy + (a+b)n n! m:Oa+b (n—m)!
(3.5)
L1 .
Iﬁh y [y+(a+b)i]'lr_l
' K y+ (@ +b)i il
a(m)
and
5 xy byrbnl’ _ el g aeniy e
' Xy +bn n! o) k y+bi il '

Incidentally, Gould’s formula (3.1) has also been used by Chu [2] to derive new
partition identities.

Example 3. For the Laguerre polynomials, we have the generating function
[5, p- 84, Eqgn. (15)]

(3.7 Lni“_”)(x)t” =1 +1)%

n=0
On comparing it with (2.3), we find that (2.5) yields the result

|‘_—H5n—m(_a)n_m % @

—m)! il
o (n—m)! o(m) k i!

(3.8) LM (xy) =
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Example 4. By considering the generating function [5, p. 85] for the Bernoulli
polynomials

1 tn teXt
. B — =
(3.9) o n5 = s

then from (2.3) and (2.5) we have

e toel, CLEEE
(3.10) nt L mmy ok TR

m)

where By, denotes the Bernoulli numbers.

Example 5. If we consider the Lagrange polynomials [5, p. 85] defined by the
generating function

) S |
(3.11) 9B (u, v)t" = (1 — ut) (1 — vit)Z,

n=0
then from (2.3) and (2.5) we get

 — Sy e
=

=y @n-m o K i

(3.12) 9%YA(u,v) =

m=0

Example 6. For the generalized hypergeometric function we have the gener-
ating function [5, p. 139, Eqn. (10)]

] ! ]
Gy O e TN@) = a— R, )y
o n! 1=A—n; (bg); (by) ;

Comparing it with (2.3), then (2.5) gives

1 (]
—n; @),

1=x—n; (by);

. L |

m o (0)n-m '

(XY)n p+1Fg+1

(3.14)

m=0

a(n)

where (ap) denotes the array of p-parameters ai,...,ap, and here in (3.12) to

(3.14), (X)n stands for the Pochhammer symbol (X), = %tnr)
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