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ERROR ESTIMATES OF A LINEAR APPROXIMATION
SCHEME FOR NONLINEAR DIFFUSION PROBLEMS

A. HANDLOVICOVA

1. Introduction

The aim of this paper is to analyze the accuracy of a linear approximation
scheme for nonlinear parabolic problems of the type:

(1.2) ue(t, x) — AB(u(t, x)) = F(t, x, B(u(t, x))) (t,x) CQ:=(0,T]*xQ,
(1.2) B(u(0,x)) = B(uo(x)) on Q,
(1.3) —0uB(u(t, x)) = yB(u(t, x)) + ¢(t,x) on (0,T]xT,

where u: (0,T] % Q - R is the unknown function, Q CR¥ is a bounded domain
with a Lipschitz continuous boundary I, 0 < T < oo and 0,/3(u) denotes outside
normal derivative. Function B: R - R is nondecreasing Lipschitz continuous
function satisfying (2.1). Function f: (0,T] > Q xR - R is Lipschitz continuous
with Lipschitz constant L¢ and satisfies (2.2). We denote g(t, X,s): = ys+¢(t, X),
where y and ¢ satisfy (2.3).

These problems have been of great interest in recent years both from theoretical
and numerical point of view. Method based on the so-called nonlinear Cherno sl
formula has been studied by Rogers, Berger and Brezis in [1]. Their linear ap-
proximation scheme corresponding to (1.1)-(1.3) reads as follows:

14 8- 5 A8 = B(ui_g) + ﬁf(ti,x, B(ui-1) inQ,

(1.5) —0,0i = g(ti, X, 8i—1) onrl,
(1.6) Ui = Ui—1 + H(Bi — B(Ui-1)) 8o = B(uo(x)) ,

where T = % ti=it,(i=1,..,nNand0<p< Lgl (Lp is Lipschitz constant of
B, W is a relaxation parameter).

Solving (1.4)—(1.5) we first obtain aproximation 8; of B(u(ti, X)) in time steps
ti and then from algebraic equation (1.6) we can compute approximation u; of
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u(ti,x). The error estimates of this scheme are analyzed by Magenes, Nochetto
and Verdi in [7] for Dirichlet boundary conditions. Nonlinear Neumann type
conditions are treated by Nochetto in [9], [10] Verdi in [11] and Katurova in [5].

However, the results of numerical experiments obtained using this scheme are
not satisfactory, esspecially in porous medium type problems with interface. The
main argument for this is that 8; represents an approxiamtion of B(u;) and u
represents an approximation of E‘?lﬁ which is unbounded in the neighbourhood
of the interface (i.e. where Bu) = 0). Thus, the fact that p attains small values
((TR= Lgl) is a source of errors in the neighbourhood of the interface.

Another approximation scheme for problems of the type (1.1)-(1.3) was treated
by Jager and Kacur in [2] and by Katur, Handlovitova and Katurova in [4]. They
used the following scheme:

1.7 Hi(8i — B(Ui—1)) — TA8; = tf(ti, x,B(Ui-1)) In Q,
(1.8) —ov0i = g(ti, X, 6i—1) onTl,
(1.9) Ui = Uj— + IJi(ei - B(Ui_l)), i=1,...,n B = B(Uo),
with convergence test
=
(1.10)  IB(ui—1 + Hi(8i — B(Ui=1))) — B(Ui-1)| = a|6; — B(ui—1)| + 0 o

where pj [11.(Q), 0<d<pj <K foreveryi=1,...,nand K!, 1—aand?
are su [ciehtly small constants.

The main dilerknce between these two schemes is the fact that so called relax-
ation parameter of scheme (1.4)-(1.6) is substituted by function in scheme (1.7)-
(1.10) The latter scheme has the disadvantage of not being explicit with respect
to 6;, Ui. We can determine |; and 0; by an iterative method. For further details
see [2] or [4].

Let denote

ep(t,x) = B(u(t, x)) — 6i(x)
(1.11) eu(t,X) = u(t,x) —ui(x) for t CJfi—q, ti].

The main results of this paper are the following error estimates for the scheme
(1.7)—(1.10):

-
(112) B0y + B o1 -1y €SS sup (H Jegds <Crt
o=t<T 0 Lo(Q)

for strictly increasing B and
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"
(1.13) [=d If_ZZI(Q) + [&} EZ_ZIZ(OYT,H_l(Q)) +ess sup Ej ep ds <Crt?
O=t=T 0 L2(Q))

for B nondecreasing.

The paper is organized as follows:

In Section 2 we summarize the results of [2] and [4] and we give some notations
and assumptions.

In Section 3 we prove the error estimates of numerical solution of scheme (1.7)-
(1.10) for both strictly increasing and nondecreasing nonlinearities of 3.

2. Basic Assumptions, Notations and the Previous
Convergence and Existence Results

We denote | = [0, T]forT <coandt =L, ti =itfori=1,...,n, I = [ti—1, ti]
fori=1,...,n.
I:IFor simplicity let us denotei-‘t, s): =f(t,x,9), g(t,s): =9(t,x,8), (U,v): =
o UX)V(X)dQ and (u, Vv)r := u(s)v(s)ds. Further we use functional spaces and
their symbols as in [6]. By [1].]o and |.|r we denote the norms in the functional
spaces H(Q): = W2(Q), L2(Q) and L,(I"), respectively. By [].[CWe denote the
duality between H %) (dual space to space W} (Q)) and H(Q). By C we denote
a generic positive constant.

We shall assume that

B: R - R is nondecreasing Lipschitz continuous function satisfying
(21) 0=<lg=BHs)<Lg<ooforae s [R|B(s) =cyi|s|—c, [s]
and some constants c¢;, ¢, [CRland 3(0) = 0.

Function

f: 1 xQxR - R is Lipschitz continuous with Lipschitz constant

22) | and [f(t.x.5)| < C(1 + |s]), where C [R.

We denote by

g: I xI'xR - R function g(t, x,s) =ys +¢(t, x) wherey =0 and

(2:3) ¢ is Lipschitz continuous function with Lipschitz constant L.

For initial condition due to iterative method used in (1.7)-(1.10) we must as-
sume

(2.4) B(uo) CTP¥(Q), 3>0.
We shall denote
(2.5) oM =g, + Ll o yfort CI), i=1,....n

T
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Similarly we define u(™. By 8™ we denote the corresponding step function
(2.6) 0 =g fort [, i=1,...,n, 6M™(0):=p(uo).
and similarly we define a(™, p(™,

Definition. Function u CI,(I,L»(Q)) such that d;u CIL(1,HYR)) is a
variational solution of (1.1)—(1.3) i CR(u) CIL(l,H(Q)) and
1 1 1 1

2.7 I@u,¢mt+ I(EBEI), C)Ht+ I(Q(tB(U)),dJ)rol't= I(f(t,B(U)),(IJ)dt

for all ¢ CIL(1,H(Q)).
Let us denote

(2.8) u' := u(t;, x), where u is a variational solution of (1.1)-(1.3)
. i i1
(29) o' = % fori=1,...,n,
1 - ~ =
(2.100 U= = u(., t) dt and similarly ', g', fi,
I
(2.11) bu; = w where u; is obtained from the aproximation scheme.

In [2] and [4] the convergence of the approximation scheme (1.7)—(1.10) has
been studied for B strictly increasing Lipschitz continuous function and for 3
nondecreasing function too. Their main results are existence of a variational so-
lution u of (1.1)-(1.3) and the existence of subsequences {8(")}, {u(™I} of se-
quences {63}, {u(M} such that u™<) [and 8™ _, 8 = B(u) in L»(Q7) and
8" _, B(u) in Lo(1,H) for n — oo. Moreover, the estimates:

r 1 r 1
(2.12) max |B(uidle + MWHET+ |ui—uiqf3<C
1<i=n =1 =1

hold unifornly for n = ng > 0 and

(2.13) |6ilo < C,

Juilo=C

fori =1,...,n uniformly for n.

3. Error Estimates

Putting ¢Xit;_,.t; for all ¢ CH(Q) and i =1,...,n as a test function in (2.7)
yields

0. O - B _
(3.1) o', ¢ + (B CRH @' d)r = (F', )
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The variational solution of (1.7)-(1.10) satisfies

(3.2) (Bui, ¢) + (LI LR (9(ti, Bi-1), d)r = (F(ti, B(Ui-1)). b)

for all  CHI(Q) i = 1,...,n. Subtracting (3.2) from (3.1) and sum up for
i=1,...,k multiplying by T we get
1 : —1
WK —ug, pFt1 C AR —6), Cf
i=1
¢ — —
+1 @ —9(ti,6i-1)).¢ =71 (F' = F(ti, B(ui-1))), &

i=1 r i=1

— 1
We put ¢ = t(BX — 8y) = 1, €0 ds. We know that ¢ [CHI(Q) becuase of
properties of B and 6k (see [4]). We sum up (3.3) for k = 1,...,m and easily
obtain the inequality:

= —=h 1 1 _
lel,, eg Ot + M —u,epdt+  T2(C(R' —6;), LB —6y))

k=1 Ik k=1 I« k=1 i=1

N S— _
+ T (@ —9(ti,0i-1)), BK — 0i)r

k=1 i=1

N =
= T (F' — f(ti, B(ui-1))),ee dt.
1

k=1 'k i=

(3.4)

We will estimate separately each term in (3.4) as we want to obtain the in-
equality (3.13), which is the most important point for the proof of Theorem 1 and
Theorem 2. We denote (3.4) formally as | + 11 + Il + IV =V,

First we define the function

—s— P®
h(s) =s 0o

where 1 [1
H = max %;LB

(Lg is Lipschitz constant for 3 and & has the property 0 < d < p; < K for all
i=1,...,nsee [4]). The function h(s) satisfies :

(3.5) 0= hD(s) <1 forae. s [R.
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Using (1.9) we have for t [IY

€0 = B(U) — B = B(U) — BlUk—s) — 2

Hk
Similarly, . — . -
— 8 _ — T _
e~ o h(u) —h(uk-1)— 1 Hine (Uk — Uk-—1)
foreveryk =1,...,n.
Now we will estimate first term | as follows:
T—=h
| = [g],, eg [dt
k=1 'k
L == , = 1
= — IEQIth+ @J——,eemt:—h + 1),
H oo k=1 Mk H H
where IT" = @I—?__—zl(o,tm;Lz(Q)) and
T—=h
I = (hi(u) — h(uk—1), B(u) — B(uk—1)Ldt
k=1 Ik
Ue — U 1
- h(u) — h(uk—1), =~ dt
k=1 Mk Mk
1 1
— (1- Aue (Uk — Uk—1),€g) dt
k=1 M M
U — U 1
=lp Ih(u) — h(uk—1)|3 dt — h(u) — h(uk—1), =——=  dt—
k=1 I« k=1 M Hi
1
- 1— —— (Uk —Uk—1),e9 dt.
ket Ik H '
Finally :
I
(3.6) I = lg [h{u) — h(uk-1) I:IZ_:zl(O,tm,Lg(Q)) + I
- h(u) — h(uk—1), XK1 g
k=1 M Mk
1 1 1
- 1————  (Uk— Uko :
A (Uk —Uuk—1),€9 dt

k=1 Ik
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It is easily to check that

K E
@B.7) [ = E u]‘ —u,ep dt
- | %
’ 1
= OJtuds,eg(t) dt
t

k=1 'k
= 1L L 0,tm,H @) (84 L) 0,tm,H()) -

For treating the term 111 we use the elementary identity:

L1 1
L — 1 — —

(3.8) 2 a a = axk + a2 forax [HI.
k=1 i=1 k=1 k=1

Thus we have

(3.9) 211 = E:I ee(t)th+T2 —ek)% .

The last term on the left hand-side of (3.4) we estimate as follows:

1
Iv= 12 @ — g(ti, 8i—1)), BX — Bi
k=1 i=1
e —

LI S— _
= 1° @ —g(ti, 8)), BX — 8k
k=1 i=1 r —
+1° (9(ti, i) — g(ti, Bi—1)), BX — Bk
k=1_i=1 1 r
= y12 (B"—6i), X — B
k=1 _i=1 r ]
+ 12 (9(ti, 8i) — g(ti, 8i—1)), BX — Bk
k=1 _i=1 o r
I 1 —
+1° O — i), BK =B =1V +IVo+ V3.

k=1 i=1 r

33
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Using (2.3) we get after aplying (3.8)

1
(3.10) IV, = yt2 (B" = 65), BX — 6k
k=1 i=1 r
= Jr? Ek_ekEL(r)“LXE;l eGdE
2 k=1 2 2 o L2()
2 m
L VR L
2 2 o L2(l)
IV, we estiamte as follows:
[
IV, < [TP (9(t:, 8) — 9(ti, 8i-1)), B — 8 [
R — "
5 ™ | e
vyt (0 — 8i—1)[F]IB" — 6kl
k=1 =1 B
12¢ yrz TH
< V_Z B e+ 2o o 1)5
k=1 [ k=t r
T2¢ ™ 1 12
< \’Tlv11 + Yz_c | BB + 02 + V L 180l? |
k=1
where we have used the facts that:
1 1 1
V[t <C ¢ OJf + glvlé (see [8, page 15]),
2 2
=2 +® EprR e>0.
2¢ 2
Finally we have
yT?
(3.11) [IVa| < S-elVy +Cr.

because of (2.12), (2.13) and (2.4).
We can estimate the term V3 as follows:

T2¢ ™ 1 ) 2T = 1
Vsl < —=  IBc—8lr+o- H &i—¢i
€ L]

k=1 “E =1 i r
2 (I . 2
T°€ = T°€

ST|V11+CT2 ] T |t—t|th T|V1+CT
= li r

x
Il
s
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At last we estimate the term on the right hand-side of (3.4):

1
V| = _ T(F' — f(ti, B(ui=1))), €o dt%

k=1 '« _i=1

| U | S

= o (F'—T(ti, B(ui-1)))Hlesla dt
k=1 '« =1 2

e TN 1 1
< leg|3 dt + > (F' — F(ti, B(ui-1))) dt
Q

k=1 Ik —i=1

—Emy L r% T(F — £t B(U; )))E—Elnwiv
T2 2 bR Q_zl 2¢

k=1 i=1

For estimating Vi we use the following inequality:
_ 1 1
L ACHCICIEED)] . [T (t, B(u)) — F(ti, B(ui-2))| dt
L¢ - I

= S [B(u) —B(uj—1)| dt + L¢t

. ] ]
sTf |e9|dt+Lfr+—
'
Lf i_ul—l
:T |e9|dt+ LeT +L¢

where we used (2.2) and (1.9). Hence

, [l L1 5
S . 2 f 2.2 2 |Ui — Uj—1]
[F' — F(ti, B(Ui-1))I =7 legldt  +4LgT” +2Lf T
li i
‘2f - 2 2.2 2 Ui — Uj—a?
ST egdt +4LFT" + 2L ——- .
li i

For V1 we then have:

Vi= 1 % T(f' — (i, B (U.—1)))E =T | —F(ti, Bui—1)I3
Q

1

k=1 i=1 k=1 i=
[0 ]
LB 3 e = L Uiy
<4L:T 1t o ejdtH+2LET r2 =+ +Ct
k=1 i=1 N 0 k=1 =1 Hi 0
1
<Ct |If+cCt
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because of (2.12) and the properties of pi. We have finally:

(3.12) veEma €T T

1 7+ Er .
2 2¢ 2¢

Collecting all the previous bounds (3.6), (3.7), (3.9), (3.10), (3.11), (3.12) yields:

L,
led l;2:1(o,tm,|_2(cz)) + |g [A{u) — h(uij—1) Elg(o,tm,Lz(Q)) + E: eq(t) dt@

0 Q
N — , , T ygfdm g
+T ||IBj_9k)|Q+CT B _eklr"'i A eg dt
.

k=1 k=1
(3.13)
e e -
<C 1——— (Uk—Uk—1),ep dt
k=1 Ik H
U — U 1
+C h(u) — h(uk—1), == dt
k=1 Ik Hi

+ LU L]0t H @) (B4 Ll 0 tmiH()) + CT +CT IlI .
k=1

Further we consider two cases: if (s) is stictly increasing function, (i.e. Iz > 0)
or (s) is nondecreasing function, (i.e. Ig = 0). We can express conclusions for
these two cases in following two theorems.

Theorem 1. Under the assumptions (2.1)—(2.5) for Iz > 0 in (2.1) we have

Ld
(3.14) [6d 7] () +ess sup Ej eg ds <Crt,
o=t<T 0 L2(Q)

where constant C depends only on initaial data, and some norms of u and 3(u).

Proof.
We estimate the second term on the right-hand side of (3.13)
Uk —Uu
h(u) — h(ug-1), == dt
k=1 M M
T—=h 2 T,
(3.15) < lh(u) — h(uk—1)|3 dt + = dt
k=1 Ik n k=1 Ik Mk Q

=

NS NS

[Ih(u) — h(uk—1) Elz_:lz(o,tm,Lz(Q)) +Crt,
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where (2.12) is applied. We chose n such that C—zrl = Ig and (3.15) together with
(3.13) yields:

i @
84 [ 0.t Loy + E:()l eq(t) dt
1 @FE& , &1 1
k
=Ct  Ip+Cr+ 1——— (Uk—Uuk—1),ee dt
k=1 k=1 Ik H

+ TLAHU L] (0, ton;H @) LB L 0, tmiH () -

Last term on the right-hand side of this inequality is estimated by Ct because of
properties of d¢u, B(u) and the estimates (2.12). After estimating the third term
on the right hand-side as follows:

@:D 1 1 1
1-an (Uk —Uk-1),€¢ dt=C |uk — Uk—1laleslq dt
k=1 Ik M k=1 lk
™ 1 C Ce
< — |uk— Uk + —el"=Ct+ —I",
2 ,_, 2 2

and now after applying the discrete Gronwall inequality we have finally (3.14). 1

Theorem 2. Under the assumptions (2.1)—(2.5) for Ig = 0 we have

=
(3.16) leol? oy +ess sup HE epds <cCrt?,
o=t<T 0 L2(Q)

where the constant C has the same properties as in Theorem 1.

Proof. We must split the second term on the right hand-side of (3.13) as follows:

U — U 1
C h(u) — h(uk-1), Kk gt
k=1 Mk Hi
= — = |, _ -
=C U,w dt—Crt uk_l,w
k=1 Ik Mk k=1 Hi
1 1
C = Uk — Ug—1 rlﬁ— Uk—1 Uk — Ug—1
- = g, — = dt—Crt , )
H . M ey HiEx Hic
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This implies:

=] _
@ h(u) — h(uk—1), <K=L gt

k=1 M Hk

1
™ 1 2 Uk — Uk—1
sChlgd T |uk—uk—1l3 +Ct D T cel” +Ct
K

k=1 k=1

1 Uk — Uk—1
<Crt2 +CT§ Uk—1, ——— Egc‘ﬂ{“
K1 Mk
1 1 Uk — Uk—
SCSI{“+CT2+CE TZuk_l,TZ% E
K

k=1

<Cel"+Ct?+Ct1? |u3 +Ct2 ’ "L”HE
k=1 k=p Mk Q

<cCel"+C1?

because of (2.12), (2.13) and (2.1). Using this estimate in (3.13) and an analogous

assertion as in Theorem 1 for other terms on the right hand-side we get after

aplying the discrete Gronwall inequality the conclusion:

J
[ed [F)q) + ess _sup Ej eq(s) ds <Ctz .
0

o=t<T L2(Q)
—1
Consequence. If the estimate
[
[6d 7)) +ess sup HH Teqds =0(t)
o=t<T 0 L2(Q)
holds, then for the unknown u we have the following error bound:
(3.17) [ed (] 0,7 Hrayy = O(®) -
Proof. This assertion can be proved in the same way as in [5] or [7]. 1
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