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ARITHMETICAL CHARACTERIZATIONS
OF DIVISOR CLASS GROUPS 11

A. GEROLDINGER

1. Introduction

Almost 20 years ago, W. Narkiewicz posed the problem to give an arithmetical
characterization of the ideal class group of an algebraic number field ([13, problem
32]). In the meantime there are various answers to this question if the ideal class
group has a special form. (cf. [4], [5], [12] and the literature cited there).

The general case was treated by J. Koczorowski [11], F. Halter-Koch [8], [9, §5]
and D. E. Rush [16]. In principle they proceed in the following way: they consider
a finite sequence (aj)i=1...r of algebraic integers, requiring a condition of inde-
pendence and a condition of maximality. Thereby the condition of independence
guarantees that the ideal classes g; of one respectively all prime ideals g; appear-
ing in the prime ideal decomposition of a; are independent in a group theoretical
sense. The invariants of the class group are extracted from arithmetical properties
of the aj’s, and the condition of maximality ensures that one arrives at the full
class group but not at a subgroup.

We study the problem in the general context of semigroups with divisor theory
where every divisor class contains a prime divisor (cf. [1], [17]). Semigroups with
divisor theory have turned out to be not only the appropriate setting for investi-
gations on the arithmetic of rings of integers but to be of independent interest (cf.
[6], [9], [10]). But contrary to the case of algebraic number fields, where the class
group is always finite, every abelian group can be realized as a divisor class group
of a semigroup with divisor theory ([17, Theorem 3.7] and [9, Satz 5]).

The condition, that every divisor class has to contain at least one prime divisor,
means a quite natural restriction. It is just this condition, which ensures that the
relationship between the arithmetic of the semigroup and the class group in close
enough, to allow a reasonable answer to the present problem. However, there
are Dedekind domains which do not satisfy this condition, as can be seen from
L. Skula’s paper [18].

We achieve the various descriptions of invariants of the class group by using only
properties, which are satisfied by the semigroup if and only if they are satisfied by
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the corresponding block semigroup. Therefore, when clearing up the relationship
between arithmetical properties and properties of the class group, we may restrict
to block semigroups, which are the central tool in this paper.

After some preliminaries in Section 3, where we discuss arithmetical properties
of elements, we deal with the rank of a divisor class group. We introduce indepen-
dent systems in the semigroup (Definition 7b) which correspond to independent
systems in the class group (Corollary 1). The rank of the class group turns out to
be the supremum of the cardinals of independent systems in the semigroup (The-
orem 1). In addition, and this seems essential to us, the notion of independence is
made in such a way that it satisfies the following universal property: every mini-
mal independent system from which the rank of the class group can be extracted is
an independent one (Proposition 1). In particular this implies that the sequences
considered by Kaczorowski, Halter-Koch and Rush are independent in the present
sense. In Section 5 we consider torsion class groups, develop an arithmetical ana-
logue to pure subgroups (Definition 9b) and give an arithmetical characterization
of the type of a basic subgroup of the class group (Theorem 2).

2. Preliminaries

Throughout this paper, let S be a semigroup with divisor theory 0: S - F(P)
and divisor class group G; F(P) means the free abelian semigroup with basis P.
Every divisor class should contain at least one prime divisor p [Pland for the sake
of simplicity we exclude the trivial cases card (G) < 2, where S is half-factorial,
and assume card (G) = 3.

We write G additively, and for a [CH(P) we denote by [a] [Cd the divisor class
containing a. For a subset Gy [Gllet [Gy e the subgroup generated by Gg. In
S we have the usual notions of divisibility theory as developed in [7]. In particular
S> means the group of units, and for a system Sy of elements of S we denote by
[So] the subsemigroup generated by the elements of Sg. We shall make use of the
fact that an element a [ is prime if and only if da = p for some p A (]9,
Satz 10]). If for a non-unit a [S] a = u;...uy is a factorization into irreducibles
Ug,...,Ux S, then k is called length of the factorization and L(a) denotes the
set of lengths of possible factorizations of a.

Every element B of the free abelian semigroup F(G) with basis G is of the form

1
B = ng(B)
el

where vq(B) [Nland vg(B) = 0 for all but finitely many g [CG. The subsemigroup

1
B(G) ={B [LH(G) | Vg(B)g =0 G}
g [G]
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is called the block semigroup over G and the elements of B(G) are called blocks.
The embedding B(G) 5 F(G) is a divisor theory; G is the set of prime divisors;
the divisor class group is isomorphic to G and every class contains exactly one
prime divisor ([9, Beispiel 6]).
Let the block homomorphism B: S - B(G) be defined by B(a) = 1, if a [SF,
and by

B@) = [pal-- - [Pml
if da =p,...pm. B(a) is called the block of a, and we have the following funda-
mental correspondence between S and B(G):
1) a is irreducible, respectively a prime or a unit (in S) if and only if B(a) is
irreducible, respectively a prime or unit (in B(G)).
2) If a = u;...u, is a factorization of a into irreducible elements of S, then

B(@) = B(uy)...R(uy) is a factorization of 3(a) into irreducible blocks, and every
factorization in B(G) arises in this way; in particular L(a) = L(B(a)).

. . | S
Finally we set, for a CSlwith B(a) =  g;,
i=1

v@={gill=si<sk}={g [G|glB(@)}.

3. Arithmetical Properties of an Element
Our first aim is to describe arithmetically the number of prime divisors, counted
with multiplicity, of da for an element a Sl
Definition 1. Let a [Sl
1) For a [SF* let a(a) =0, and if a is irreducible, we set

, if a is prime.
o(a) = 0 . . .
max{max L(aa") | a” CSlirreducible}, otherwise.

2) If a=u;...uk is any factorization of a into irreducibles, we set

| S|
o(a) = o(uj).
i=1

By the following Lemma, this definition is independent of the particular factor-
ization.
Lemma 1. For every a [Slwe have

[ E—
o(a) =o(B(a) = r

p [E]
p" oA
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L_kB_tPof. Obviously it is su Lcieht to verify that for an irreducible block 0 8 B =
i—1 0i LB(G) ve 0(B) = k.
We set BHE= T_ (—gi); then Bis irreducible and k = maxL(BBY'< a(B).
Since, on the other hand, for any irreducible block B we have max L(BB) < Kk,
the assertion follows. 1

Definition 2. Let a [CSI\S™.
1) We say that a is of infinite type, if there exist an M [N and, for every
n [N, an a, CSlsuch that

a"lan and minL(ay) =M.

2) We say that a is of finite type, if no irreducible u which divides some
power of a is of infinite type.

Lemma 2. Let a [SI\S™.
1) The following conditions are equivalent:
(i) a is of infinite type.
(i) B(a) is of infinite type.
(iii) ord (g) = oo for every g [y{(a).
2) The following conditions are equivalent:
(i) a is of finite type.
(ii) B(a) is of finite type.
(iii) ord (g) < oo for every g [y{a).

Proof. In both cases (i) and (ii) are obviously equivalent. Therefore we may
restriq_;kt_al block semigroups and it remains to proof the equivalence of (iii). Let
B= 1,0 [B(G).

1) Suppose B is of infinite type and assume to the contrary, that ord (g;) < oo
for some i C{L,...,k}. Let n [CN.; then for every B, with B"[Bn Vg, (Bn) =
Vg;(B™) = n. If B, = C;...Cs is any factorization of By, into irreducible blocks
Cj, then vg, (Cj) = ord (gi), and this implies s = ﬁ(gi) , a contradiction.
Cqﬂﬂsely, assume ord(gi) = oo for 1 i< k and let n CN,. Then
B"| =, Ci with C; = (—ng;)g{" and minL( ;_, Cj) =k = a(B).

2) Suppose B is of finite type and assume that property (iii) is violated. Then
M ={gi|l<i<Kk,ord(gi) <Ii}I 01, ,...0k} Wesetm=IcmM (m =1 if
M = M and obtain B™ = ( gimgim)(g;)rd @)ym/ord (@) Thuys there is
an irreducible block By, [BKG) dividing iy 0i"; Bm divides B™ and by 1) it
is of infinite type, a contradiction.

Conversely, assume ord (gi) < oo for 1 <i < k. Let n [N, and C [BKG) an
irreducible block with C|B". Thus ord (g) < oo for every g [y[C) and therefore
by 1) C is not of infinite type; hence B is of finite type. 1
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Definition 3. Two irreducible elements 11, M, [Sl are called block equal, if
L(ma) = L(mea) for all a Sl

Lemma 3. For irreducible elements m;, m, [ the following conditions are
equivalent:

1) m; and T, are block equal.
2) B(my) and B(m,) are block equal.

3) B(m) = B(m2).

Proof. Obviously the only assertion Eiel proved is that two distinct irreducible
blocks are not block equal. Let By = ;_, gi and B, [BKG) be irreducible with
B1 B B2, 0(B1) = 0(B>) and if o(B1) = a(B>), then

max{ord(g) | g|B1} = max{ord(g) | g|B2}.
We define a block C [CBKG), depending on the following cases:

r=2 andord(g)=3:C =BT

r=2, ord(gy) =2 and B, =h?forsome h [@: C = (g + h)?h?.

r=2, ord(g1) =2 and B, =0: C = (g1 + h)(g1 — h)h(=h) for
an arbitrary h A\ {0,91}.

In each case it can be easily verified that r [CI{B,C) but r L TYB,C). 1

Definition 4. Let m [CSlbe an irreducible element of finite type. We say that
 is homogenous if it is block equal with every irreducible m" dividing some
power of .

Lemma 4. Let m [Slbe an irreducible element of finite type. Then the follow-
ing conditions are equivalent:

1) m is homogenous.
2) B(m) is homogenous.
3) B(m) =g°9 @ for some g [G.

Proof. Obvious. 1

Remark. m is homogenous, if and only if B(1) is “absolut-unzerlegbar” in the
sense of F. Halter-Koch ([9, Definition 8]).

Definition 5. Let m [Slbe an irreducible element of finite type with o(1) =
n+ 1 for some 2 <n [NL. Then m is called n-simple, if it is either homogenous
or if there exists a homogenous T [Slsatisfying the following two conditions:

1) T divides some power of 1 and o(TT) = min{k [Nl | T|rK}.
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2) all homogenous elements, which divide some power of m and which are not
associated with T, are pairwise block equal.

If T is homogenous, we set T = .

Lemma 5. For 2 <n [N and an irreducible element 1 [Slof finite type the
following conditions are equivalent:
1) m is n-simple.
2) B(m) is n-simple.
3) B(mM) = (—g)"(ng) for some g [G.
In addition, if B(m) = (—g)"(ng) for some g [G, then B(T) = B(n) =
(ng)°@ (9 and T is unique up to associates.

Proof. If m is homogenous then all three conditions are satisfied and the addi-
tional statement is true.

So suppose 1 to be not homogenous. Because B(B (1)) = B(m) it is su [cieht to
prove the equivalence of 1) and 3).
1) =[3) Let o = py...p, and B(M) = go...gn With p; Cg] for 0 < i < n.
Assume T 8 p° @ for all i [ID,...,n}; then by condition 2) in Def. 5 all g;

are equal and  would be homogenous, a contradiction. So without restriction let
ord (do)

0T = p, . By condition 1) in Def. 5 we infer that py & p; forall 1 < i < n.
Therefore by condition 2) all m; CSlwith am; = p®™®©” are pairwise block equal.
Thus gy =+ =gn = —g for some g A and B(m) has the required form.

3) = DilLet B(m) = (—g)"(ng) and o = py ... p, With py [y and p; =g for
1<i<n. Thenevery T with o = pd"@ ™9 satisfies condition 1) of Def. 5
and obviously condition 2) holds.

In addition, if B(m) = (—g)"(ng), then it follows from the proof of 3) =[_1T)
that B(T) = (ng)°™@(9: a1 is unique and it can be seen directly that B(m) =
(ng)ord (ng)_ 1

Definition 6. Let a [Slbe of finite type and let p [Nl be prime. We say that

a is of type p, if a(u) is a power of p for every homogenous u which divides
some power of a.

Lemma 6. Let a [3 be of finite type and let p [N be prime. Then the
following conditions are equivalent:
1) ais of type p.
2) B(a) is of type p.
3) ord(g) is a power of p for every g [y{(a).
Proof. It su [ced tqﬂfy the equivalence of 3) for block semigroups. For this
we take a block B = _; gi [BI(G).
Suppose B is of type p. Then for every i 4L, ...,k}g" " is homogenous
and divides B°4@)_ Thus (g™ ©”) = ord (g;) is a power of p.
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Conversely, let ord (g;) be a power of p for every i [{L,...,k} and consider
a homogenous C [B(G) dividing some power of B. Then g;|C for some i [
{1,...,k} and thus o(C) = ord (g;) is a power of p. 1

4. The Rank of a Divisor Class Group

The following definition recalls some group theoretical notions (cf. [3, 8§16]) on
which the subsequent arithmetical notions are modelled.

Definition 7a. 1) An element g G is said to be independent of a system Gg
of elements of G if there is no dependence relation

1
0Bng=  nigi
i=1
for some gi [Go and integers n, n; CZ1
2) A system Go = (0i)i cpof elements of G is said to be independent if for every
I 1, is independent of (gi)i rrvgiy-
3) The rank r(G) of G is the cardinal number of a maximal independent system
containing only elements of infinite and prime power orders.

Remarks. 1) An independent system does not contain equal elements, and
hence it is a set.

2) A set Go [Glis independent if and only if [Go[F Ly [OIL]

3) r(G) = sup{card(Gp) | Go Gl is independent}.

Next we define for every a [Sla corresponding set M (a):

(i) For a [CSF* we set M(a) = S™.

(ii) For an irreducible a CSlwe set

M (a) = {a"1S1| a and a"are block equal}
if 0(a) < 2, and
M(a) = {a"1S1| o(a) = o(a)'= maxL(aabH}

else.
(iii) In all other cases let
1 1
M(a) = u- u1™M (u;) and a = u; ... u, with irreducibles u;
i=1

If S is aﬂck semigroup and B = igzlgi 1S = B(G), then

M(@B) ={ =,(—gi)}. In general we have M(a) = {a~1SI| B(a)' CM (B(a))}
and M(B(a)) = B(M(a)); if a= 1M (a) and aa"* u; ... Umax1 aacyr then either
B(u;i) = 0 or B(u;) = gi(—g;) for some g; [G.
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Definition 7b. 1) An element a [Slis said to be independent of a system Sq
of elements of S, if there exists an irreducible u; [Slwhich is not prime such that
the following conditions are fulfilled:

(i) aa™%= uaUs . .. Umax i (aary for some a="Mi(a) and irreducibles us, ...,
Umax L(aa™?
(ii) uz Dbb™for any b CSh and b™1"™M (b).
(iii) If v is irreducible and v|ulb with i [CN and b [[3o], then v|ul or
v|b.

2) A system Sp = (ai)irof elements of S is said to be independent if for every

I T4, is independent of (ai); rrvgiy-

Remarks. 1) If a is independent of a system Sy, then a is neither a unit
nor a product of primes in S, whence in particular o(a) = 2.

2) By property (ii) an independent system does not contain equal elements,
hence it is a set.

Let So = (aj)i e a system of elements of S; we get

1
B(So) = B(@i))icmand y(So) =  v(&).
i1

Obviously y(So) = yY(B(So)) and y(S) = G.

Lemma 7. For an element a and a system Sy of elements of S the fol-
lowing conditions are equivalent:

1) ais independent of Sgp.
2) B(a) is independent of B(Sp).
3) There exists a go [y{a) which is independent of y(So).

If a and every element of Sy are of finite type, then there is further equivalence:

4) There exists an irreducible 1, which is not prime such that the fol-
lowing conditions are fulfilled:
(i) ma divides some power of a.
(ii) 4 [b for any b []3p].
(iii) If v is irreducible and v|mXb for some k [Nl and some b [So],
then v|mX or vib.

Proof. 1) =[2) Let u, satisfy the conditions (i)—(iii) of Definition 7b.
We contend that B(u;) does the job for B(a). Obviously the properties (i) and
(iii) are fulfilled and we assume that (ii) is violated. Then there exists an element
b [Sh and an element g [ylb) such that B(usy) = g(—g). Since u, satisfies (ii),
there are distinct prime divisors p, q with [p] = [q] = g, p|dua and g|ob. We set
O0uy = pp and choose a v [CSIwith dv = gp. Then v|uah, v T, and thus by (iii)
v|b, which implies that p|db. But then there exists a b (b) with p|ob"™and
hence u4|bb""a contradiction.
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2) =3 For A =(a) let Ua be an irreducible block having the properties
given in Definition 7b. Then Ua = ga(—ga) for some ga [Y(A). Assume, that
ga depends on y(Sp). Then there exist gs,...,0x [¥{(Sp) and ma, ny,...,nx CZ
such that

| S
™ 02 maga = njg;.
j=1

Since for every gj there are gj1,...,051;; [YW(So) with —gj = gj1 + -+ + gj1;»
we may assume without restriction that ma,ns,...,nx CN4. Further we may
assume that (ma,ny,...,nx) CNE*! is minimal (with respect to the usual order
< in NK*? h that (*) holds. We choose blocks B; [BISp) with g;|Bj and set
V =ga~ 52 g;". Then V is irreducible and divides UX"B;" . By property (ii)
ga Or —ga does not divide _; Bjnj and thus by (iii) V has to divide Ux. From
this we infer g3 [{#a, —ga} and thus Ua|B1B{,"a contradiction to (ii).

3) =L} We choose a prime divisor p, [g} with p,|0a and an u, with
0us = papiTor an arbitrary prime divisor p,'["3gs. We check the properties
()—(iii) of Definitions 7b:

(i) is obviously satisfied. If ua|bb™for some b [y and b™~'[W (b), then g,
depends on y(Sp), whence (ii) is fulfilled.

Finally let v [CS be irreducible with vjukab for some k, [N and b [[$o].
Assume that v [uka and v [b; then dv = q"q; ...q with r,s [N, q [{p,,pL¥
and q; ...gg|ob. This, however, implies

] 1
0B +rga=["]=— [q;],
j=1

i.e. ga depends on y(So), a contradiction.

3) =04 Let p, [gh be a prime divisor with p,|0a, and let 1y [ be
an element with a1, = p3@ ). Since ga 2 0, M4 is not prime. We verify the
properties (i)—(iii) of condition 4).

(i) is satisfied by construction. Since g, is independent of y(So) we infer that
ga [B(b) and thus p, [Ob for any b ]3], which implies (ii).

Let v CSlbe irreducible with v|n'§ab for some ky; [CNland some b [JSg]. Then
ov =pJaq; ...q, with g; ...q,|0b. Since g, is independent of y(Sp) it follows that
ma [0, ord (ga)} and thus (iii) holds.

4) =3I There is a prime divisor p, with p,|0T, but p, [Bb for any b [[So].
We set ga = [p,] and assume to the contrary that g, depends on y(Sp). Now the
arguments run along the lines of the proof of 2) =[_3)I 1
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Corollary 1. For a system Sp = (a;j)i crof elements of S the following condi-
tions are equivalent:

1) So is independent.

2) B(So) is independent.

3) For every 1 [ there exists a g, [¥(a,) which is independent of
y((@)irmegy)- (In particular this implies that {g, |1 I} [Q is inde-
pendent).

If all a;, i [Care of finite type, then there is further equivalence:

4) For every | [Ilthere exists an irreducible m, [_SIwhich is not prime and
satisfies the conditions of point 4) of Lemma 7 with (a;); v} instead
of So.

Proof. 1) =[2)1We have to show that for every 1 [CIB(a,) is independent of
(B(ai))iregy- Let 1 [ since a, is independent of (ai)i rrwgi3, Lemma 7 implies
that B(a,) is independent of (B(ai))i rryi}-

All remaining implications are similar. 1

Theorem 1. Let S be a semigroup with divisor theory where every class con-
tains a prime divisor and let G be the divisor class group with card (G) > 2. Then
r(G) = sup{card (So) | So [Slis an independent subset}.

Proof. By Corollary 1 it su [ced to proof the assertion for block semigroups.
Again by Corollary 1 an independent set S [—Slgives rise to an independent set
Go [Gland by Remark 3 after Definition 7a we infer card (Go) < r(G).

Let on the other hand Gg be an independent set with card (Go) = r(G). Then
{9(—9)|g Gy} [BIG) is an independent subset. 1

Remark. Using the notions finite type, infinite type and p-type, which were
defined in Section 3, we obtain analogous arithmetical descriptions of the torsion
rank, the torsionfree rank and the p-rank of G.

We close this section by verifying that independent sets satisfy a universal
property.

Definition 8. We say that the rank of G can be extracted from a set Sg [S]
if r(0(So) 1= r(G).

Proposition 1. If the rank of G can be extracted from a set Sp but not from
a proper subset, then Sy is independent.

Proof. Assume Sg to be not independent. By Lemma 7 there is an a S} such
that every g [y{a) depends on y(So \ {a}). This implies

r(¥(So \ {a}) D= r(¥(So \ {a}) Ly(a) 1= r(G),

and hence the rank of G can be extracted from Sg \ {a}, a contradiction. 1
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5. Pure Subgroups of a Divisor Class Group

In this section we assume G to be a torsion group. Our first aim is to derive an
arithmetical analogue to pure subgroups (Definition 9b, Lemma 9). After dealing
with the type of an independent subset we introduce pure-independent subsets
(Definition 11), which provide the central notion in our discussion. We establish
a correspondence between the type of a pure-independent subset So [CSland the
type of a pure-independent subset Gy [CGIl This finally allows us to describe the
type of a basic subgroup of G (Theorem 2).

Definition 9a. A subset H [CGlis called pure, if it generates a pure subgroup
i.e. if NG n [HZF nH Hor all n [N,

Remarks. 1) Obviously, H [Glis pure if and only if nG n [H CICnlH (for
all 2=<n [NL.

2) Let H < G be a subgroup. If H is a direct summand then it is pure;
conversely, if H < G is a bounded pure subgroup, then it is a direct summand.

For a subset U [Slwe set

UY = {a [CSI| a divides some b 1}
and

U= {a S| if m is a homogenous divisor of some power of a,
not block equal with any n”CJ0]%, then m and
a are not block equal but m~*a°™ [C[0]9}.

M Cis defined in such a way, that Lemma 8.5 holds.

Lemma 8. Let U [CSlbe a subset.

1) BU) =BU)°.

2) BU)I=B(UD -

3) B(y(U) = [BU)I°.

4) B(U D= @U)LI

5) y(lUDl= (U)L]

6) B(Ly(U) )= [[E(U) 09 = (U 09).

Proof. 1) Let B CR(UY); then there are an a [0 and a b with alb and
B =B(a). Thus B(a)|B(b), B(b) [BIU) and B = B(a) [RIU)".

Conversely, let B CB{U)Y; then B|B(b) for some b [T Since there is an a Sl
with a|b and B = B(a), we infer that B = B(a) CB(UY

2) Let B %); B CP(U]) ifand only if B = B( ;—, bi), with b; U], if and
only if B = iﬂﬂbi) CTR(V)].

LetB= ;_;0i %(U )Eihfn forevery 1 <i <r thereis an a; [0 with
gilB(@) and thus B = 1_ il 1—; B(a) i.e. B CIA(U)]C.
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(.‘Igﬁrsely, let B [JB(U)]Y; thus there are ai,...,a, [ U such that

B| =, B(ai). Therefore y(B) [y(QU) and consequently B [BKy(U)).
4) We start with a description of [E(U)[]

[BI(U)E= {A LBIG) | if C =g°9@ divides some power of A

and C FIA(U)]Y = B(y(V)), then

AEC and CT*A®@ [B(y())}
x = {A [CB(G) | if g C¥{A) \y(U), then A5 ¢°?©@
*) and g @A ©) By (U))}

1
=B(y(U)) O g | r [N, go IY(U) but g; (V)

i=0
forl<i<r}.

Further we have

B(@DI={B(a) CB(G) | if a homogenous m [Sldivides some power
of a [CSland m is not block equal with
any nCJ01]°, then 1 and a are not block
equal but n™%a°™ [JO]9}
= {B(a) CB(G) | if a homogenous 1 [Sldivides some power

of a and B(m) FB(U]Y) = B(y(U)), then
B(M) & B(a) but n~*a°™ 0]},

Let B(a) B DJand let C be a homogenous divisor of some power of B(a)
with C Y By (U)). Then there is a homogenous 1 dividing some power of a with
B(m) = C. Then C £ B(a) and n—*a°™ [JU]Y, which implies B(1) "B (a)°™ [
B([U]?) = B(y(U)). Therefore B(a) CIH(U)L]

Conversely, let A [CIR(U) L Firstly, if AI%y(U)), then there is an a CJO]¢
with A = B3(a) CRIU DI Secondly, if A= ;_,0i I\f'ihlgo Yyl(uU) and g; [y(U)
for 1 < i < r, then there is an a with da = ;_,p;, p; gl and p;|0a; for
some a; [JU], 1 < i <r. Soif mis a homogenous divisor of some power of
a with B(m) FB(y(U)), then B(m) = g2 and we infer that B(m) & A and
Tl-—lacr(n) Em]d

5) Because Yi(U)[ZF M(B(U))E@End y(U Q1= y(B(M D) = y([R(U)DJit remains
to show that Gyi(V )= y(IM Ddfor V. = B(U) CB{G).

By relation (*) we obtain

1
y(MDI=y(V) o G| go=— @i withg; CyIV)} = (V)]
1
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6) B(U)12 B(y(m D) 2 [p(un) 2 pmumye 2 pmd).
Furthermore B(Iy(U) 1= B(FAB(U)) 12 B(y(B(U)D) 2 [BIU) . 1

Definition 9b. A subset U [Slis called pure if for all 2 < n [N, and all
n-simple elements a with @ CJIO 04 there is an n-simple element b [0 9
with a bl

Lemma 9. For a subset U [Slthe following conditions are equivalent:
1) U [CSlis pure.
2) B(U) [B4S) = B(G) is pure.
3) y(U) [yQS) = G is pure.

Proof. Obviously 3) holds if and only if
3) M(U)Cx G is pure
holds. Further 3)’ is equivalent to

2)’ for all 2 < n [N and all n-simple blocks A [B(G) with A [B((U)DJ
there is an n-simple block B [B([(U)Iwith A = B.

By Lemma 8 B(yl(U)DJ= [[BI(U) 0, and thus 2)’ is equivalent to 2) by defini-
tion. Again by Lemma 8 [[BI(U)4 = B[ 09) and thus 2)’ is equivalent to

2)” for all 2 < n [N and all n-simple elements A_IZE{(E) with A CR{[ 09)
there is an n-simple block B [R{[U[4) with A =B.
So it remains to verify the equivalence between 1) and 2)”.

1) =[2)’ Let 2 <n [N+, A [CB(G) n-simple with A CR([MO9). Then
there exists an n-simple a with B(a) = A, B@) = B(a) = A and a .
Since U L[S is pure, there is an n-simple b U4 with a D therefore
B = B(b) CRUOY) and B = B(b) = (b)) =B(@) = A.

2)” =1 Let 2 < n [N+ and a 3 n-simple with a CJIUJ. Then
A = B(a) CBKG) is n-simple and A = B(a) = p(a) CR([MOY). Therefore there is
an n-simple B CR([[ Y) with B = A i.e. B = B(b) for some n-simple b [ 4
and B(b) = B(b) = B = A. Thus there is also an n-simple ¢ U4 with
B(c) =B(b) and a [T] 1

Definition 10. For every element a of an independent set Sp [Slwe set

Na(So \ {a}) = ng = max{a(uy) | us is a homogenous divisor of some
power of a and is independent of Sg\ {a}}

and we call (Na)arsg CNE° the type of So.

By Remark 1 after Definition 7b we infer ny = 2 for every a [S}.
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Lemma 10. Let Sp [CSlbe independent. Then for every a [CSh

Na(So \ {a}) = np)(B(So \ {a}))
= max{ord (ga) | ga [¥{a) is independent of y(So\ {a})}.

Proof. 1 i) Let us be a homogenous divisor of some power of a, which is inde-
pendent of Sp\{a} with 6(u;) = ns. Then B(uy) is a homogenous divisor of some
power of 3(a), B(ua) is independent of B(Sp \ {a}) and thus

Na = 0(Ua) = 0(B(Ua)) < Np)(B(So \{a})).
ii) Let B be a homogenous divisor of some power of 3(a), which is independent
of B(So \ {a}) with a(B) = ng)(B(So \ {a})). Then there is a homogenous U,
with B(ua) = B such that u, divides some power of a and u, is independent of
So \ {a}. Therefore

Na(ay = 0(B) = a(ua) < na(So \ {a}).
2 i) Let B be a homogenous divisor of some power of B(a) which is independent

of B(So \{a}) with a(B) = ng(a)(B(So \{a})). Then there exists a g [y{B) which
is independent of y(Sp \ {a}). Thus

Ne(a) = 0(B) =ord(g) < max{ord(ga) | ...}.

ii) Let ga [C¥(a) be independent of y(Sp \ {a}) with ord (ga) = max{...}.
Then B = g3 @) is a homogenous divisor of B(a)°"©=) and B is independent of
B(S \{a}). Thus

max{...} = ord(ga) = 0(B) < ng(y) - -

Definition 11. a) A subset H [Glis called pure-independent, if it is pure and
independent.

b) An independent set So [Slis called pure-independent, if for every a [Sh
there exists a homogenous u, dividing some power of a such that u, is independent
of Sp\{a}, 0(ua) = na and (Ua)arsg is pure.

Remark. Bourbaki uses the notion pseudofree instead of pure-independent
cf. [2, A. VII. 55].

We combine the results of Lemma 7, Lemma 9 and Lemma 10.

Corollary 2. For an independent subset So [Slof type (Na)arsg the following
conditions are equivalent:

1) So is pure-independent.

2) B(So) is pure-independent.

3) For every a [Sh there exists a g5 [yla) such that g, is independent of
Y(So \{a}), ord(ga) = na and (da)arsg iS pure-independent.

Proof. Obvious. 1
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Definition 12. A subgroup H < G is a basic subgroup of G if
1) H is a direct sum of cyclic groups.

2) H < G is pure.

3) G/H is divisible.

Remarks. 1) Every abelian torsion group G contains a basis subgroup and all
basic subgroups are isomorphic ([14, 4.3.4 and 4.3.6]).

2) If G is bounded and H < G a basic subgroup, then G/H is bounded and
divisible; thus G/H = {0} and G = H.

Theorem 2. Let S be a semigroup with divisor theory such that the divisor
class group G is a torsion group with card (G) > 2 and every class contains a
prime divisor.

1) Let Sy 9 be a (pure)-independent subset of type (Na)arsg and H =
Ca4gCn,.. Then H is isomorphic to a (pure) subgroup of G. If Sp is a maximal
pure-independent subset consisting of homogenous elements, then H is isomorphic
to a basic subgroup of G.

2) Let H < G be a non-trivial (pure) subgroup which is a direct sum of cyclic
groups. Then there exists a (pure)-independent subset Sp [—Slof type (Na)arsg

such that H CTEdgCh,.

Remark. If G is direct sum of cyclic groups, then also every subgroup H < G
([3, Theorem 18.1]).

Proof. We may restrict to block semigroups.

1) For A [Jp [CBG) let ga [M(A) be independent of y(Sp \ {A}) with
ord(ga) = na. Then obviously H = [CadsgCn, [CHadglghCk G. If Sp is
pure-independent, then by Corollary 2 ga may be chosen in such a way that
Cadsg@h [k G is pure.

If Sp is a maximal pure-independent subset consisting of homogenous elements,
then {ga|A [Sh} is a maximal pure-independent subset. In order to show that
Cadsglgh [ds a basic subgroup of G, it is su LCcieht to proof that G/ Ladsy [gh [
is divisible, which follows from Lemma 10.31 in [15]. Indeed, Lemma 10.31 is
formulated for p-groups but is valid for arbitrary abelian torsion groups. For this
one has to derive Lemma 10.29 in [15] for abelian torsion groups and then the
proof of the general case is entirely the same as the proof for p-groups.

2) Since H is a direct sum of cyclic groups, there exists a basis Ho [CHI such
that H = gy (@0 Then So = {g°@|g [Ho} [CBIG) is independent of type
(ord (9))grms- If H < G is pure, then Sg is pure-independent by Corollary 2. [

Finally we verify a universal property of the type of an independent set.

Definition 13. We say that the structure of a subgroup H < G can be ex-
tracted from an independent set S, [CSif ¥i(So) & H.
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Proposition 2. Let H < G be a (pure) subgroup which is a direct sum of finite
cyclic groups and Sp [CSlan independent set. If the structure of H can be extracted
from every independent set S§'= {ca | a CSh} where c, divides some power
of a, then Sq is (pure-) independent of type (Na)arsg, where L 34Cn, [CHI

Proof. Without restriction we assume S = B(G). For A [S} let ga [Y{A) be
independent of y(So \ {A}) with ord (ga) = na. Then S{’'= {ga”|A [Sh} is an
independent set. Since the structure of H can be extracted from it we obtain

C 1 1
H = (S == [QhI_—1 Cp,.
ALSd AlLSd

If H < G is pure, then (ga)arsg is pure-independent, and by Corollary 2 Sg is

pure-independent. 1
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