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UNIFORMLY BEST LINEAR-QUADRATIC ESTIMATOR IN A
SPECIAL STRUCTURE OF THE REGRESSION MODEL

G. WIMMER

Abstract. The paper shows the uniformly best linear-quadratic unbiased esti-
mator of the covariance matrix element related to the repeated measurement in a
regression model where dispersions depend quadratically on mean value parameters.

Its consistency with respect to increasing number of repeated measurements is also
investigated.

Introduction

Let us have the well known regression model (Y5313, £)]where the observation
Yy IR is a realization of the normally distributed random vector ¥—ith mean
value E(¥YH= X;B (X; is a known q x k design matrix, 3 [R¥ is a vector of
unknown parameters) and covariance matrix 1 A large class of measurement
devices has its dispersion characteristic of the form o?(a + b|$|)?, where 62, a and
b are known positive constants and ¢ is the true measured value (see e.g. [1, p. 28],

[3, p- 456, 914]). If we assume independent measurements, we obtain = 4f the
form

@ blelX, By 0 o —
£3 525y - o? 0 (a+ blesX.B|)? . 0
0 - (a +bleXyBI)?

Further let us suppose that the rank of the matrix X; is
R(X1) =q=<k,

(there are less linearly independent observations as unknown parameters) but one
measurement (say s-th measurement) is repeated n — q times.
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We obtain the model
€)) (Y, XB, 2),

where

I_I—;!]IZI

Fay
~q

xn,k = X 1
es’
Zhn = OZZ(B)
@meﬁqﬂ)z 0 0 0 0 L1

0 " (a+blelXp))?

=¢? :
0 (a+blefXB|)?
0 (a+bleSXB|)?
0 C (atblelXB])?

s [41,2,...,q}, n> g and e[is the transpose of the i-th unit vector.

Continuated the considerations concerning the special case of the regression
model with dispersions depending on mean value parameters stated in [4], [5]
and [6] there arises the problem of finding the UBLQUE (uniformly best linear-
quadratic unbiased estimator) of the functional o?(a + b|eSE><B|)2 of parameter 3
in model (1).

Based on analyses and methods in [5] and [6] it can be shown that the .-
LBLQUE (B--locally best linear-quadratic unbiased estimator) of o2 (a + b|eSE><B|)2
exists i the linear system (2) is soluble. In this case is the desired B.-LBLQUE
given by (3) and (4). Of course the UBLQUE of 62(a + ble2XB])? in model (1) is
related to such a solution of (2) that does not depend on (..

In this paper is proved that the “natural” estimator (9) based only on the re-
peated measurements is the desired UBLQUE of 6%(a + b|e_§b<[5|)2 (in Corollary 4).
An easy consequence is the consistency of (9) with respect to increasing number
n of the repeated s-th measurement. This forms a base for further investigations
with repetitions of more than one measurement.

UBLQUE

First let us introduce some denotations.
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X(g) is the (k* + ) % n* matrix

—1 —1
XU X

ep et

e, [ed,
ek, ey

ey e
eSE| Iﬂ_'- j=q+1 eJD EE]

where [Cmkans the Kronecker product (see e.g. [2, p. 11]) and 15 the nonsingular
matrix with next property:

AL}  1%ecA =vec AV

(VeCAn,n = (a111 a211 sy an11 a121 a221 sy an2; CRCR 1a1n1 a2n1 CRCR yann)Q'
Further

0= Ugaesr-.- ) Ll es, )1+ 1EHB.) CZTHE.)
g Tag

NEIL = 1p

and
|:)k][-j X{ 1

] —_ a
Ak2+q—l,q2 - =531 Eg—l

Csti1 IEEl—l

O
eq e
(We only note that Ais a matrix of full rank in columns.)
It holds

Cll% 1
XI:‘ — A (Iq,(]1e51---;eﬂﬁll,q,es,...,es)) .
© es'Led+ g Cef
As stated in Introduction it can be shown (based on analyses and methods
in [5] and [6]) that there exists in model (1) the Bo,-LBLQUE of the functional
02(a + ble5XB])? of parameter B i1
1 1

@ XQU+HINETE.) IR + 15K gd = Okz-'éq—l,l
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is soluble. In this case a“Y + Y'AY is the desired B.-LBLQUE, where

(3) a= —(A + ASXBO
and
) vecA = %(Z_l(Bo) LT (B-))X(s)0.

It is easy to seen that equation (2) can be rewritten as
I:[@ C1 1
ACA g 5= O

©) £ g g
where
1
Oikeqo1 = (65’ [C&F+ ey CEH(I + 1= (B.) C=T*(B.))
j=q+1
g g
1N ﬁ 72
ER:
=4(n —q+ 1)(a +bleSXB.) " (efXy [E5X1,0,...,0)
and

— O I|:E|I -1 1
g=(esled+ e el +INZT}(B.) L=T(B.))

j=q+1

1
(1 +15les Ced+ ej &)

j=q+1

= 4(n—q+ 1)(a+blelXp.n ™"

Let us denote

[ & L1
XX XD tes CXEHX 1 XD tes
0

2(a +blegXB-])*

(6) g =

(n—g)(L—n+q) 5

l—n+q

Lemma 1. It holds

(AChA 0)8 =Oeug-1.1 -
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Proof. As

%1 X1 XD tes CXHX1 XD tes ]
0

A
0 k2+q—1,1
2(a+ bleEXB.D* 2(a + bleEXB.D*
. (_ IS_BI) _ (_ IS_BI) (es CEDqz1
(h=g)@—-n+q) OM—-g@—-n+q)
and
2(a + blesXB-|)*
Cn(e
" D —pa—nt0)
(a+blefXB.|)7? 0
1 . .
=201+ 1502 42 - 0 (n—a+1)@+blelXpB. 1) 2
) 6 (a+b eEXE Fq)—?
(@+bleXB-|) 2 0 0
, , 1
(I 5] 0 (n—q+1)(a+blelXp.[) 2 0
6 (a+ble[XB. )
2(a + bleBXB.])*
(n=g)(1—n+q)
_ n—q+1
- 8(eS IE') n— q [}
we obtain
0 [2{a + blelXB.|)*
AC,A . s
: : —rl—q)(1—n+q)
0
i
eq] e 8(n—q+1
(7 =— . ) (€ IISI)—( n_q )
: q
el IIQ’
q -
EE1E:"S EXE:“S
- 0
_ _8n q+1
n—q

0 k2+q—1,1
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Further

Exle, xie, =
0

2(@+bleXB.))? _ n—qg+1
=8
(n—aq) n—q

(8)

0 k2+q—1,1

After an easy calculation (by the help of (7) and (8)) we can finish the proof of

the lemma. —1
Lemma 2. It holds
(@” 9B =8.
Proof. As
I@Kl X1 XD tes CXHX1 XD es —
e 0 2fa+blelXB.))* _ _ 8
: -1 —n+q) n—q
0
and

2(a+blegXB-)* _ 8(h—q+1)
(n—0q) n-q

we easy obtain

8 +8(n—q+1):8.
n—q n—dq
The lemma is proved. 1

(@ 9)8=—

According to Lemma 1 and Lemma 2, d (given in (6)) is a solution to (5), or,
equivalently to (2). Thus we obtain the next corollary:

Corollary 3. The random variable

1 v \2
© p— (Y; —Y)7,
q Jj=s.j=q+1
where
_ 1 I‘:YI
Sl — ]
n—q+1 J=s.j=q+1

is the B.-LBLQUE of 02(a + bleDXB])%.

Proof. As & (given in (6)) is a solution to (2), a% + YTAY is the B.-LBLQUE
of 0%(a+ b|e5E>(B|)2, where (3) and (4) hold.
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It is easy to see that

(ef Cefhvec A

is
0 fori ,q+1,...,n}orj ,q+1,...,n},
Lo %q Yorj [{s,q }
n—g _n—q+1 fori [(3,q+1,...,n}, jJ [ B,qg+1,...,n}, i8]
and . 1 L 1
n—g 1_n—q+1 fori [(3,q+1,...,n}, j=i.
So

Y'AY = (YPYljvec A
1 _— 1

L1y 1T 1

= - Yin
n—4q n—gq+ 1 i=s,i=q+1 j=s,j=q+1
1 1 r 1
+—(1-—= ) vi
n=4g n—q+1 i=s,i=q+1
1 V)2
q._ .
J=s.j=q+1

We see that for A given by (4) is A = A After a short computation also
XA = O is obvious. So (9) is the B.-LBLQUE of 02(a + b|eLXB])2. 1

As (9) does not depend on the 3., we finally have

Corollary 4. The random variable

1 1 _
— Yi =),
n—4q Jj=s.j=q+1
with
_ 1 I‘:YI
= i
n—q+1 J=s.j=q+1

is in model (1) the UBLQUE (uniformly best linear-quadratic unbiased estimator)
of 02(a + bleDXB)%.

We only note that evidently (9) is a consistent estimator with dispersion

_ 20*(a +blefXB])*

Dp —
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