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MINIMAL SIZE OF A GRAPH WITH DIAMETER 2
AND GIVEN MAXIMAL DEGREE, II

S. ZNAM
Abstract. Let Fz(n, [ph[)1be the minimal size of a graph on n vertices with

diameter 2 and maximal degree [ph[1The asymptotic behaviour of F2(n, [ph[Ddis
considered for 2/5 < p < 5/12.

1. Introduction

Denote by H,(n, [phDthe family of undirected graphs of order n, diameter 2
and maximal degree [ph[(0 < p < 1) and put

F2(n, [phO¥= Eﬂlﬁ(\ri]nm me(G)

where e(G) is the size of G. Denote further by
f(p) = lim Fo(n, (phi)]

The function f(p) was introduced in [1] and in [5] the existence of the limit
(conjectured in [2]) was proved for all values of p except of a sequence tending
to 0. It is also showed in [5] that for a given p, f(p) can be determined using
linear programming. However, this procedure is too slow to enable us to solve the
problem even for relatively large values of p.

In [2] the values of f(p) for p > 1/2 were determined. Further, in [4] it was
shown that if a projective plane of order t exists, then f(p) = t+1 for (t+1)/(t>+
t+ 1) <p < 1/t, hence putting t = 2 we get f(p) =3 if 3/7 <p < 1/2. In [6]
f(p) is determined for 5/12 < p < 3/7. Thus for all p > 5/12 the values of f(p)
are known.

In this paper we determine f(p) for smaller p. In fact, we prove here the
following result conjectured in [5].

Theorem.
1) f(p)=8—11p for 2/5<p<5/12.
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We shall use here very often methods and results of [5]. In those cases when
our assertions can be proved by a slight modification of those in [5], the proofs will
be omitted here. On the other hand, the following lemma is used here in exactly
the same way as in [5].

Lemma 1 ([5]). Let aset U with |U| = 8 be given. Let Z be a system of triples
of distinct elements of U. If every element of U is contained in some triple of Z
and any two triples of Z intersect then there exist x, y [Ul such that every triple
of Z contains at least one of x, y (we say that X, y cover Z).

2. The Main Inequality

We prove now that if p fulfils (1) and n is su Lciehtly large then for every
G [Hy(n, [phDlwe have
@) e(G)=8n—11ph(38 4 22 +128 n.

- 3

Letl = 4%2 +128. We shall proceed indirectly: suppose there exists a graph
Go [Hy(n, [phDdwith v
?3) e(Gp) <8n—11ph[# 8l n.

Denote by V the set of all vertices of Gg, and by A the set of vertices of degree
at least n. According to (3) we have
4 |A| <16 n.
Denote further by B the set of vertices of degree at most 7 adjacent to 3 vertices
of A (due to (1), no vertex of degree less than 3 exists in Gp), and by C the set of
such vertices adjacent to at\l/east 4 vertices of A, and finally, let D =V —A—B—C.
If x (O then8<degx< n.

The proof of the following lemma is straightforward (and very similar to that
of Lemma 2 in [5]).

Lemma 2. v
2e(Go) =8n—2|B|—128 n.

Let now E be the set of vertices of degree at least n/12. By (3) we have
5) IE| < 192.

According to (1) every vertex of B is adjacent to 3 vertices of E. Let abc be the
set of vertices of B adjacent to vertices a, @cﬁj—_ﬂ (a set of the form abc will be
called a triple-set). B consists of at most 32vtriple—sets. Let F be the union of

triple-sets from B with cardinalities at Ieasl,t:zlI n. Then
192 V_
(6) Bl <|F|+4 3 n.

Denote by T the system of neighbours of triple-sets in F and by W the set of
vertices occurring in T. Now we shall state some lemmas.
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Lemma 3. Any two triples of T have a common element.
The proof is straightforward and very similar to that of Lemma 3 in [5].

Lemma 4. Let J be the set of vertices x having the following property: there
is some triple—s@kﬁjn F such that x is not adjacent to any of the vertices a, b,
c. Then 3| <4 3% "n.

The proof follows from the obvious fact that to any triple-set abc there exist at
most 4 n vertices adjacent to neither a, b, ¢ (see also the proof of Lemma 4 in

[5D).
Lemma 5. T is covered by two vertices.

. M_

Proof. Assume the opposite. Then by Lemma 4 each of at least n — 4%2 n

vertices must be adjacent to at least 3 vertices of W. However, by Lemma 1 and
Lemma 2 we get |W| < 7, a contradiction with (1). 1

In what follows we shall use the notation [ph[= k.
First of all, from (3), (6) and Lemma 2 follows

V_ v_ V_
(7) 8n—2F|—21 n<16n—22k—161 n, thus|F|=11k—4n+71 n.

v_
Let now M =V —A—J—H where H is a set of cardinality less than ~ n which
will be specified later. From (4) and Lemma 4 we have

V_
©) m=|M|>n—1 n.
Thus (7) can be rewritten in the form
V_
9 |F| =11k —4m+3l n.

Further considerations will be restricted to the vertices of M. The following
two lemmas will be of some use later.

Lemma 6. If a, b, ¢1, ..., ¢, are distinct vertices of W, and there exist p
vertices of M adjacent to both a and b then

|[abc; [ [@bee|+rp <r(3k —m).

Proof. For every i [{1,...,r} the number of edges incident to vertices a, b, ¢;
is at least m + p + abc; (= 3k), and thus the assertion follows. 1

From the obvious inequality |abci| < p we get, by taking r = 1:

Corollary.
|abci| = (3k —m)/2.
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Lemma 7. There exist less than (5m — 11k)/2 vertices of M having at least 5
neighbours in V.— M.

Proof. If it is not the case then e(Gp) = 3m + 2(5m — 11k)/2 = 8m — 11k, a
contradiction with (3). 1

Now we shall prove that (3) leads to a contradiction. First of all, if all triples
of T contain a fixed vertex then we have |[F| < k, a contradiction with (9) for
k = 2n/5 (see (1)). Assume now that T is covered by two vertices X, y (See
Lemma 5). Denote by X, Y and Z, respectively, the union of all triple-sets of F
adjacent only to x, only to y, and to both x and vy, respectively.

We have to distinguish several cases depending on the form of the sets X, Y
and Z.

Case 1. xuv, xwt [Xland yuw, yvt [Y1(or yuv, ywt [Y] or yut, yvw [Y)
where all included vertices are distinct.

Let K = {x,y}, L = {u,v,w,t}. Further let S, Q, and R, respectively, be the
set of vertices of M adjacent to exactly one vertex, exactly two vertices, and no
vertex, respectively, of K. We can easily derive the following inequalities:

(10) 2m+|S| <6k, Qe |S|<6k—2m;
(11) 21Q|+ S| =2k, e |Q=m-—2k;
(12) IRI=m—[S|— Q] = 2m — 4k.

Suppose Z = xyz; [ [X¥z; and let (XyX1) [(XyX2)] be the set of all vertices
of M adjacent to X, y, X;1 (to X, y, X2, respectively). The vertices of R are adjacent
to every zj, hence by (12) we get

(13) (xyzj) +2m — 4k <k, i.e. (xyzj) =5k —2m.
Now we need to consider several subcases.

Case la. If there exist at least 3 vertices z; L11then a vertex of R is adjacent
to 2 vertices of L, to at least three vertices z; but this is by (12) a contradiction
to Lemma 7.

Case 1b. There exists at most one z; L11. Because all the remaining triple-
sets of F contain 3 vertices of L [Kl, we have |F — xyz;| < 6k —2m, and by (13)
we get a contradiction with (9). (In this case for |[F| = 11k —4n — 3 we obtain the
extremal graph — see Section 3.)

Case 1c. Now we have the most complicated case when Z contains exactly
2 triple-sets xyz; and xyz, such that z;, z; Y K L1 Denote by N, O, and P,
respectively, the set of all vertices of M adjacent to at least two vertices, to one
vertex, and to no vertex, respectively, of L. Then

2IN| + O] = 4k,
o1+ Pl <IQl,
—2(IN| +[O] +|P]) = —2m.
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Adding these inequalities, and taking into account (11), we have
IP|=2m —4k — |Q| = m — 2k.

Hence, by (13)
IP|—l(xyz1)| — [(xyzz)| = 5m — 12k .

Now pL\J}; p=5/12—¢0<e< 1/60\)(see (1)). Then, from (8), 5m — 12k =
5(n—1 n)—12(5/12—¢)n = 12en—51 n which for su Cciehtly large n is greater
than 10en. Hence there exist at least 10en vertices of M not adjacent to any vertex
of L, thus adjacent to both x and y, but not adjacent to z;, z,. By (3), among
these vertices there exists a vertex b of degree less than 16/(10¢). Let N (b) be the
set of neighbours of b, and put H = N(b) (H is the above-mentioned set.) Now,
each vertex of R is adjacent to at least two vertices of L, to the vertices z;, z, and
to some vertex of H. Thus each vertex of R is adjacent to at least 5 vertices of
V — M which by (1) and (12) contradicts Lemma 7.
Thus if the conditions xuv, xwt [Xl, yuw, yvt Y1 (or yuv,ywt Y] or yut,
yvw [YI) are satisfied, then we always get a contradiction. Assume now that
these conditions are not satisfied. Say, X does not contain triple-sets of the form
xuv, xwt. Then the following cases can occur:
(a) X =xuv xuw x¥w,
(b) all the triple-sets of X are adjacent to a further fixed vertex of W,
() X =xuv.

Now consider these cases.

Case 2. Suppose X = xuv [xXuw [xudw. The vertices of M not adjacent to x are
adjacent to at least two vertices of the set {u,v,w}. Hence 2(m —K) + 2|X| < 3k,
i.e. [X] =< (5k—2m)/2, a contradiction with (9), because all the remaining vertices
of F are adjacent to y.

Case 3. Suppose X = xtx; [ [Xtxq, g = 2. Again we have to distinguish
several subcases.

Case 3a. yx;xj L[Ylfor some i,j C{L,...,q}. Then obviously q = 2. Let
U = xtx; [Xix, [ykixo. Then every vertex of M is adjacent to at least two
vertices of the set {x,t,y, X1, X2} = Wy and every vertex of U is adjacent to 3
vertices of Wy. Thus 2m + |U| < 5k, i.e. |U| < 5k —2m which is a contradiction
to (9) because all remaining vertices of F are adjacentto Y.

Case 3b. Suppose Y = yty; [} Lylly, and put Z = xyz; [} [Xy¥zs. Assume
that among the vertices X1, ..., Xp,Y1,...,Yr,Z1, ..., Zs there exist u distinct ver-
tices w1, ...,wy dilerent from X, y, t, and put Wy = {X,y,t,wy,...,wy}. Since
F is not covered by a single vertex, every vertex of M is adjacent to at least two
vertices of W, and the vertices of F to 3 vertices of W;. Thus 2m+|F| < (3+u)k
which contradicts (9) if u < 3. Hence assume u > 3.
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Denote by L the set of all vertices of M not adjacent to any vertex of the set
{x,y,t}. Every vertex of F is adjacent to two vertices of this set, hence by (9) we
have

(14) 3k+|L|=m+|F]|, ie |L]=m—3k+|F|=8k—3m.
The vertices of L are adjacent to all vertices wj, thus for u = 4 we have
2m+|F|+2(m =3k +|F]) =7k, i.e. |F| < (13k —4m)/3

which is, by (1), a contradiction to (9).
For u = 5 all vertices of L are adjacent to at least 5 vertices of W; which by
(14) contradicts Lemma 7.

Case 4. The last case is X = xuv. If Z = [then F is covered also by y and u,
and we may proceed as in the case 3a. Similarly, if all vertices of F are adjacent
to u (or v) then we get again the case 3b. Hence we may assume

F =xuv Xyx; 1 XX Coyu; O Coyuy Cvyvy o1 Dvyyg

where i, J, q are dilerent from 0. Now we show that all the vertices X5, Uy, Vc
are distinct. Indeed, suppose, for example, that x; = u; and consider U = xuv [1
Xyx; [0¥x;. Every vertex of M is adjacent to two vertices of W3 = {X,y,u,Vv, X1}
and every vertex of U is adjacent to 3 vertices of W3, thus |U| < 5k—2m. However,
all remaining vertices of F are adjacent to y, and so we get a contradiction with
(9). Now, if i = =g = 1 then by Corollary of Lemma 6 we get a contradiction
to (9). Hence suppose i > 1 (as F is covered also by the couples u, y and v, y, we
may proceed in the remaining cases similarly). Distinguish now two subcases.

Case 4a. Suppose j = q = 1. Consider first the case i = 3. By (9) and by
Corollary to Lemma 6 we have

[xyx: [ [X¥xi| = 11k —4m — (9k — 3m)/2.

Thus the number of vertices adjacent neither to x nor to y is at least m — 2k +
[11k — 4m — (9k — 3m)/2] = (9k — 3m)/2. However, each such vertex is adjacent
to at least 5 vertices of V — M, a contradiction to Lemma 7 (see (1)).

Assume now i = 2. Let s be the number of vertices adjacent to y but not to
X3 nor to X,. Each such vertex is adjacent to at least one of vertices X, u, v. So
let s1, s2, and sz, respectively, be the number of such vertices adjacent to x, u, v,
respectively. Obviously,

(15) S1+S,+S3=5.
Now according to Lemma 6 we have

(16) luyus| = Bk —m —s3)/2, [vyvi] = Bk —m —s3)/2.
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Consider now the number of vertices adjacent to x. By (16),
an [xuv| + [xXyXi| + |XyXz| = |[F| — 3k + m + (s +53)/2.

Each vertex of M —F must be adjacent to at least one of vertices X, y, X1. However,
there exist at most k — [xyxy | such vertices adjacent to x; and s —s; such vertices
adjacent to y but not to x. So, by (17), the total number of vertices adjacent to
X is at least

[[F]| =3k +m+(s2 +s3)/2] +[m — |F| — Kk + |xyX1| — s +s1] =< k.
Thus by (15) we get
[XyX1| < 5k —2m + (51 + 5,)/2.
Hence, according to (16), we get
[uyus| + [vyvi| + [xyx;| < 8k —3m,

thus, by Corollary of Lemma 6, |F| < 11k — 4m, a contradiction to (9).

Case 4b. Assume that at least two of the numbers i, j, q are greater than 1,
say, i = 2, j = 2 (in the remaining cases we may proceed similarly). Now we
introduce some notation. Let W3 = {x, u,v,y}, and let X3, Uy, and V; be the set
of all vertices of M adjacent only to x, only to u, and only to v (and to no other
vertices of W3), respectively. Let further XU, XV, and UV be the set of vertices
adjacent only to x and u, only to x and v, and only to u and v (and to no other
vertices of W3), respectively. Finally, let XUV be the set of vertices adjacent to
X, U, and v but not to y. Then

(18) |Xa| + [Us| + [Vi] + [XU] + [XV [+ UV [+ [XUV]|=m —k.
The number of vertices adjacent to X is
(19) K= [XUV]+ [XU|+ XV ]+ [Xqg| + [xyxa| + -+ |xyXi].
The number of vertices adjacent to u is
(20) k= |XUV][+[XU|+|UV]+ |Us| + Juyus| + - - - + Juyu;].
Adding (18), (19) and (20) and using Lemma 6 gives

Vil = m =3k + [XU| + [F| = (Jvyva| + - + |vyvp)

=m-—3k+|F|—(Bk—m) =2m —6k + |F|.

However, all vertices of V; are adjacent to vertices v, X1, Xz, U1, Uy, thus e(G) =
4m — |F| + (2m — 6k + |F|) = 6m — 6k which, by (1), contradicts (3).

We have seen that (3) leads to a contradiction in all cases, and so for any graph
G [Hy(n, [phDlwe have

(21) e(G)an—lllﬁhEl-SI\/ﬁ.
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3. Proof of the Theorem

Consider the graph G; consisting of

(a) nine vertices a, b, c,d, e, f, g, h,i of high degrees;

(b) the edges ab, ag, af, bg, bd, ce, cg, ch, df, di, eg, eh, fi, gi, gh;

(c) triple-sets acd, aef, abg, bcf, bed;

(d) groups abih, dfgh, ceig of vertices of degree 4 adjacent to vertices involved
in these 4-tuples.

In case 3k — n is even, the cardinalities of these triple-sets and groups are (in
other case proceed similarly):

lacd] = |aef| = |bcf| = |bed] = (3k — n)/2,
|abg| =5k —2n — 3,

|abih| = 3n — 7k,

|ceig| = |[dfgh| = n—2k — 3.

Then the vertices a, b, c,d,e, T are of degree k, g is of degree k —3 and deg h =
deg i = 4n — 9k which is less than k for p > 2/5 and n su Lciehtly large. It is
easy to check that G; [CH,(n, [ph Difor such p and n and e(G;) = 8n— 11k — 18.
Hence, by (21), if G [H,(n, [ph Ddwhere p satisfies (1) and n is su Cciehtly large,
we get v
8n—11ph[# 8l n < F,(n, (phDk 8n— 11[ph[# 18,

and the assertion of Theorem follows.

Remark. The structure of extremal graphs in a similar problem for graphs of
diameter 3 was determined in [3]. The author hopes to find a characterization of
extremal graphs in general for our case in a future paper. The “kernel system” of
the extremal graph is a uniquely determined hypergraph in general.
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