Acta Math. Univ. Comenianae 17
Vol. LXI1, 1(1993), pp. 17-49

THE FROLICHER-NIJENHUIS BRACKET IN NON
COMMUTATIVE DIFFERENTIAL GEOMETRY

A. CAP, A. KRIEGL, P. W. MICHOR and J. VANZURA

Introduction

There seems to be an emerging theory of non-commutative di Lerkntial geometry.
In the beginning the ideas of non-commutative geometry and of non-commutative
topology were intended as tools for attacking problems in topology, in particular
the Novikov conjecture and, more generally, the Baum-Connes conjecture. Later
on, often motivated by physics, one tended to consider ‘non-commutative spaces’
as basic structures and to study them in their own right. This is also the point of
view we adopt in this paper. We carry over to a quite general non-commutative
setting some of the basic tools of di Lerkntial geometry. From the very beginning we
use the setting of convenient vector spaces developed by Frolicher and Kriegl. The
reasons for this are the following: If the non-commutative theory should contain
some version of diLerkntial geometry, a manifold M should be represented by the
algebra C*°(M, R) of smooth functions on it. The simplest considerations of groups
(and guantum groups begin to play an important role now) need products, and
C*°(M xN, R) is a certain completion of the algebraic tensor product C=(M,R) (1
C*°(N,R). Now the setting of convenient vector spaces o[ers in its multilinear
version a monoidally closed category, i.e. there is an appropriate tensor product
which has all the usual (algebraic) properties with respect to bounded multilinear
mappings. So multilinear algebra is carried into this kind of functional analysis
without loss. Moreover convenient spaces are the best realm for dilerkntiation
which we need in Section 6 to treat a non-commutative version of principal bundles.

We note that all results of this paper also hold in a purely algebraic setting:
Just equip each vector space with the finest locally convex topology, then all linear
mappings are bounded. They even remain valid if we take a commutative ring of
characteristic & 2, 3 instead of the ground field.
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In the first section we give a short description of the setting of convenient
spaces elaborating those aspects which we will need later. Then we repeat the
usual construction of non-commutative di [erential forms for convenient algebras
in the second section. There we consider triples (A, QR;d), where (Qf;d) is a
graded dilerential algebra with Qf = A and Q4 = 0 for negative n. Such a
triple is called a quasi resolution of A in the book [Karoubi, 1987]. See in
particular [Dubois-Violette, 1988] who studies the action of the Lie algebra of
all derivations on Qf., We will call (Q7,,d) a di [erential algebra for A. A universal
construction of such an algebra Qf for a commutative algebra A is described in
[Kunz, 1986], where it is called the algebra of Kahler di Lerentials, since appar-
ently this notion was proposed for the first time by [Kahler, 1953]. The first
ones to subsume the theory of Kahler dilerkntials over a regular a [nelvariety
under standard homological algebra were [Hochschild, Kostant, Rosenberg,
1962]. We present below a non-commutative version of the construction of Kunz,
since we will need more information. This is the construction of [Karoubi, 1982,
1983] which is also used in [Connes, 1985]. Connes’ contributions started the
general interest in non-commutative di Lerential geometry. He described the Chern
character in K-homology coming from Fredholm modules and used the unversal
di Cerential forms as a tool for describing the cyclic cohomology of an algebra.

Next we show that the bimodule Qn(A) represents the functor of the normal-
ized Hochschild n-cocyles; this is in principle contained in [Connes, 1985]. In the
third section we introduce the non-commutative version of the Frolicher-Nijenhuis
bracket by investigating all bounded graded derivations of the algebra of dilert
ential forms. This bracket is then used to formulate the concept of integrability
and involutiveness for distributions and to indicate a route towards a theorem of
Frobenius (the central result of usual dilerkntial geometry, if there is one). This
is then used to discuss bundles and connections in the non-commutative setting
and to go some steps towards a non-commutative Chern-Weil homomorphism. In
the final section we give a brief description of the non-commutative version of the
Schouten-Nijenhuis bracket and describe Poisson structures.

This work was ignited by a very stimulating talk of Max Karoubi in éesky
Sternberk in June 1989, and we want to thank him for that.

1. Convenient Vector Spaces

1.1. The traditional dilerkntial calculus works well for Banach spaces. For
more general locally convex spaces a whole flock of diLerent theories were devel-
oped, each of them rather complicated and none really convincing. The main
di Cculty is that the composition of linear mappings stops to be jointly continuous
at the level of Banach spaces, for any compatible topology. This was the origi-
nal motivation for the development of a whole new field within general topology,
convergence spaces.
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Then in 1982, Alfred Frolicher and Andreas Kriegl presented independently the
solution to the quest for the right di [erential calculus in infinite dimensions. They
joined forces in the further development of the theory and the (up to now) final
outcome is the book [Frolicher, Kriegl, 1988].

The appropriate spaces for this di[erential calculus are the convenient vector
spaces mentioned above. In addition to their importance for diCerkntial calculus
these spaces form a category with very nice properties.

In this section we will sketch the basic definitions and the most important re-
sults concerning convenient vector spaces and Frolicher-Kriegl calculus. All locally
convex spaces will be assumed to be Hausdor L1

1.2. The c*-topology. Let E be a locally convex vector space. A curve
c:R - E is called smooth or C° if all derivatives exist (and are continuous) -
this is a concept without problems. Let C*°(R, E) be the space of smooth curves.
It can be shown that C*°(R, E) does not depend on the locally convex topology
of E, only on its associated bornology (system of bounded sets).

The final topologies with respect to the following sets of mappings into E coin-
cide:

(i) C=(R,E).
(i) Lipschitz curves (so that {¥8=2C) : t 5 s} is bounded in E).
(iii) {Eg - E : B bounded absolutely convex in E}, where Eg is the linear
span of B equipped with the Minkowski functional pg(x) := inf{A > 0 :
x [CAB}.
(iv) Mackey-convergent sequences X, — X (there exists a sequence 0 < A, [1
oo with An(Xn — X) bounded).

This topology is called the c*°-topology on E and we write ¢c*E for the resulting
topological space. In general (on the space D of test functions for example) it
is finer than the given locally convex topology; it is not a vector space topology,
since addition is no longer jointly continuous. The finest among all locally convex
topologies on E which are coarser than the c*-topology is the bornologification
of the given locally convex topology. If E is a Fréchet space, then c*E = E.

1.3. Convenient vector spaces. Let E be a locally convex vector space.
E is said to be a convenient vector space if one of the following equivalent
conditions is satisfied (called c®-completeness):

() Any Mackey-Cauchy-sequence (so that (xn — Xm) is Mackey convergent
to 0) converges.
(i) If B is bounded closed absolutely convex, then Eg is a Banach space.
(iii) Any Lipschitz curve in E is locally Riemann integrable.
(iv) For any ¢; [Q*(R,E) there is ¢c; [T (R, E) with ¢, = ¢5’(existence of
antiderivative).
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Obviously c*-completeness is weaker than sequential completeness so any se-
quentially complete locally convex vector space is convenient. From 1.2.4 one
easily sees that c*>-closed linear subspaces of convenient vector spaces are again
convenient. We always assume that a convenient vector space is equipped with its
bornological topology.

1.4. Lemma. Let E be a locally convex space. Then the following properties
are equivalent:
() E is c™=-complete.
(i) If f:R - E is scalarwise Lip¥, then f is Lip¥, for k > 1.
(iii) If f: R - E is scalarwise C* then f is di Lerkntiable at 0.
(iv) If f: R - E is scalarwise C* then f is C*°,

Here a mapping f : R — E is called Lip¥ if all partial derivatives up to order k
exist and are Lipschitz, locally on R. f scalarwise C* means that A= f is C* for
all continuous linear functionals on E.

This lemma says that on a convenient vector space one can recognize smooth
curves by investigating compositions with continuous linear functionals.

1.5. Smooth mappings. Let E and F be locally convex vector spaces. A
mapping f : E -~ F is called smooth or C*, if f - ¢ [CA*(R,F) for all ¢ [
C*(R,E); so f3C*=(R,E) - C*(R,F) makes sense. Let C*°(E, F) denote the
space of all smooth mappings from E to F.

For E and F finite dimensional this gives the usual notion of smooth mappings:
this has been first proved in [Boman, 1967]. Constant mappings are smooth.
Multilinear mappings are smooth if and only if they are bounded. Therefore we
denote by L(E, F) the space of all bounded linear mappings from E to F.

1.6. Lemma. For any locally convex space E there is a convenient vector space
E called the completion of E and a bornological embedding i : E — E, which is
characterized by the property that any bounded linear map from E into an arbitrary
convenient vector space extends to E.

1.7. Aswe will need it later on we describe the completion in a special situation:
Let E be a locally convex space with completioni: E - E, f:E - E abounded
projection and f : E - E the prolongation of i=f. Then f is also a projection and
f(E) = ker(1d—f) is a c-closed and thus convenient linear subspace of E. Using
that f(E) is a direct summand in E one easily shows that f~(I§) is the completion
of f(E). This argument applied to Id — f shows that ker(F) is the completion of
ker(f).

1.8. Structure on C*°(E,F). We equip the space C*°(R, E) with the borno-
logification of the topology of uniform convergence on compact sets, in all deriva-
tives separately. Then we equip the space C*°(E, F) with the bornologification
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of the initial topology with respect to all mappings ¢~ C*°(E,F) - C*=(R,F),
c(F) :==f o ¢, for all c CT°(R,E).
1.9. Lemma. For locally convex spaces E and F we have:

(i) If F is convenient, then also C*°(E, F) is convenient, for any E. The
space L(E, F) is a closed linear subspace of C*°(E, F), so it is convenient
also.

(i) If E is convenient, then a curve c: R — L(E, F) is smooth if and only if
t B c(t)(x) is a smooth curve in F for all x [CH.

1.10. Theorem. The category of convenient vector spaces and smooth map-
pings is cartesian closed. So we have a natural bijection

C*(E x F,G) £k (E,C>(F, G)),

which is even a di Ledmorphism.

Of course this statement is also true for c*°-open subsets of convenient vector
spaces.

1.11. Corollary. Let all spaces be convenient vector spaces. Then the follow-
ing canonical mappings are smooth.

ev:C”(E,F)xE - F, ev(f,x) =fX).

ins:E - CZ(F,E xF), ins(xX)(y) = (X,Y).

( Y=IC®(E,C®(F,G)) - C®(E xF,G), f(xy)=FX(WY).

( )'C®(E xF,G) -~ C*(E,C*(F,G)), §()(y)=9(xY).
comp: C(F,G) xC*(E,F) - C*(E,G)

C®( , ):C®(F,FyxC=ETE) - C=(C>=(E,F),C*EFY)

f,9) 5 (hB fohog)
R — | —

C*(Ei,Fi) - C=( E, F)

1.12. Theorem. Let E and F be convenient vector spaces. Then the di[ert
ential operator

d:C*(E,F) - C*=(E,L(E,F)),
f(x+tv) —f(x)
: ,

df (X)v := tlm
exists and is linear and bounded (smooth). Also the chain rule holds:

d(f = g)(X)v = df (g(x))dg(x)v.
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1.13. The category of convenient vector spaces and bounded linear maps is
complete and cocomplete, so all categorical limits and colimits can be formed. In
particular we can form products and direct sums of convenient vector spaces.

For convenient vector spaces Eg, ... ,E, and F we can now consider the space
of all boEﬁd n-linear maps, L(E4, ..., En; F), which is a closed linear subspace
of C=°( ;2; Ei, F) and thus again convenient. It can be shown that multilinear
maps are bounded if and only if they are partially bounded, i.e. bounded in each
coordinate and that there is a natural isomorphism (of convenient vector spaces)
L(Ei1,...,En;F) £HLE1, ..., Ex; L(Ek+1, ..., En; F))

1.14. Theorem. On the category of convenient vector spaces there is a unique
tensor product T_which makes the category symmetric monoidally closed, i.e.
there are natural isomorphisms of convenient vector spaces L(E:;L(E,, E3)) £

L(E:TEQ E3), E; TEAL EITEY E; T(ELTES) £ (B, TEx) TEd and ETREE!

The tensor product can be constructed as follows: On the algebraic tensor
product put the finest locally convex topology such that the canonical bilinear
map from the product into the tensor product is bounded and then take the
completion of this space.

1.15. Remarks. Note that the conclusion of Theorem 1.10 is the starting
point of the classical calculus of variations, where a smooth curve in a space of
functions was assumed to be just a smooth function in one variable more.

If one wants Theorem 1.10 to be true and assumes some other obvious proper-
ties, then the calculus of smooth functions is already uniquely determined.

There are, however, smooth mappings which are not continuous. This is un-
avoidable and not so horrible as it might appear at first sight. For example the
evaluation E x EY- R is jointly continuous if and only if E is normable, but it is
always smooth. Clearly smooth mappings are continuous for the c*°-topology.

For Fréchet spaces smoothness in the sense described here coincides with the
notion C:° of [Keller, 1974]. This is the dilerkential calculus used by [Michor,
1980], [Milnor, 1984], and [Pressley, Segal, 1986].

2. Non-commutative Differential Forms

2.1. Axiomatic setting for the algebra of dilerential forms. Throu-
ghout this section we assume that A is a convenient algebra, i.e. A is a convenient
vector space together with a bounded bilinear associative multiplication Ax A -
A. Moreover we assume thafﬁias a unit 1. We consider now a graded associative

convenient algebra Q= , Qf where Qf = A and each Qf is a convenient
vector space, with a bounded bilinear product : QQ x QqA - QpA+q, such that there

is a bounded linear mapping d = d, : Qﬁ* - QQ‘H with d> = 0 and d(wpwg) =

dwpwq + (—1)Pwpdwg for all w, CQY and wg, QL. This mapping is called the
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di [erential of Qf, Note that we do not assume that the product is graded
commutative: w,wq & (—1)P9wqwp in general.

Let [Q2,,QP]r be the locally convex closure of the subspace generated by all

graded commutators [wp, 0g] = Wpwg — (—1)PYwgwp with p +q = r. We put
QR = QN/[QR,QR), and we let T : QA — Q2 be the projection which will be
called the graded trace of Qf,
_ Since we have d([wp, Wq]) = [dwp, wg] + (—1)P[wp, dwg], the di[erkntial passes to
Qf-and still satisfies d> = 0. The separated homology of this quotient complex
is called the non-commutative De Rham homology of Qf pr of A, if QP jis
clear. We denote it by

HQM = HA =ker(d: Q - Qf,,)/im(d: Q% , — Q).

2.2. Derivations. Let M be a convenient bimodule over the convenient al-
gebra A, i.e. M is a convenient vector space together with two bounded ho-
momorphisms of unital algebras A : A - L(M,M) and p : A°® - L(M, M),
where A°P denotes the opposite algebra to A, such that for a,b [CA we have
A(@) 2 p(b) = p(b) » A(a). We will write am for A(a)(m) and ma for p(a)(m). This
definition is equivalent to having bounded bilinear maps A : AxM - M and
p:MxA - M, which satisfy the usual axioms. A (bounded) derivation of A in
M is a bounded linear mapping D : A - M such that D(ab) = D(a)b +aD(b) for
all a, b CA. We denote by Der(A; M) the vector space of all derivations of A into
M. This is obviously a closed linear subspace of L(A, M) and thus a convenient
vector space. If A is commutative, then Der(A; M) is again an A-module.

The vector space Der(A; A) is a convenient Lie algebra where the bracket is the
commutator. It is an A-module if and only if A is commutative.

2.3. The algebra of dual numbers. of a convenient algebra A with respect
to a convenient A-bimodule M is the semidirect product A CM]i.e. the convenient
vector space A < M with the bounded bilinear multiplication (a;, mi)(az, my) =
(a1a2,a1my + myay). This is an associative convenient algebra with unit (1, 0).

2.4. Lemma. The bounded derivations from A into the A-bimodule M corre-
spond exactly to the bounded algebra homomorphisms ¢ : A — A [Mlsatisfying
prie ¢ = lda.

2.5. Universal derivations. A bounded derivation D : A - M into a bi-
module M is called universal if the following holds:

For any bounded derivation D™ A - N into a convenient A-bimodule N
there is a unique bounded A-bimodule homomorphism @ : M - N such
that D™= ® - D.
Of course for any two universal derivations D; : A - My and D, : A - M, there
is a unique A-bimodule isomorphism ® : M; —» M, such that D, = ® - D;. So a
universal derivation is unique up to canonical isomorphism.
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Lemma. For every convenient algebra A there exists a universal derivation
which we denote by d : A - Q1 (A).

Proof. First we define an A-bimodule structure on ATA&s follows: Let (a,b) 3
a bt AxA - ATATe the canonical bilinear map. Now consider the map
A A = L(Ax A, ATA)N defined by A(a)(b, c) := ab [c1Obviously the map A has
values in the space L(A, A; ATA)of bilinear maps and thus we can compose it with
the isomorphisms of 1.13 and 1.14 to get A : A - L(ATAJATA) which is easily
seen to be an algebra homomorphism. Similarly we define p: A - L(ATAJATA)
using p(a)(b,c) :=h [ca

The multiplication on A induces a bounded linear map p : ATAI- A which
is an A-bimodule homomorphism by associativity. Thus Q;(A) := ker(p) is a
convenient A-bimodule.

Next we defined : A - Qi1(A) by d(@) := 1 [Cal a 11 Obviously d is a
bounded derivation.

To see that this derivation is universal let D : A — M be a bounded derivation
from A into a convenient A-bimodule M. Let ® : AxA - M be the map defined
by ®(a,b) ;= aD(b). Then @ is obviously bilinear and bounded and thus it induces
a bounded linear map ® : ATA1. M, whose restriction to Q;(A) we also denote
by ®. As any derivation vanishes on 1 we get:

(® - d)(a) = ®(1 [at+ a [DI= 1D(a) —aD(L) = D(a)

So it remains to show that @ is a bimodule homomorphism. For a,b, ¢ A we get:
(¢ > A@))(b )= d(ab )= abD(c) = a(P(h [T)) and thus ® : ATAL. M is
a homomorphism of left modules.

On the other hand (@ - p(a))(b )= bD(ca) = (bD(c))a + bcD(a) and thus
we get the identity (® © p(a))(x) = (®(x))a + pu(x)D(a) for all x CATARN so
®:Q;(A) - M is a homomorphism of right modules, too. 1

2.6. Corollary. For an A-bimodule M the canonical linear mapping

d™HomA(Q1(A), M) — Der(A; M)
$B ¢-d

is an isomorphism of convenient vector spaces, where Der(A; M) carries the struc-
ture described in 2.2, while the space Hom’a(Q1(A), M) of bounded bimodule homo-
morphisms is considered as a closed linear subspace of L(Q1(A), M). In particular
we have HomA(Q1(A), A) £ Dbr(A; A).

Proof. Since d is bounded and linear so is d~'In the proof of the lemma above we
saw that the inverse to ds given by mapping D to the prolongation of [=i(1dx D),
where [Ctlenotes the left action of A on M and this map is easily seen to be
bounded. —1
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2.7. Lemma. Let A be a convenient algebra, M a convenient right A-module
and N a convenient left A-module.

(i) There is a convenient vector space M TaN and a bounded bilinear map
b:MxN - MTaN, (m,n) @ m Cad such that b(ma, n) = b(m, an) for
alla CA, m and n [N which has the following universal property:
If E is a convenient vector space and f : M <N - E is a bounded bilinear
map such that f(ma, n) = f(m, an) then there is a unique bounded linear
map f: MTAN - E with fob=F.

(ii) Let LA(M,N;E) denote the space of all bilinear bounded maps f : M x
N - E having the above property, which is a closed linear subspace of
L(M,N;E). Then we have an isomorphism of convenient vector spaces
LAM,N;E) LM TAN, E).

(i) If B is another convenient algebra such that N is a convenient right B-
module and such that the actions of A and B on N commute, then M TAN
is in a canonical way a convenient right B-module.

(iv) If in addition P is a convenient left B-module then there is a natural
isomorphism of convenient vector spaces

MTA(NTgR) £ (N TAN)TcH

Proof. We construct M TAN as follows: Let M [Nl be the algebraic tensor

product of M and N equipped with the (bornological) topology mentioned in
1.14 and let V be the locally convex closure of the subspace generated by all
elements of the form ma [+ m [Can and define M TaN to be the completion
of M [, N :=(M [NJ)/V. As M [Nlhas the universal property that bounded
bilinear maps from M x N into arbitrary locally convex spaces induce bounded
and hence continuous linear maps on M [N (1) is clear.
(2): By (1) the bounded linear map b™* L(MTaN,E) - LA(M,N:E) is a
bijection. Thus it su [ced to show that its inverse is bounded, too. From 1.14 we
get a bounded linear map ¢ : L(M,N;E) - L(M [NIE) which is inverse to the
map induced by the canonical bilinear map. Now let L2V (M [NIE) be the
closed linear subspace of L(M [NIE) consisting of all maps which annihilate V.
Restricting ¢ to LA(M, N; E) we get a bounded linear map ¢ : LA(M,N;E) -
Lann \% (M I:N] E)

Lety : M [Nl - M AN -~ MTAN be the composition of the canonical
projection with the inclusion into the completion. Then (i induces a well defined
linear map ¢ : L3V (M [CNIE) — L(MTAN, E) and § ¢ is inverse to b''So
it su [ced to show that Lﬁ is bounded.

This is the case if and only if the associated map L2V (M [CNJE) = (M TAaN)
- E is bounded. This in turn is equivalent to boundedness of the associated
map M TAaN - L(L2™" V(M [CNJE), E). But this is just the prolongation to the
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completion of the map M [N - L(L3" V(M [NJE), E) which sends x to the
evaluation at x and this map is clearly bounded.
(3): Let p: B° - L(N,N) be the right action of B on N and let ® : LA(M x
N,MTAN) £ kM TAN, M TAN) be the isomorphism constructed in (2). We
define the right module structure on M TAN as:

B £ L(N,N) %% L(M x N, M x N) 25"

- LAM,N;MTaN) 2 L(MTaN,MTaN)

This map is obviously bounded and easily seen to be an algebra homomorphism.
(4): Straightforward computations show that both spaces have the following uni-
versal property: For a convenient vector space E and a trilinear map f : M x
N xP - E which satisfies f(ma, n, p) = f(m, an, p) and f(m, nb, p) = f(m, n, bp)
there is a unique linear map prolonging f. 1

2.8. Homomorphisms of dilerfential algebras. Let ¢ : A - B be a
homomorphism of convenient algebras, let (Q*, d”) be a di [erkntial algebra for A
in the sense of 2.1, and let (QB, d®) be one for B.

By a ¢-homomorphism @ : Q” . QB we mean a bounded homomorphism of
graded di [erential algebras such that ®, = ¢ : Q4 =A - B =Qf.

2.9. Theorem. Existence of the universal graded dilerential alge-
bra. For each convenient algebra A there is a convenient graded di [erential alge-
bra (Q(A), d) for A with the following property:

For any bounded homomorphism ¢ : A — B of convenient algebras and
for any convenient graded di [efential algebra (QB,dB) for B there exists
a unique ¢p-homomorphism Q(A) - QB.

Proof. Put Qo(A) = A and Qk(A) := Q1(A) Tal.. TAQ:(A) (k factors). Then
each Qy(A) is a convenient A-bimodule by 2.7.3, which also defines the multipli-
cation with elements of Qg(A). For k, (3> 0 we define the multiplication as the
canonical bilinear map

Qu(A) x QA) - Qu(A) TADHA) 0. (A)

1
Thus Q(A) = | Qk(A) is a convenient graded algebra.

Claim. There is an isomorphism Q;(A) £+-AT{AVR) of convenient vector
spaces.
Consider the embedding i : R —» A and the projection p: A - A/R, denoted also
by p(a) =: a. We consider the following diagram, where the horizontal and the
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vertical sequences are exact:

0
A
ATAI 22 AT@EVR) —. 0

The vertical sequence is splitting: a B a Lk a section for p and the prolongation
of (a,b) B ad(b) is a retraction onto Q1(A) which even factors over 1dTp, kince
by 1.7 the space Q1 (A) is the completion of the kernel of the prolongation of the
multiplication map to A [CAl So we may invert all arrows of the vertical sequence
and the two sequences are isomorphic as required.

Claim. There is an isomorphism of convenient vector spaces

I & i 0 B

ATAIRT TAAR - O (A)

which is induced by the map (ag,as,...,ax) B agda; Caday; Cal - Cadax. This
is a direct consequence of the last claim and Lemma 2.7.

We now define d : Qx(A) - Qr+1(A) by d(a) =1 Cata [CIdor a COL(A) = A
and for k > 0 as the mapping defined on Q. (A) £-ATAART 1 TAAR which is
associated to:

(2,31, ...,ax) B 1 [ad Cag =} Cad
Ax (A/R)¥ - ATAZRT 1 TAAR £0l..(A)

Let us show now that d is a graded derivation: We have to show that for w, [
Qk(A) and o CAHA) we have d(wkwih = d(w)ot+ (—1) wkd(w) We proceed
by induction on k. By the claim above it su [ced to check the identity for elements
Ax(A/R)'. Fork =0 we have a(bo, b1, ...,bh= (abo, by, ..., bphwhich is mapped
by d to the element (1, abo, b1, ..., bk which under the isomorphism with Q(A)
goes to d(abg) Cadb; Ca-} - Cadbs0 the result follows from the derivation property
ofd: A - Q1(A).
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In the general case we first see that using this derivation property again, the
product of (ag,as,...,ax) and (bg,bs,...,boyin Qx+{A) can be written as

agda; Cad - Cadak—; Cad(akbo) Cadby Cadd- Cadbr
— (agday Lol - Cadak—1)(axdby Cadby Catl-- Cadbp)

and from this the result follows easily using the induction hypothesis.

So let us turn to the universal property. Let B be a convenient algebra, (QB, dB)
a convenient di [erkntial algebra for B and ¢ : A - B a bounded homomaorphism
of algebras. Via ¢ and the multiplication of QB all spaces QB are convenient
A-bimodules.

As dB is a graded derivation the map d® ¢ : A - QB is a derivation. Thus by
the universal property of Q1 (A) we get a unique bounded bimodule homomorphism
¢1 1 Qu(A) > QF. Thus for a CA and ® Q4 (A) we have ¢1(aw) = d(a)d1(w)
and ¢1(wa) = d1(w)p(a). Consider the map f : (Qi(A)K - QB defined by
(w1, 02,...,0k) = P1(w1)P1(w2) ... d1(wk) which is obviously bounded and k-
linear. Moreover as ¢ is a bimodule homomorphism we get (..., wja, Wj+1,...) =
f(...,wi,anj+1,...). Thus there is a unique prolongation of ¥ to Qx(A) which we
define to be ¢x. From this definition it is obvious that the maps ¢; form a bounded
homomorphism of graded algebras.

The composition:

AxA/R x ---x A/R - ATBIR ... TBAR £l () 2= P
is given by

(ag,a1,...,ak) B agda; Caday Lol Cadax B

d(ao)P1(daz) . .. d1(dax) = dp(ao)d®(d(ar)). . . d®(d(ax))
and this element is mapped by dB to dB(¢(ag))dB(d(a1))...dB(d(ax)). This
shows that ¢y+1 o d = dB o ¢y 1

2.10. Corollary. The construction A B Q{A) defines a covariant functor
from the category of convenient algebras with unit to the category of convenient
graded di [erential algebras.

So for a bounded algebra homomorphism f : A - B we denote by Q¥f) :
Q{A) — QB) its universal prolongation.

3. Some Related Questions

In the following we treat two questions which arise naturally in the context of
Section 2 but which are not relevant for the developments afterwards.
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3.1. The kernel of the multiplication p : ATAL. A is the very important space
Q1(A). What about the analogue with more factors?

Proposition. Let A be a convenient algebra with unit. Then the kernel of the
n-ary multiplication p" : A™ A is the subspace

] A | - _ -
ATTONA) TATOR2D A

i=0

Proof. Note that p2 = p: ATAT. A. We prove the assertion by induction on
n. Consider the following commutative diagram:

0 0

| l

ATEED T A) — Q4 (A) - 0

~ . i~ -~ n~ ~
0=  ATTOA)TATE2D far— Aty WAL e

. . Y n
0——  ATTOA) TATEH2-D N N A—0
i=0
0 0 0

The right hand column is the defining sequence for Q; (A) and it is splitting. The
middle column being the right hand one tensored with ATERD from the left is
then again splitting and thus exact. The bottom row is exact by the induction
hypothesis and is also splitting since u"™ admits many obvious sections. The middle
row is the bottom one tensored with A from the right and it is again splitting and
thus exact. The left hand side vertical arrow is multiplication from the right. The
top horizontal arrow is total multiplication onto the left of Q;(A).

Let us now take an element x [CA™™ 1 which is in the kernel of p"*1. Then a
simple diagram chasing shows that x is in the sum of the two subspaces of AT@FD
which are above and to the left. The converse is trivial, so the result follows. [

3.2. We have seen in 2.6 that Q;(A) is the representing object for the func-
tor Der(A, ) on the category of A-bimodules. Which functor is represented by
Qn(A)?



30 A. CAP, A. KRIEGL, P. W. MICHOR and J. VANZURA

Recall that Qn(A) = Q1(A) Tal.. TAQ:(A) (n times). We consider the n-linear
mapping

d": A" & (A/R)" - Qn(A),
d"(ai,...an) :=da; Cadl- - Cadan.

We view it as a Hochschild cochain which is bounded as a multilinear mapping
and normalized, i. e. it factors to (A/R)". It is well known that the normal-
ized Hochschild complex leads to the usual Hochschild cohomology, see [Cartan,
Eilenberg, 1956, p. 176].

Lemma. The mapping d" is a normalized and bounded Hochschild cocycle with
values in the A-bimodule Qn(A).

Proof. By definition of the right A-module structure on Qn(A) we have

dn(a].! T an)an+1 = (dal Cad-- Iﬂan)al’l+l
=da; Lad-- Cad(anan+1) — (dag Cal-- Cadan—1)an Cadan+:
=d"(a1,...,anan+1) —d" (a1, ..., an—18n, @n+1)

+ (da; Lal - Cadan—z)an—1 Laldan Cadan+:)

 —
= (_1)n Idn(all e laiai+1l R an+1) + (_1)na1dn(a2' e ;an+1);
i=1

and thus as required

r— 1
0= ald”(az, S ,an+1) + (—1)'d”(a1, vy ALy ey an+1)
i=1
+ (—=1)"d"(ay, ..., an)an+1
= (6d”)(a1, e ,an+1),

where & denotes the usual Hochschild coboundary operator. 1

3.3. Proposition. Let M be an A-bimodule. Then the mapping
(@)™ HomR(Qn(A), M) ~ Z"(A, M)

is an isomorphism onto the space of all normalized and bounded Hochschild cocycles
with values in M.

Proof. Clearly for any bimodule homomorphism ® : Qn(A) - M the n-linear
mapping ® - d" : A" - M is a normalized and bounded Hochschild cocycle. Let
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us assume conversely that ¢ : A" - M is a normalized bounded cocycle. In the
proof of 2.9 we got a natural isomorphism of convenient vector spaces
O A
ALAIR L1 [LAAR - Qk(A)
which is given by ag [a 123 apda; Cadha, Ca-d - Cadby. Using this we define
®¢ : Qn(A) - M by ®c(agda; ...dan) := apc(as,...,an). Then clearly ®-d" =c.
Obviously @, is a homomorphism of left A-modules and from the definition of the
right A-module structure on Q,(A) we see that dc = 0 translates into ®. being a

right module homomorphism, by a computation which is completely analogous to
the one in the proof of 3.2. Obviously both constructions are bounded. 1

_ 3.4. Is it possible to recognize the Hochschild coboundaries in the description
Z"(A, M) £HbMA(Qn(A), M)?

In order to answer this question we consider the canonical normalized mapping,
where a B a is the quotient mapping A - A/R:

L "o ]
¢: A" L ATA/R) T TAVR) TA]
q)(a]_, A ,an_l) =1 Eﬁi‘ -1 l__a;l_]_ 11
Then d¢ CZN(A; ATAVR) TO@FD TAY is given by

n

ad(ay,...,an) =ai1dp@z,...,an)+ (=1)'¢(as,...,aidis1,...,an)
i=1

+ (_1)n¢’(ala s an—l)an

=a; [ad 1 Ca] 1]

]
+  (—1)'1 Cad 3 CEklger 1 Cad 1
i=1
+(—1)"1 Cag [ Cad—; [ad.

By Proposition 3.3 there exists a unique bimodule homomorphism I : Qn(A) -
AT@AVR) ") TABuch that 0 = 1 - d".

A short computation (again essentially the same as in the proof of Lemma 3.2)
shows that this bimodule homomorphism | coincides with the following composi-
tion of canonical mappings:

Qn(A) = A (A) TAL. TAQ(A) 22

e e e e N i N |

I (ATANTAL. TARTANL AT O TAL AT@A/R) T TAVR) TA]
where i is the injection Qi(A) = kerp - ATAI
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3.5. Proposition. Let @ : Qn(A) -» M be a bimodule homomorphism. Then
the corresponding normalized Hochschild cocycle @ = d™ is a coboundary if and only
if ® factors over | to a bimodule homomorphism @ : AT{AVR) "D TAL, M,
sothat ®=®o 1.

In more details: for any bimodule homomorphism ¥ : AT{AVR) TOFD TAT, M
we have W e | o d™ = g where the normalized bounded cochain ¢ : A"t - M is
given by

w(@s,...,an—1) =¥ Cad 1 ad-; D

Proof. Let ® - d" be a coboundary. Then there is an (n — 1)-linear mapping
c: A"l . M such that dc = ® - d". This mapping ¢ induces a unique bimodule
homomorphism

®: AT@EVR) "D TAL, M,
®(ao [@d...,an,an+1) = C(aL, ..., an)  An+1.

and we have @ o | = d" = ® - 3¢, and moreover

(®<00)(as,...,an) = P(as [ad [} [Cad LI
L) = a— B -
+  (-1)'®(1 Cag [ Cakier [ Cad CI)
i=1
+(—1)"®(1 Cad [ [ad— [ad)
=oc(az,...,an).

Soweget pod" =0dc= ® o1 - d" and the result follows from 3.3.
The second assertion of the proposition follows also from the last computation. 1

3.6. Corollary. For a convenient algebra A and a convenient bimodule M
over A we have

n 1 HomA(Qn(A), M)
HEA M) = | {tHoMAATATO-D TAIM))

4. The Calculus of Frolicher and Nijenhuis

4.1. In this section let A be a convenient algebra with unit and let Q(A) =
Qr(A) be the universal graded dilerkntial algebra for A. The space Derk Q(A)
consists of all bounded (graded) derivations of degree k, i.e. all bounded linear
mappings D : Q(A) - Q(A) with D(QA)) [Qk+(A) and D(¢P) = D(d)y +
(—D)XPD(y) for ¢ CALA). Obviously Der Q(A) is a closed linear subspace of
L(Q(A), Q(A)) and thus a convenient vector space.
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Lemma. The space Der Q(A) = %{!rk Q(A) is a convenient graded Lie al-
gebra with the graded commutator [D1, D,] := D1°D,—(—1)k2kK2D, D, as bracket.
This means that the bracket is graded anticommutative, [D;,D;] =
—(—1)kk2[D,, D1], and satisfies the graded Jacobi identity

[D1,[D2, D3]] = [[D1, D2], D3] + (—1)¥**2[D5, [D1, D3]]

(so that ad(D;) =[Dy, ] is itself a derivation).

Proof. Plug in the definition of the graded commutator and compute. The
boundedness of the bracket follows from 1.11. 1

4.2. Fields. Recall from 2.6 that d™ Homa(Q1(A), A) — Der(A;A) is an iso-
morphism, which we will also denote by L. We denote the space Homﬁ(Ql(A), A)
by X(A) and call it the space of fields for the algebra A. Then L : X(A) -
Der(A; A) is an isomorphism of convenient vector spaces. The space of derivations
Der(A; A) is a convenient Lie algebra with the commutator [ , ] as bracket, and
so we have an induced Lie bracket on X(A) = Homﬁ(Ql(A),A) which is given by
L(X,Y]Da = [Lx,Ly]a = LxLya— LyLxa. It will be referred to as the Lie
bracket of fields.

4.3. Lemma. Each field X [X(A) = Homa(Qi(A),A) is by definition a
bounded A-bimodule homomorphism Q;(A) — A. It prolongs uniquely to a graded
derivation j(X) = jx : Q(A) - Q(A) of degree —1 by

jx@) =0 fora CA=QyA),
Ix (@) =X(w) for o COL(A)
Jx (1 Cad-- Caby) =
k

e
= (-1t Cadl - Cadi—g CAX(@i)wir1 Cad - Caty

i=1

+(—1)K o Cal - Catr—1X (wk)

for i [Q1(A). The derivation jx is called the contraction operator of the
field X.

Proof. This is an easy computation 1
With some abuse of notation we write also w(X) = X(®0) = jx (w) forw QL (A)
and X [XI(A) = Homa(Q1(A), A).

4.4. A derivation D [Derk Q(A) is called algebraic if D | Qo(A) = 0. Then
D(aw) = aD(w) and D(wa) = D(w)a for a [CA, so D restricts to a bounded
bimodule homomorphism, an element of Homa (Qi(A), Qi+« (A)). Since we have
QI(A) = Qi1(A)TAl.. TAQ:(A) and since for a product of one forms we have
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D(w1 Cadl - Cath) = iizl(—l)”‘wl Cad - CaD(wi) Casl - Cath, the derivation
D is uniquely determined by its restriction

K := D|Q1(A) CHomA(Q1(A), Qu+1(A));

we write D = j(K) = jk to express this dependence. Note the defining equation
Jjk (@) = K(w) for w [CQ;(A). Since it will be very important in the sequel we
will use the notation

Qi = QL(A) : = Homa(Q1(A), Qk(A))

Lo o T
QF QN = QA
k=0
Elements of the space Qi will be called field valued k-forms, those of Qb will
be called just field valued forms.

4.5. In 4.3 we have already met some algebraic graded derivations: for a field
X [XKA) the derivation jx is of degree —1. The basic derivation d is of degree 1.
Note also that Lx :=djx + Jx d translates to Lx = [jx,d] and that this extends
Lx from a derivation A to a derivation of degree 0 of Q(A).

4.6 Theorem. (1) For K [, ;(A) and wi O (A) the formula

) lf':lk
Jk(@o Ol Cabph= (1™ wo Cal - CaAK(wi) Cal- Catx
i=0
defines an algebraic graded derivation ix [Derx Q(A) and any algebraic derivation

is of this form.
(2) The map

J QL. = Homa(Q1(A), Qu+1(A)) — Derd? Q(A)

where Der[‘i‘Ig Q(A) denotes the closed linear subspace of Dery Q(A) consisting of
all algebraic derivations is an isomorphism of convenient vector spaces.

(3) By J([K,LI®) :=[jk,j.] we get a bracket [ , 12 on the space Ql_, which
defines a convenient graded Lie algebra structure with the grading as indicated, and
for K COL, ,,and L COt, we have

[K,L]® =jk o L— (—D)¥FL - K.

[ , 7 is called the algebraic bracket or also the abstract De Wilde,
Lecomte bracket see [DeWilde, Lecomte, 1988].

Proof. The first assertion is clear from the definition.
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Clearly the map D B D|Q;(A) is bounded. To shovga_l_j is bounded recall
that Derq Q(A) is a closed subspace of L(Q(A), Q(A)) =, L(Qk(A), Q(A)). By
2.7.2 it su [ced to show that j is bounded as a map to LA(Q1(A),. .., Q1(A); Q(A))
and by the linear uniform boundedness principle 1.9.2 it is enough to show that
for all wj CQh(A) the map K B jk(wy Casl - Cady) is bounded. But this is clear
by (2).

For the third assertion it su [ced to evaluate [jk,ji] at some o QL (A). 1

4.7. The exterior derivative d is an element of Der; Q(A). In view of the
formula Lx = [jx,d] = jx d+djx for fields X, we define for K [Q} the Lie
derivation Lx = L(K) [Derk Q(A) by Lk = [jx,d].

Then the mapping L : Q1 Der Q(A) is obviously bounded and it is injective
by the universal property of Q;(A), since Lxa = jxda = K(da) for a [CA.

Theorem. For any graded derivation D [Derx Q(A) there are unique homo-
morphisms K QO and L O}, , such that

D=Lk +jL.

We have L =0 if and only if [D,d] = 0. D is algebraic if and only if K = 0.

Proof. D|A : a B Da is a derivation A - Qg(A), so by 2.5 it is of the form
D|A =K = d for a unique K QL.

The defining equation for K is Da = jkda = Lka for a [CA. Thus D — Lk is
an algebraic derivation, so D — Lk = j._ by 4.4 for unique L CQf, ;.

Since we have [d,d] = 2d?> = 0, by the graded Jacobi identity we obtain
0 = [ix, [d,d]] = [li,d],d] + (=1)*7*[d, [ik,d]] = 2[Lk,d]. The mapping L O
[JL,d] = L. is injective, so the last assertion follows. 1

4.8. The Frolicher-Nijenhuis bracket. Note that j(ldg,a))0 = ko for
® [Qk(A). Therefore we have L(1dg,a))w = j(ldg,a))dw —dj(lde,a))w =
(k + 1)dw — kdw = dw. Thus L(Idg,)) = d.

4.9. Let K O} and L O, Then obviously [[Lk,L.],d] =0, so we have
[L(K), L(L)] = L(K, L])

for a uniquely defined [K, L] T},  This vector valued form [K, L] is called the
abstract Frolicher-Nijenhuis bracket of K and L.

Theorem. The space Qt+ I%}! with its usual grading and the Frolicher-
Nijenhuis bracket is a convenient graded Lie algebra. 1dg,a, Q¥ is in the center,
i.e. [K, Idg,ay] = 0 for all K.

L:(Qi] , 1) - DerQ(A) is a bounded injective homomorphism of graded
Lie algebras. For fields in Homa(Q1(A), A), i.e. bounded derivations of A, the
Frolicher-Nijenhuis bracket coincides with the bracket defined in 4.2.
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Proof. Boundedness of the bracket follows from the fact that the map Lk B K
is bounded as it is just the composition of the restriction to A with the bounded
inverse to d-¢onstructed in 2.6.

For X,Y [CHomAa(Qi(A),A) we have j([X,Y])da = L([X,Y])a = [Lx, Ly]a.
The rest is clear. —1

4.10. Lemma. For homomorphisms K QL and L CQE,; we have
[Li, ] = J (K, L) = (=)L (L = K), or
fic, L] = LG ° K) = (=D i (L. KD).

Proof. For a A we have [j_,Lk]a = jLjkda—0 = j.(K(da)) = (L °
K)(da) = L(jL » K)a. So [J_,Lk] — L(jL ° K) is an algebraic derivation.

[UL! LK]! d] = LiLl [LK! d]] - (_1)k%—Kl LiLl d]] =
=0 — (- (K, L]) = (-1 G (L, K], d)).

Since[ ,d]Kills the ‘L’s’ and is injective on the ‘j’s’, the algebraic part of [j_, L]
is (-1 j(L, K]). 1

4.11. Theorem. For homomorphisms K; O and L; [} ,; we have
(1) [LK1 +th|LK2 +jL2-] = - |

=L [K 1K2] +JL1 ° K2 _(_1) * 2.lL2 ° Kl
+i [L, Lo]® + [Ky, L] — (—1)<R2[K,, L]

Each summand of this formula looks like a semidirect product of graded Lie alge-
bras, but the mappings

Q= - Ende(Q] D)
ad: Q1+ Endk(Qi=.[ . 19), adk L=[K,L],

do not take values in the subspaces of graded derivations. We have instead for
homomorphisms K CQE and L [CQf,; the following relations:

2) joL-e [KlélZ] = [jL ° Ky, Ko] + (=) Ky, ji © K] 1
— (—DMY(adk, L) o Ky — (1) a+Dk2j(ady, L) o Ky
3) adK[I—llﬁ]A = [adk L1, Lo]® + (—1)K*[Ly, adk Lo]A—

— (=D ad((La) » K)Lz — () D ad(j (L) = K)Ls

1

The algebraic meaning of the relations of this theorem and its consequences in
group theory have been investigated in [Michor, 1990]. The corresponding prod-
uct of groups is well known to algebraists under the name ‘Zappa-Szep’-product.
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Proof. Equation (1) is an immediate consequence of 4.10. Equations (2) and (3)
follow from (1) by writing out the graded Jacobi identity, or as follows: Consider
L(L ° [Ky1, K2]) and use 4.10 repeatedly to obtain L of the right hand side of (2).
Then consider j([K,[L1, L2]?]) and use again 4.10 several times to obtain i of the
right hand side of (3). 1

4.12. Naturality of the Frolicher-Nijenhuis bracket. Letf: A - Bbea
bounded algebra homomorphism. Two forms K CCE.(A) = Homa (Q1(A), Qk(A))
and KYCQE(B) = Homg (Q1(B), Qk(B)) are called f-related or f-dependent,
if we have

@ K™ Qi (f) = Qu(f) ° K : Q1(A) -~ Q«(B),

where Q(F) is described in 2.10.

Theorem.
(i) If K and KMas above are f-related then jire Q(F) = Q(f) e jk : Q(A) -
Q(B).
(iii) If jieoe Q(F)|d(A) = Q(F) = j|d(A), then K and K"are f-related, where
d(A) Q] (A) denotes the space of exact 1-forms.

(iv) If K; and KjDare f-related for j = 1,2, then jk, < Kz and jkpe K} 'are

f-related, and also [Ky, K;]® and [K{] KS]® are f-related.

(v) If K and K"are f-related then Lxoe Q(F) = Q(f) e Lk : Q(A) - Q(B).
(Vi) If Lo Q(F) | Qo(A) = Q(F) ° Lk | Qo(A), then K and K are f-related.
(vii) If K; and KjDare f-related for j = 1,2, then their Frolicher-Nijenhuis

brackets [Ky, Kz] and [K{] KJ}] are also f-related.

Proof. (2). Since both sides are graded derivations over Q(f) it su [ced to check
this for a 1-form w [CQy (A). By 4.6 and 2.10 we have Qi (f)jk (w) = Qx(F) K(w) =
KXQ1(Fw) = jkQu(F)(w).

(3) follows from the universal property of Q;(A) because K™ Q;(f) - d and
Qi (f) - K = d are both derivations from A into Qx(B) which is an A-bimodule via
T and the multiplication in Q(B).

(4) is obvious; the result for the bracket then follows from 4.6.3.

(5) The algebra homomorphism Q(f) intertwines the operators jk and jxoby
(2), and Q(f) commutes with the exterior derivative d. Thus Q(F) intertwines the
commutators [jk,d] = Lk and [jxgd] = Lxo

(6) For an element g [CQp(A) we have Lk Q(F)g = jx dQ(F)g = jk Q(f) dg
and Q(f) Lxg = Q(f) jk=dg. By (3) the result follows.

(7) The algebra homomorphism Q(f) intertwines LKJ and LK:; so also their
graded commutators which equal L([Ky, K2]) and L([K} KJ)), respectlvely Now
use (6) . 1
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5. Distributions and Integrability

5.1. Distributions. By a distribution in a convenient algebra A we mean a
c*°-closed sub-A-bimodule D of Q1(A).

The distribution D is called globally integrable if there exists a c*°-closed
subalgebra B of A such that D is the c*-closure in Q3 (A) of the subspace generated
by A(d(B)) and d(B)A.

The distribution D is called splitting if there exists a bounded projection
P [CO}(A) = Homa(Q1(A), Q1(A)) onto D, i.e. P P =P and D = P(Qu(A)).
Then there is a complementary submodule ker P Q1 (A).

The distribution D is called involutive if the c*-closed ideal (D)q (a) gener-
ated by D in the graded algebra Q) is stable under d, i.e. if d(D) [(D)q ¢p)-

5.2. Comments. One should think of this as follows: In di [erential geometry,
where we have A = C**(M, R) for a manifold M, a distribution is usually given as
a sub vector bundle E of the tangent bundle TM. Then D is the A-bimodule of
those 1-forms which annihilate the subbundle E of TM. Global integrability then
means that it is integrable and that the space of functions which are constant along
the leaves of the foliation generates those forms. This is a strong condition: There
are foliations where this space of functions consists only of the constants, and this
can be embedded into any manifold. So in C*°(M, R) there are always involutive
distributions which are not globally integrable. To prove some Frobenius theorem
a notion of local integrability would be necessary.

5.3 Curvature and cocurvature. Let P [Q}(A) = Homﬁ(Ql(A),Ql(A))
be a projection, then the image P (Q1(A)) is a splitting distribution, called the
vertical distribution of P and the complement ker P is also a splitting distri-
bution, called the horizontal one. P := ldg,(ay — P is a projection onto the
horizontal distribution.

We consider now the Frolicher-Nijenhuis bracket [P, P] of P and define

R=Rp =[P,P]-P the curvature,

R= Rp =[P,P]-P the cocurvature.

The curvature and the cocurvature are elements of Q3(A) = Hom/ (Q1(A), Q2(A)).
The curvature kills elements of the horizontal distribution, so it is vertical. The
cocurvature Kills elements of the vertical distribution.

Since the identity 1d [ (A) lies in the center of the Frélicher-Nijenhuis algebra
we get [P,P] =[Id—P,Id —P] = [P,P] and hence Rp = Rp. We shall also
need the homomorphisms of graded algebras Q(P),Q(P) : Q(A) - Q(A) with
Qo(P) = Qo(P) = Ida which are induced by the bimodule homomorphisms P, P :
Q1(A) -~ Qu(A).
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5.4. Lemma. In the setting of 5.3 the following assertions hold:
1. For o QK (A) we have

Re (©) = [P.PI(P (©)) = ~2(Q(P) > d = P)(®)
Re (6) = [P.P](P (©)) = ~2(Q(P) » d = P)(®).

2. For the c*-closed ideals generated by the distributions ker P and P (Q1(A))
we have (kerP)q (ay = kerQ(P) and (P (Q1(A)))a(a) = ker Q(P).
3. The curvature R = [P,P] <P is zero if and only if the horizontal distribution

is involutive. The cocurvature R = [P,P] = (Id — P) is zero if and only if the
vertical distribution P (Q1(A)) is involutive.

Proof. (1) It su [Cced to show the first equation. For w QL (A) we have:

[P.P](®) = [P.P](®) = j([P.P)(®)
=[Lg,jpl(w) + L(sP)(w) by 4.10
= Lsjs (@) — jpLs(w) + Lp(w) since joP =P2=P
= 2(jpdP (0) — dP (@) — jpipd(w) + jFd(®).
For w, ¢ QL (A) we have

jpip @ CA®) = j5 (P (@) Cad +0 CAP(4)) )
=P (w) Lo+ 2P (@) CAP ($) +w CAP (D)
= (2Q(P) + j5)(® [a®), thus
isis|(A) = Q(P) + j5)IQ2(A).

So we have

[P.P1(@) = 2(i5dP () — dP (&) — Q(P)(d(»)))
Re () = [P,P](P () = —20(P)dP (&)

as required.

(2) The kernel of the bounded algebra homomorphism Q(P) is a ¢ -closed ideal
and contains ker P. On the other hand any ® [CQh(A) Cazl - CA@1(A) &P(P)
(non-completed tensor product) written as a finite sum w = ;w1; Cal
-+ Caldk, i with the property that ;P (w1,i) Ca<l - CaB (wk,i) = 0. Since P +P =
Ido, (a) We have wj; = P (wj,i) + P (wj,;) for all j and i. Thus each summand of
splits into a sum of products of P (w;,;) and P (wj,;) and the sum of those products
containing only P (wj,;) vanishes. So at least one P (wj,;) appears in each summand
and the whole sum is in the ideal generated by ker Q;(P) = P (Q1(A)).

By 1.7 Qx(A) nker(Q(P)) is the completion of Q; (A) Cazl - LA @1 (A) nker Q(P)
so it must be the c*-closure in Qx(A) of this space and hence must also be con-
tained in the c*°-closed ideal.
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The second assertion follows by symmetry. 3

(3) We have to prove only the first assertion. The distribution ker P is involutive
if and only if for all w [Q;(A) we have dPw L(kerP)q (ay = kerQ(P). By (2)
this is equivalent to R(w) = —2Q(P)(dP (w)) = 0 for all w QL (A). 1

5.5. Lemma (Bianchi identity). If P [ (A) is a projection with curvature
R and cocurvature R, then we have

[P,R+R]=0
2[R,P] = jrR + j&R.

Proof. We have [P,P]=R+R by 5.3 and [P, [P, P]] = 0 by the graded Jacobi
identity. So the first formula follows. We have R = [P,P] P = jppj°P. By
4.11.2 we get jippy° [P,P] = 2[jp,p; © P,P] — 0 = 2[R, P]. Therefore 2[R,P] =
Jjpp1°[P.,PI=J(R+R)(R+R)=jr R+ jg R since R has vertical values
and Kills vertical vectors, so jr = R = 0; likewise for R. 1

6. Bundles and Connections

Let G be a Lie group in the usual sense. We want to carry over to non-
commutative dilerkntial geometry the concepts of principal bundles, character-
istic classes, and Chern-Weil homomorphism. The last two concepts still make
di Cculties, since we do not know how to express local triviality and only some of
the usual properties hold in the general setup we use.

6.1. Definition. By a bundle in non-commutative di [erential geometry we
mean a convenient algebra A together with a closed subalgebra B 5 A.

The bundle is said to have a finite dimensional Lie group G as structure group
if we have an injective homomorphism A : G — Aut(A), suchthatA: G - L(A,A)
is smooth and B = A€, the subalgebra of all elements fixed by the G-action.

We remark that for the notion of a principal bundle one should add requirements
like quantum transitiveness on the fiber, compare with [Narnhofer, Thirring,
Wicklicky, 1988], but this is still not enough to get the Chern-Weil homomor-
phism, see also 6.9.

If p: P - M is a smooth principal bundle in the usual sense, we put A =
C*>(P,R) and B = C*(M, R), which is embedded into A via p~'Then clearly all
requirements are satisfied.

6.2. Lemma. For each g QA the algebra automorphism Ag : A - A extends
to an automorphism of the algebra of di Lerkntial forms as follows:

B

A — Q(A).
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Proof. This follows from the universal property 2.9. 1

6.3. Horizontal forms. Recall, that on a classical bundle the horizontal forms
are exactly those which annihilate vertical vectors. Guided by this we define the
space of horizontal 1-forms Qf°"(A) as the closed A-bimodule generated by
Q1(B) in Q1(A), in the bornological topology. Likewise we define the algebra
Qhor(A) of all horizontal forms as the closed subalgebra of Q(A) generated by
A+ Q(B).

So QY°r(A) is the closed linear subspace generated by all elements of the form
a(db)a~for a, a” [CA and b [CB. Since in Q;(A) [CATAMe have a(db)a”=
a(l [hdb CDh"= a [Chal- ab [aT we get ATAAQI"(A) = ATgA where A is
viewed as a B-bimodule. The situation is explained in the following diagram

0 0 0
0 —— QA Qrr(A) — 0
0 — Q; — ATt A—— 0

0 — Q1(A)/

o

which has exact columns and also rows since the middle row is splitting.

6.4. Principal connections. We have a good description of horizontal forms,
whereas vertical vector fields do not exist in su [cieht supply, thus we describe
connections in the form of horizontal projections. So a connection on a bundle
B O A is an element ¥ [QF(A) = Homa(Q1(A), Q1(A)) which satisfies X o X = X
(equivalently jy e X = X), such that the image of X is QM°r(A), the space of
horizontal 1-forms of the bundle.

Note that a connection X : Q:(A) - QP°'(A) has a unique extension as an
A-bimodule homomorphism

Q)

Q(A) = Qu(A) Tad Cady(A) == Q1(A) Tad- [ARI(A)
w; b L B x(w1) =3 D).

A connection X on a bundle with structure group G is called a principal con-
nection if it is G-equivariant: X e Ag = Ag o X for all g [CG.
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For a usual principal bundle this corresponds to the projection of forms onto
horizontal forms, which describe the vertical distribution. This explains our choice
of names here and in 5.3.

PROBLEM: What means ‘locally trivial’ for a bundle? Does it imply the exis-
tence of connections?

6.5. Curvature. Let X be a connection on a non-commutative /n bundle
B 3 A. The curvature R = R(X) of the connection is given by

R =[x, X] IIEZL(A) = Homﬁ(Ql(A), Q2 (A)),

the abstract Frolicher-Nijenhuis bracket of x with itself.

6.6. Lemma. The curvature of a connection satisfies
A - hor hor -
R [CHomyx Qi1(A)/Q7I°"(A), Q5°"(A) .

If the connection is principal then also R is G-equivariant.

Proof. By definition Q1°"(A) = X(Qi(A)) is globally integrable, thus Ry =
[X.X] > X = 0 and we have

R:=[xXI=Rx=[X,Xl°(1d—X) by5.3
=-=2Q(x)od-(1d—X) by 5.4.1.

The last expression implies the first assertion. If X is a principal connection it is
G-equivariant and by 4.12 also R = [X, X] is G-equivariant. 1

6.7. Steps towards the Chern-Weil homomorphism. Let B [CAlbe a
non-commutative bundle with structure group G. Let g denote the Lie algebra of
G. We dilerkntiate the action A : G - Aut(A) and get bounded linear mappings

TeA

-, Der(A;A)
H =

g —2— HomA(Q1(A), A).

Using this we define a mapping

a: Q:(A)/Q°"(A) - A g
(1da Cevx)a(w) := A¢X)(w) for X Cglo COL(A).
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6.8. Lemma. This mapping a is well defined, an A-bimodule homomorphism,
and is G-equivariant for the action Ay CA#H(g~1)“6n the right hand side.

Proof. For X [CgJa,a”[A, and w QL (A) we have

(A [Cady)a(awa = AX)(awa))
= aA{{X)(w)a” since A¥X) CHomA(Q1(A), A)
= (A [&¥x)(aa(w)a,

so a is a bimodule homomorphism. For b [CBl we have

(A Cev)a(a(db)a = ar'¢x)(db)a”
= a(TeA.X)(D)a"=0  since Ag(b) = b.

So a annihilates horizontal forms and is thus well defined. In order to prove that
a is G-equivariant we begin with the following computation, where g [CG:

Ag(TeA.X)(@) = Ag §loAexptx (2)
= ZloAgAexptx (@)  since Ag is linear and bounded
= %lo)\g exp(tX)g—1 (}\g (a))
= TeA(Ad(9)X)(Ag(a)).

By the universality of d we have Q1(Ag) = d =d o Ay and thus we get

Ag (A (X)(ada’) = Ag(ar(X)(da")) = Ag(a)Ag (A (X)da’)
= Ag(a) Ag((TeA.X)(@")
= Ag(@) (TeA. Ad(@)X)(Ag(aY)
= Ag(a) A{Ad(9)X))(dAg(a?)
= A{Ad(g)X))(Ag(ada?).

So finally we have

(A Cadx)a(Q1(Ag)w) = AX)(Q1(Ag)w)
= A (A{Ad(g™H)X)w)
= (Ag [8Maqgg—1yx)a(w)
= (A Cedx)(Ag CAHG))a(w),

so 0> Q1(A\g) = (Ag CAH(g™1)) ° a as required. 1
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6.9. Remarks. We stop our development here and add just some remarks
about the Chern-Weil homomorphism. To continue from this point one should
add requirements to the bundle A which imply that a is invertible (the inverse
then describes the fundamental vector field mapping) and that the extension of
the inverse to invariant polynomials on g factors to the Q(B).

A good model for the Chern-Weil homomorphism is described in the paper
[Lecomte, 1985] where the following construction is given:

Let P — M be a smooth principal fiber bundle with structure group G. Then
we have the following exact sequence of vector bundles over M:

0 - P[g,Ad] -~ TP/G -2 TM - 0.

The smooth sections of these bundles give rise to the following exact sequence of
Lie algebras:
0 — Xvert(P)G - Xproj(P)G - X(M) - 0,

namely first all vertical G-equivariant vector fields (the Lie algebra of the gauge
group), second the all projectable G-equivariant vector fields on P (the infinites-
imal principal bundle automorphisms), third all vector fields on the base. The
‘dual’ of this sequence of Lie algebras is

0 — (QUA/Q™(A)°® - QA)® — Q(B) - 0,

where A = C*(P,R) and B = C*°(M, R). For general algebras this sequence is
not exact. For any short exact sequence of Lie algebras [Lecomte, 1985] has
described a generalization of the Chern-Weil homomorphism in purely algebraic
terms, using Chevalley cohomology of the Lie algebras in question. This should
be the starting point of the Chern-Weil homomorphism in non-commutative dif-
ferential geometry.

7. Polyderivations and the Schouten-Nijenhuis Bracket

In this section we describe the analogue of the Schouten-Nijenhuis bracket in
the setting of non-commutative di [erential geometry. It turns out that one has to
require skew symmetry in the construction in order to get a meaningful theory. In
the end we obtain the Poisson structures for convenient algebras. The results in
this section are also a generalization for non-commutative algebras of the results in
[Krasil’shchik, 1988], which were the original motivation for the developments
here, but our approach is dilerknt: we first show that the Nijenhuis-Richardson
bracket (c.f. [Nijenhuis, Richardson, 1967] and [Lecomte, Michor, Schicke-
tanz]) passes to the convenient setting and then by restricting it to a suitable space
of polyderivations (the non-commutative analog of multi vector fields) we derive
a generalization of the Schouten-Nijenhuis bracket.
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7.1. It has been noticed in [De Wilde, Lecomte, 1985] that for any smooth
manifold M the Schouten-Nijenhuis bracket on the space C°(AT M) of all multi-
vector fields imbeds as a graded sub Lie algebra into the space A= (C*(M, R);
C*(M, R)) with the Nijenhuis-Richardson bracket (see 7.2 for a description of
this space). Lecomte told us, that a very elegant proof of this fact can be given
in the following way: The space C*°(M,R) of smooth functions is the degree
—1 part of the Schouten-Nijenhuis algebra. By the universal property of the
Nijenhuis-Richardson algebra (A™L(C*°(M,R);C>(M,R)),[ ., ]9'described
in [Lecomte, Michor, Schicketanz] the identity on C*°(M, R) prolongs to a
unique homomorphism @ of graded Lie algebras from the Schouten-Nijenhuis alge-
bra into the Nijenhuis-Richardson algebra, and a simple computation described in
[Lecomte, Melotte, Roger, 1989] shows that ®(T) =d"T) =T o (dx...xd),
where d is the exterior di Lerkntial.

This shows that the Schouten-Nijenhuis bracket which we will construct below
boils down to the usual one in the commutative case A = C*°(M, R).

7.2 The Nijenhuis-Richardson bracket in the convenient setting. Let
V be a convenient vector space. We consider the space AX(V) of all bounded
k-linear sl%ymmetric functionals V x ... xV - R, where A°(V) = R. Then
AV) = o AX(V) is a graded commutative convenient algebra with the usual
wedge product

(1) (@ CW(v1, ... Ve h =

=gm SigNo OWVo1, .- Vo)W (Vokr1y, - - - » Vo(k+0)

where the sum is over all permutation of k + CSymbols.

Now let W be another convenient vector space. We need the spa&ﬁ(v ;W) of
all bounded k-linear mappings V x<...xV - W. Then A(V;W) = |, _jAX(V,W)
is a graded convenient vector space and a graded convenient module over the
graded commutative algebra A(V) with the wedge product (1) from above. If A
is a convenient algebra then A(V; A) is an associative graded convenient algebra
with the (formally) same wedge product.

Now for K [CAK*1(V;V) and ® CAP(V ;W) we define

2) (k®P)(v1,... ,Vk+p) =

= (mwlmy sign o CD(K(VO-]_, - 1V0(k+1))1 Vcr(k+2)1 . ,Vg(k_._p)).
(6
Then the following results hold; for proofs see [Nijenhuis, Richardson, 1967],
[Michor, 1987], and [Lecomte, Michor, Schicketanz] for multigraded ver-
sions; the extension to the convenient setting does not o [ed any di Cculties.
(iii) For K CAK*Y(V;V), ¢ CAP(V), and ® LAV ;W) we have ik (¢ [D) =
ik CD+ (—1)%Pd Cid P so ik is a graded derivation of degree k of the
A(V)-module A(V ;W) and any derivation is of that form.
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(iv) The space of graded derivations of the graded A(V)-module A(V ;W) is
a graded Lie algebra with bracket the graded commutator [D;, D;] =
D;D, — (—1)%%D,Dy, see 3.1.

(v) For K CA*1(V) and L CA™(V) we have [ik, i ] = i([K, L]DWhere
[K,L]" %~ ikL — (-DKHLK. So by (4) we get a graded Lie algebra
(ABE(V;V),[ . ]19'called the Nijenhuis-Richardson algebra.

(vi) If u CAP(V;V),i.e.u:V xV - V is bounded skew symmetric bilinear,
then W, p] == 2iyp = 0 if and only if (V, W) is a convenient Lie algebra.

7.3. Polyderivations. Let A be a convenient algebra and let LK(A) [
AK*1(A: A) be the space of all maps K such that for any ay,...ax [A the linear
map a B K(a,ay,...,ak) is a derivation of A. Obviously this is a closed linear
S ce and thus each LK(A) is a convenient vector space. We call L(A) :=

Ko L¥(A) the space of all skew symmetric polyderivations of A. Obviously
LK(A) is not an A submodule of AK*1(A; A) in general.

7.4. Theorem. Let A be a convenient algebra. Then (L(A),[ ., ]9'is a
graded Lie subalgebra of the Nijenhuis-Richardson algebra (A™1(A; A),[ , 1D/
So (L(A),[ , ]19saconvenient graded Lie algebra called the Schouten-Nijen-
huis algebra of A.

Proof. It su [ced to show that for K; LK (A) the bracket [K1, K,] “dgain lies
in L(A). This means that we have to show that for arbitrary elements a,b Al we
have:

ian[K1, K2] "2 (ia[K1, K2] DB + a(ip[Ky, K] )
From 7.2.(5) we see that for a CA= A°(A; A) and K CAK*1(A) we have
() laik — (—1) ikia = i(fa, K] = i(iaK).
If furthermore L [T0-we obviously have from the polyderivation property of L:

) i(K [(A)L = iL Cak K L,
(3) i(a CK)L =a C0gL + (—1)&*DELL K.

Using this we may compute as follows, where we delete [ifl one of the factors is
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in the algebra A:

ian[K1, Kol ™2 ian(i(K1)K2) — (1) iz (i(K2)Ky) =
=i(ianK1)Kz + (=) (K1) (ianK2)—
— (—D*k2i(iapKo)Ky — (=1)**DR2i(Ky) (ian K1) =
=i(iaK1b)K2) + i(a(ipK1)K2)+
+ (—1)Mi(Ky) (iaK2b) + (—1)*i(Ky)(ainK2)—
— (—DM*i(iaK2b) Ky — (1)< (aipK2)Ky—
— (DT DRi(Ky) (iaK1b) — (—1)*DRi(K,) (aipKy) =
=(i(iaK1)K2)b + (iaK1) CHK,)+
+ a(i(ipK1)K2) + (—1) %2 (i,K,) LK)+
+ (=DM (I(K1)(iaK2))b + (=1)*a(i(K1) (inK2))—
— (=D*ke(i(iaK2)K1)b — (—1)K*2 (iaKz) [(hK;)—
— (—D**a(i(inK2)K1) — (iaK1) COLK2)—
— (DR (i(Ko) (IaKp))b — (D& DRea(i(Ko) (ipK1)) =
=(ia(i(K1)K2))b — (—1)**2 (ia(i(K2)K1))b+
+a(ip(i(K1)K2)) — (1) **?a(in(i(K2)K1)) =
=(ia[K1, K2] D8 + a(ip[K1, K] )

1

7.5. Definition. Let A be an algebra. A 2-derivation p CII(A) is called a
Poisson structure on A if [4, u] == 0.

7.6. Theorem. Let p be a Poisson structure for the algebra A. Then p :
A x A - Ais a Lie algebra structure. Furthermore we have

p(ab, ¢) = ap(b, c) + p(a, c)b,
u(a, bc) = bu(a, ¢) + pu(a, b)c.

The mapping i : A - Der(A),a B p(a, ) is a homomorphism of Lie algebras
(A1) - (Der(A),[ , 1, where the second bracket is the Lie bracket (commu-
tator), see 4.2.

This is the non-commutative generalization of the Poisson bracket of di [erential
geometry.

Proof. 7.2.(6) implies that i is a Lie algebra structure. The other assertion is
just the property of a polyderivation. 1
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