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SUBMANIFOLD GEOMETRY AND HESSIANS ON THE
PSEUDORIEMANNIAN MANIFOLD OF METRICS

M. NEUWIRTHER

Abstract. Submanifolds of the manifold of metrics M appear in several contexts
in di [erential geometry such as in the theory of Einstein metrics, the Yamabe pro-
blem and Teichmiiller theory. Using the natural family of pseudometrics G° on the
manifold of metrics from [GMNO92], | have tried to describe the pseudo-riemannian
geometry of the relevant submanifolds of M . They will be described as maximal
integral submanifolds. Submanifold charts and formulas for the second fundamental
forms and the induced connections will be given. In the conformal class, which is
geodesically closed, also the geodesic distance is studied.

Most of these theories cited above use some variation principle on submanifolds
of M. | have used the pseudoriemannian structure to derive gradients, Hessians
and conditions for the ellipticity of the Hessians of the relevant functionals.

Submanifolds of the manifold of metrics M appear in several contexts in di [e-]
rential geometry such as in the theory of Einstein metrics, the Yamabe problem
and Teichmiiller theory. Using the natural family of pseudometrics G¢ on the ma-
nifold of metrics from [GMN92], | have tried to describe the pseudo-riemannian
geometry of the relevant submanifolds of M. They will be described as maximal
integral submanifolds. Submanifold charts and formulas for the second funda-
mental forms and the induced connections will be given. In the conformal class,
which is geodesically closed, also the geodesic distance is studied. For that | have
frequently made use of the fact that the classical submanifold equations of Rie-
mannian geometry hold also on manifolds modeled over convenient spaces in the
sense of [KrM92] — as long as the submanifold admits a projection onto its
tangent bundle (for the straight forward proof see [Neu92]).

Most of these theories cited above use some variation principle on submanifolds
of M. | have used the pseudoriemannian structure to derive gradients, Hessians
and conditions for the ellipticity of the Hessians of the relevant functionals.

All functionals which will be studied are given by integration over the base
manifold. For non compact manifolds they have distributional densities as their
analogs. This is explained in [Neu92]. Consider, for example, the total scalar
curvature, which is not defined as a function on non compact manifolds. But it
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has a natural well defined candidate for its derivative along a curve ¢ such that for
all t, c(t) = c(0) outside some compact subset of the manifold. This fits exactly
to the topology on M.

The geodesic equation for the submanifold of metrics with constant volume and
for the conformal class with constant volume will be computed, but | could not
solve it. Even worse seems to be this problem for the Teichmiiller space. There |
could not even derive the geodesic equation.

It is shown which metric corresponds to the metric of Teichmiiller theory on
the manifold of all almost complex structures over a Riemannian surface. For the
moduli space this was already done before [FiT82].

For the total scalar curvature | have proceeded as follows: On the whole ma-
nifold of metrics the ellipticity of the arising partial dilerkntial operator on M
is studied; and in the conformal class light like and degenerate directions of the
Hessian are studied. For the latter problem full characterization seems to be po-
ssible only in dimension 4.

I will follow the notation of [GMN92].

1. Submanifold Geometry on M

1.1. Let M be a smooth and finite dimensional manifold without boundary.
Denote by M the set of metrics on M. Let S?M denote the vector bundle of
symmetric (0, 2)-tensors on M. M is a cone in the vector space of symmetric
(0, 2)-tensor fields C>>(S?M). It is open therein i CM is compact. At any rate M
is a smooth manifold modeled on C°(S2M), the space of symmetric (0, 2)-tensor
fields with compact support.

1.2. For ¢ R c & 0 there is a non degenerate bilinear form G¢ on M defined

by
1

O O
G = Tr(HoKo) + cTr(H) Tr(K) vol(g)
M

with the (1, 1)-tensor fields H = g7*h, K = g~k and where Ho, Ko denotes the
traceless parts of these tensor fields. Write G instead of Gn. If ¢ > 0 then G°
defines a (weak) metric, for ¢ < 0 a (weak) pseudometric with pointwise signature
(number of negative eigenvalues —1: As the signature depends continuously on
¢, it is constant on ¢ > 0 and ¢ > 0 respectively. If ¢ > 0 this follows from
Tr(HoKo) + 2 Tr(HK) = Tr(HK). For ¢ < 0 consider ¢ = % — 1; then the
integrand of G° is Tr(HoKjg) + (% — 1D Tr(HK) = Tr(HK) — Tr(H) Tr(K); note
that on the symmetric forms with zeros at the diagonal this is positive definite
and on the space of diagonal matrices it has signature 1 and they are orthogonal
to each other.
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If a,b CRI\ {0}, then
(1.2.1) G(h,k) = G*(h — aa—_nb Tr(g—*h)g, k).

1.3. In [GMN92] it was shown that the geodesic in (M, G°) starting at g° in
direction h is given by

Expgo (th) = gPe@®Td+b(®HHo)

where a(t) = ac,n(t) and b(t) = be y(t) in C*°(M, R) are defined as follows:

a(t) = EI,bn(l(l - TR+ 50 TH)

= t cITr(H2) . 2
0D arctan(Wr(H)o) for c™*Tr(Hg) =0

v
b(t) = 4 t —c1Tr(H2) _ 2
® ?c—lﬁmg) Artanh(— sy ) for e Tr(HE) <0
t

e 1) for Tr(H2) =0

Here arctan is taken to have values in (—F, 7) for the points of the basis manifold,
where Tr(H) = 0. Else we define

Ié;tan in [0,1) for t L0, —7iy)
) = I fort= —ﬁ

==

arctan in (3,m) for t C(+ (5, )

—1
t c1Tr(H2)

arctan ( 2+ tTr(H)

1.4. Submanifolds of M. For each g [CWM we have the decomposition of
TgM = C*=(S2M)

(DEC) TgM = Rg [CC§(M,R)g LTT(SIM)

where C§(M,R) = {f CG>(M,R): |%,,vaol(g) = 0} and C*(S;M) = {h [
C>(S2M): Trép) = 0}. This decqﬂposition is GC-orthogonal for all ¢ & 0:
Obviously G¢ Cg(l\ﬁﬁ)g,cw(ng) = 0 and if r CR,f CTJ(M,R) then
G°(rg, fg) =cn?.r , fvol(g)=0.

The corresponding sections of orthogonal projections m; CCF°(End(T M)) are

10 =
m1(g): C*(S2M) [CRql, ho ol o Try(h) vol(g) g

1] - O]
m2(9): C=(S*°M) LCHM,R)g, hi3 o Trg(h)_W(g) . Trg(h) vol(g) ¢

m3(g): C(S*M) LCA(S;M), hD h— %Trg(h)g.
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and
mr(g) =My Cmd: C*°(S°M) - C*=(M,R)g

(DEC) defines several smooth distributions of T M given by sums of m;’s. In each
case maximal integral manifolds through each g [CM exist and are as follows:

Distribution: Maximal integral submanifold through g:
m(TM R*

1( ) g 1
(T M) Conf§ = {fg: f>0, fwvol(g) =0}

M

1i3(T M) Mgy = {b W vol(b) = vol(g)}
M (T M) (T M) Conf? = {fg: f [T°(M,R),f >0}
T2(T M) (T M) Myoigy = {b 1M1 Vol(b) = Vol(g)}

1.5. Submanifold charts. There are obvious charts

R*.g [rg - r (R

ConfY [pg - p IF CA°(M,R): f>O}EI

Confd [Py — p CIF CT™®(M,R): £>0, fvol(g) =0}
M

For go W\ (g) consider the map ¢%:g B In(go_lg) Ca*(End(TM)) on a
neighborhood U(go) [ of go, where it is a homeomorphism. Its inverse is
Iy, < EXp, | denoting left multiplication. The chart changes are given by mappings
of the form E - In(gl‘lgo Exp(E)) CCP°(End(TM)) which are di Ledmorphisms
of open sets in C**(End(TM)). This chart is adapted to Mg, since for go [1
Myoi(gy. 8 CUI(go) is vol(g) = vol(go) i Cdet(g) = det(go), i.e. i det(gy'g) =1,
i.e. i Cdet(Exp(@%(g))) =1, i.e. iCal™@*@) =1, j.e. iTr(g%(g)) =0. Thus

®(Myoi(g) N U(90)) = ¢(U(90)) n {E LCTI*(End(TM)): Tr(E) = 0}.

For go [CM1\/1(q) consider the map y%: g 3 (ﬁZ,Vol(g) —1), which determi-
ol(g)n

nes a global diledmorphism M - My, * (—1,00). Obviously,
P9 (Myoi(ge)) = M1 x {0}

1.6. Calculation of second fundamental forms. In the sequel I will not
use charts adapted to the submanifolds, since these charts are not easy to handle
with.

1.7. w§

Muoia) - In this case the orthogonal projection on the normal bundle is

[ - 1

TIN Mgy ( K1) = Tr(g—*dk(g).h) — Tr(g™*r<(h,k)) vol(g)

n \Vol(g)
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~ 1 ~
The extension k satisfies M(g‘lk) vol(@) = 0 for § [CM\gy. Thus

1 I - 1 1
Tr(g_ldR(g).h) vol(g) = Tr(HK) — 3 Tr(K) Tr(H) vol(g)g.
M M

For the Christo [ellsymbol one obtains

1
—Tr(g~'r§(h, k) vol(g)
M |
= 2Rl k) + iy Tr) Vol()
M 4c 4cn 9)-
Therefore
11 1
1 1 1—4cn
(o3 —
ORMyorcay (h,k) = TVOI@) A Tr(HK) + aen Tr(H) Tr(K) wvol(g)g.

In particular My (g) is geodesically closed iCd=1and c=2. Forn=1:

[

1 2—cC
ac hk vol(g)g.

C —
Raverr M K) = T510)

c .
1.8. ORMyorcer Since TN Mg

55

=, [md = nt the second fundamental form is

L Tr(CpK)g. For § [Mlyoq) is Tr(@ k) = 0, hence Tr(g~tdk(g).h) = Tr(HK).

On the other hand

1 1
Tr(g~'rg(h,k)) = Tr(HK)— 5 Tr(H) Tr(K)
1 cn—1 1
+ ac Tr(HK) + I Tr(H) Tr(K) ¢
As Tr(H) = Tr(K) =0,
1—4c

—Tr(g~'r§(h,k)) = Tr(HK)g.

4c
Finally, .
we(h, k) = ien Tr(HK).

Therefore, Mg is never geodesically closed.

1.9. Conf9. It has followed implicitly from 1.7 that Conf9 is geodesically

closed. A direct proof using the geodesics on M will be given in 6.1.
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1.10. wéonf%' Since Ty conrg = M1 L4 the second fundamental form is

(- _ - .| 3 o g
Teonts ( CrK)(9) = . Tr(g™" Galgvol(g) g+ [Duki—Tr(g™" kg

n \Vol(g)

Here h = f19,k = fog for some f1, f, CCE(M,R). If § [Tonf} is
1
Tr(@ k) vol(@) = 0.
M

Therefore for the first summand in () bne obtains the terms

1 11 1 1
Tr(g‘ldE(g).h) vol(g) = Tr(HK) — 5 Tr(H) Tr(K) wvol(g)
M M

=nh-2) f112 vol(g)
2 M
and (see the calculation in 1.7)
1
—rhwl@ = " e £ vol(g).
M M 4c

The second summand of (Dvanishes (which reflects the fact that Conf? is geode-
sically closed):

~ 1 L~
dk(g).h — " Tr(g~tdk(g).h) — rg(h, K)o.

At first note that k — £ Tr(g~*k)g = 0 along Conf3 and therefore

~ 1 = 1 1

dk(g).h — n Tr(g~~dk(g).h) = — Tr(HK)g + - Tr(H)k
= —flfzg + flfzg =0.
and finally from the expression of the Christo [ellsymbol it follows easily that
Mg(h, K)o = Mg(F19, F29)0 = 0.

Therefore

wc(h'k):cn—nz—n+l

W " 112 vol(g)g.

In particular Confd is geodesically closed i[Ccl= ”2%”‘1 Note that for such a ¢
the metric G°€ is positive definite.
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1.11. Covariant derivative on Mygg. Put V. = Vol(g) and let E=%
miz o [ He the Christo [ellsymbol on My . Then for a vector field k along My,
the covariant derivative in direction h [T} My is given by

Erkig) = Ciki- w(h, k(9))
=dk(g).h - %hg—lk ~Lkgtn+ 2+ e

4i Tr(HK)g + 2 (Tr(H) Tr(K))g
i - :1] —4cn
- o Tr(HK) + 4 Tr(H) Tr(K) wvol(g).g

d
=
o
Il
Sl

Fkio) =dk(g).h - Ehg—lk - lk@rlh
+Z 3 Tr(H)k + = 7 Tr(K)h - = Tr(H K)g
1 1 :l 3 1
— T r(HK) — - Tr(H) Tr(K) wvol(g).9
v m 4

1.12. Geodesics on My g). Thus the geodesic equation is
_ 1 _ 1 1
Ore =09 9e — 5 Tr(g™"ge) + 2T "0 '90)9
1 1 3 1
~ —Tr(g '0:9700) — 7 T gy vol(9).g
M

The substitution J = g~'g; does not eliminate g, since then

Jt ETr(J)J + 4Tr(J2)Id
L D:l 3 -
n 2y _ 2
+ y 4T (%) =3 Tr*Q) vol(g). 1d

Nevertheless J}’= —%Tr(J)Jo. Assume that the solution is of the form g(t) =
g° Exp(a(t) Id +b(t)Hg). Then the volume element along the geodesic is

vol(g) = vol(g®)e’® 2®

and the geodesic equation is

ate Nz _ 1o aZe 2 vol(g)
A VAL g
-
Tr(H) LY 1 o2 .
LI B T
4 Vo
M= —1nap-
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Up to now | have not been able to solve it; even not if M is the 1-sphere or
the torus for the geodesic starting at the standard metric. In these cases | have
tried to use Fourier transformation. But the Fourier transform of e® has a very
complicated dependence on the Fourier coe [ciehts of a.

2. Application to Teichmiiller Theory

2.1. Riemannian Surfaces. In the following five paragraphs | will review
some basic results about Riemannian surfaces. For proofs see e.g. [FiT82]: Let
M be a compact, oriented manifold of dimension 2. Denote by C the set of com-
plex structures and by A the set of almost complex structures that respect the
orientation of M. Each complex structure yields an almost complex structure by
realification. A is a smooth manifold with tangent space

T3A={L [CP(TL(M)):JeL+L-J =0}

In dimension 2 the NijenhuliEIensor 1

N@)X,Y)=2 [IX,IY]=[X,Y]=I[X,IY]=I[IX,Y]

of every almost complex structure J vanishes: If Xx & 0, then {Xx,JXx} is a
basis of TxM; N (J) is antisymmetric and N (Xx, JXx) = 0.

Thus by the Newlander-Nirenberg theorem the sets C and A are the same. The
di Ledmorphism group acts on C by pullback of charts, on J A for ¢ [CDi [L(IN) by
the pullback @) = (T@™ 1) (J @)= T@. The identification is Di L(M )-invariant.
Hence one has the correspondences C/Di[[{M) - A/Di[(IN) and C/Dilg(M) -
A/Di (M) for the connected component of the identity Dil[g(M).

R = C/DiL(N) is called the Riemannian space of moduli of M and T =
C/Dig(M) is called the Teichmiiller space of M.

The modular group ' = Di[{M)/Dilg(M) is discrete and T/I' = R. For
genus(M) =2 T is a cell of dimension 6(genus(M) — 1), in particular it delivers a
stratification of R.

2.2. LetP = {f CA*~(M,R): f > 0} be the cone of strictly positive functions.
P acts on M by multiplication. Define the mapping

Y: M~ A Y(g) = —ci(g™t Dudl(g)).

As vol(fg) = FOE vol(g) = f vol(g) for f [P, y is invariant under the action of
P on M. The mapping --"M/P - A induced by y is a di [edmorphism. Denote
by M_; the set of metrics g with scalar curvature scal(g) = —1 (As the total
volume is always positive, the notation does not clash with the notation Myyy).
Then nppe Mo M—; - M/P is a di ledmorphism; the proof of that is based
on the existence of isothermal coordinates. Thusy [(M_; = @M/p Mo - A
is a di edmorphism. (i<la,/p is moreover Di L{M )-invariant and thus induces a
di Ledmorphism of the moduli spaces M_./ Di (M) £ Rl M_,/ Dilg(M) £-Al
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2.3. The Weil-Peterson metric. There is a metric on A given by
1
Hi(Li,Lo) = Tr(Lie LpVol(y™())
M

where L5is the p~1(J)-adjoint of Ly: P~1(3)(L2(X),Y) = ¢~ 1)K, L5Y))
for all X,Y [X(M). In normal coordinates for ~*(J) one sees that the adjoint
L B3 L%n T3A is the identity. H is Di [(IM)-invariant and factors to a metric H
onT and R. (T, I:I) is Kdhler and is called the Weil-Peterson metric. A [T 1s
a Riemannian submersion.

2.4. Tangent space of M_;. The variation of the scalar curvature is
dscal(g).h = —g(h, Ric(g)) — 698%h + AI(Trg h).
In dim(M) = 2 one has Ric(g) = 5 scal(g).g and thus
TgM_s = {h LTP(S?M): 656%h + A%(Trg h) = 2 Tro(h)}.
Remember that C*(S2M) = ker(39) Cim(3¢ 5! thus also
C°°(S§M) = (ker(89) n ker Trq) [C(iin(09 5n ker Trg)

is a Gg-orthogonal decomposition. Let mrp(g): C=(S2M) [Ked(39) n ker Trg be
the projection. If h [Ty M—1 nker(89), then multiplication with Try h and partial

integration yields

0 =[r 2gh, Trg hlgl— OOrg h, AY(Trg h) (g
=[Trg h[ZH [df (=0,

thus Trg h = 0 and Tg(M—1) nker(89) = ker(d9) nker Trg. If h (39 5l then his

given by h = % /(9 0)g for some curve oEdi [edmorphisms @¢. Since scal(o{g) =

idcal()) = scal(g) > gr, dscal(g).n = & Flscal(pfg) = 0 and TyM_1 nim(3°)'=
im(3?5! Summing up one gets
(2.4.1) TgM_1 = (ker(3%) n ker Try) Cim(3¢"5’

From this one realizes, that

Tg(M_1/ Di(M)) = ker(39) n ker Trg .



60 M. NEUWIRTHER

2.5. Geometry of M_;. The problem is that the tangent space is not easy
to describe and so is the geodesic equation. As Mg is di [edmorphic to M_y,
one might suspect that the geometry of M_1, which is well-known, is of some
help. But it is easy to see that this di Ledmorphism is not an isometry. And even
worse, Mgy is not Di [(IM)-invariant.

On the other hand, the map ¢: M_; - A is not an isometry either. The pullback

metric on M—; is
[

YHH)q(h, k) = . Tr(dy(9)-h = dy(g).k) vol(9).
Put 1(h, k) = Tr(dy(g).h - dy(g).k). The derivative of Y is given by
dy(g)-h = ci(g™ hg™ adi(g)) + % Trg(h)w(9).

Therefore, the integrand I (h, k) is given by
] [ I I [
I(h, k) =Tr%1! g ‘thg™ [wdl(g) °cy g ‘kg™' [vdl(g)
1 0cl, [
+ 5 Trg(k)Tr ¢ g7 "hg™ Ldl(9) © Y(9)
1 (I (r
+ §Trg(h)Tr|a g tkg™t [dl(g) = W(g)
1
+ 7 Trg(N) Trg () Tr(W(9) ° W(9))-
As Tr(Ly o L) = Tr(Ly = L5)!(see 2.3) and

vol();19" vol(@)nr = —vol(g);1g" vol(@)rn = Gjn,

one has
1 1 . [HEN]
Tr% g *hg™ [dl(g) °c; g ‘kg™' Cwdl(g)
:h“VOI(g)Imkmn vol(9)ni
=h" vol()j; k™" vol(g)nrg" gim = Tr(g~*hg k).
Furthermore, as vol(9)mng"" vol(@)ri = —9mi,

q —1p—1 ° I:I: ij nr L= —
Trci(97"hg™" [vdi(g) > W(9)) = h" vol(g)mng™ vol(9)ri Trg(h).
Finally, Tr(¢(g) = ¢(g)) = Tr(— Id) = —2. Summing up one obtains
(2.5.1) I =g(h,k) — gTrg(h) Trg(K).

As Tr(HK) +aTr(H) Tr(K) = Tr(HoKo) + %‘“1 Tr(H) Tr(K) for a Rl we have
just proved the following lemma.
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2.6. Proposition. The metric on M_; that is induced by ¢: M_; - A'is
given by g(H) = G~ M _; (see 1.2).

M_; is not geodesically closed in M. Denote by G the metric on
M_,/ Di M) induced by G = Gn.

2.7. Corollary. (comp. [FiT82]) The di Ledmorphism of moduli spaces
e mye: Mo1/Dilg(M) - A/ Dilg(M)

induced by g B —ci(g~" [Mal(g)) is an isometry between (M—1/ Di[o(M), G) and
(A/ Dil(M), H).

Proof. Follows from 2.5.1 and the direct sum decomposition (2.4.1) of TM_;
in 2.4. 1

2. Some Tensor Calculus

In the sequel the relation between contractions of [2,the second order Ricci
identity and the Lichnerowitz Laplacian is studied. This will give an alternative
formula for the derivation of the Ricci curvature and allows to compare to already
known formulas (e.g. [Bes88]).

3.1. Notation. Denote by T ™M the vector bundle of all (0, p)-tensors and
by SPM (resp. APM) the vector bundle of all symmetric (resp. antisymmetric)
(p, 0)-tensors on M. Then for the Whitney sum S°2M [AIM = T2M. For the
smooth section write C=°(S?M) = C**(S?M) and Q?(M) = C*(A’M) Let g be a
metric on M. The induced pseudo-metric on the vector bundle TPM is given by

g(Xy =3 X}, Yy 23 YY) = g(Xg, Y1) -+ 9(Xp, Yp)

and will be denoted also by g. Note that on T?M there is also the pseudo-metric
g given by §(h,k) = Tr(g~*hg='k). Then § [B°M =g, § [CN\°M = —g. Let
[Ca=(TM) - C=(TM) LTI (TM) be the Levi-Civita connection of g. Its
extension to TPM will be denoted also by 1

d*(SPM) - Q'M [TP(SPM)
CaPM - O'M [QIM
Let : C°(TPM) - C*°(SPM) be the symmetrisation
1

1
sym(T)(Xy, ..., Xp) = a T(Xo@y: - -+ Xo(p))
" T [S(p)
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and alt: C*°(TPM) - QP(M) be the antisymmetrisation

1 L1
aIt(T)(Xl, . Xp) = 35 SIgn(T)T (XO(]_), . Xo(p))
" TS(p)

Covariant derivatives of tensors in C*=(S2M) and QP(M) are symmetric (resp.
antisymmetric) in all factors but the first. Define the symmetric (resp. anti-
symmetric) covariant derivative by

35IC®(TPM) = C=(SPM), 8L symeo [
d: C*=(TPM) - QP(M), d=alt- L1
d is an extension of the usual exterior diLerkntial on QP(M).
3.2. The (3,1) curvature tensor Riem(g) acts on C*(S2M) by
. 1 (|
Riem(g).h = c¢}3 g [cih [Riem(g)) = ciZ3(g ChICRiem(g)).
In a local basis {0;} of C°>(T M) this is the symmetric (2, 0)-tensor
1
(X.Y)B  gnh(Riem(g)(X,d;)Y, d;)
ij
3.3. For a metric g and for each p = 1 there is the non degeﬁate pairing of
convenient vector spaces Gg C=(TPM) IZC;I"(TPM) (h, k) B 9(h,Kk)vol(g).

If the metric g is somehow fixed, | will write G instead of Gg Forp=0andp=1
the common notation is G( D)=L

3.4. Contractions of [2If the metric g is fixed, then contractions of T [

M) L2l

I times

will often be abbreviated by ¢, i, (T). For h CTF(S2M) put

M (h) = sym(ci4 [20) = sym(c1s [2)]
A(h) = —c1p C2(H) = (8 - D(H)
Note that not even on C°**(S2M) or on Q(M), the operators A =3 [Cadd § 5"

coincide.
The remaining two traces are

Hess(Trg h) = [d(Trgh) = [(czh [A)I= cas( [20)
(34 8)(h) = —sym( [{cab( [h))) = —sym e cp3( [2h) = —sym e c4( [2h)
The full contractions are
Trg(M(h)) = — Trg((82 3)(h)) = 83h
Trg(Ah) = — Trg(Hess(Trg h)) = A(Trg h)
Furthermore there is the identity Gg((83h)g, h) = Gg(h, Hess(Trg(h)).
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3.5. Let D be a connection on a vector bundle E over M. We will use the
curvature RP of (E, D), the 2-form on M with values in E ~{Ewith the following
sign:

RR.y (s) = Dix,y1s — [Dx, Dy1s

for s [CP°(E). Let furthermore a connection on M with torsion T. The
second derivative D2s [CFP°(T "M [CTHM [E) of a section s [CF°(E) is defined

by
Dg(’YS = Dx(DY S) —-D <1 S.

On natural bundles (such as (TPM, [))Ithis coincides with the composition:
[2hl= (k)] We will make use of the second order Ricci Identity

(RId) D% ys—D% x = —RR ys—Drxv)-
3.6. For h [TF°(S?M) the second order Ricci Identity becomes

(C20)(X,Y, A, B) = (2R)(Y, X, A, B) — (Riem(g)(X, Y )h)(A, B)
= (2R)(Y, X,A,B)
+ h(Riem(g)(X, Y )A, B) + h(A, Riem(g)(X, Y )B)

For the traces of [2hlit follows that

c1a( ZR)(X, Y) = caa( ZA)(X, Y) — (Riem(g)-h)(X, Y) + Ric(g)g~*h.
Thus there is the following relation between M (h) and 3 'sh:
(3.6.1) 2M (h) = —23"8h — 2 Riem(g).h + Ric(g)g~*h + hg ™! Ric(g).

This equality will be used later to obtain alternative formulas for the Hessian of
the total scalar curvature.

3.7. This formula suggests the definition of the Lichnerowitz Laplacian (see
[Aub82])

AL CP(TPM) - C=(TPM), AL =A+T =0 [+T,

where

(Miyip = 9V RIC@ii Tiy..j...ip
i=1

—  g¥g™ Riem(@)iiiymTiy...j..n...ip
k&I
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In particular, for the restriction A : C*°(S?M) - C°(S?M) note that the action
of Riem(g) on C*(S2M) is given in coordinates by Riem(g).h = h¥! Riem(Q)iw;
and thus by the symmetries of h, of the Riemann curvature and of the Ricci
curvature one computes that

(Mh)ij = RI:i]C(g)ikhk i +Ric(@)jkh; ¥ — Riem(g)ikjlj_blkl — Riem(g)jkith*
= Ric(g)g~th + hg~! Ric(g) — 2 Riem(g).h i

This is exactly the part of equality (3.6) that does not contain derivatives of h.
Therefore, one obtains the equality

(3.7.1) 2M (h) + A(h) = AL — 255h.

It will be used later to compare results of [Bes88] with our calculations.

4. The Hessian of the Total Scalar Curvature on (M, G°)

The Hessian will be given in the form Hess®(h, h) = Gg(L®h, h) for some partial
di Lerential operator L¢. This operator is elliptic only for (dim(M) = 1,¢c = %)
and its principal symbol depends on c.

_ 4.1 At first | will present the calculation via the covariant derivative. Let
(:M - Mx C*(S?M), ¢(9) = (g9, 2(g) with Z(g) = grad® Scal(g). The di[eren-
tial of  at g LM in direction h [CF°(S2M) = TgM is

Tyl (h) = (g, grad® Scal(g), h, dZ(g).h) CIPM = M x (x3§M).

4.2. A simple calculation yields (g) = a; scal(g)g—Ric(g) with a;(c) = %_21+
sen = 25550 (a(3) = 3). Thus,

dl(g).h =a; Ei scal(g).h)g + scal(g)h D— dRic(g).h
=a; —(Ric(g), h) + AI(Trg h)g + (36h)g + scal(g)h

+ % Hess(Trg h) — %Agh — M(h).
4.3. For the Christo [ellsymbols one computes that
r5((@). h) = & scal(@)h — 3 Ric(g)g™"h — hg ™ Ric(g)
10 . L1 1 L] .
2 Trg(as scal(g) — Ric(g) h— Z(Trg h) az scal(g)g — Ric(g))
1 .
+ E(Trg(al scal(g) — Ric(g), h)g
cn—1

ez Trg h Trg Trg(ay scal(g) — Ric(g))g
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Put ap(c) = =381 (ax(%) =0) and as(c) = ay(c) — "2 + 1 = L. (cn—n? —

4 c
8 +8cn) (as() = &52). Thus

5(2(9), h) = asscal(g)h — % Ric(g)g™th — %hg—l Ric(q)
- 4i—n(Ric(g), h)gg + %f(Trg h) Ric(g) + a2 scal(g)(Trg h)g.

4.4. Put as(c) = —a1 + z0= = o> (—4cn+4—n) (a4(£) = —1) and note that

4cn
= =2 From the dilerence of the terms in 4.2 and in 4.3 one obtains

a; —az = 8cn -
I | 1
Hess® Scal(g)(h, h) = G® a; A%(Trg h)g + (83h) g
+ % Hess(Trg h) — %Agh —M(h)

+ % Ric(g)g—th + %hg_l Ric(g) — %(Trg h) Ric(g)

_ O
+ a4 (Ric(g), h)gg + ”8cn2 scal(g)h — ax(Try h) scal(g)g, h .

By equality 3.6.1 one obtains the alternative formula
I 1
(4.4.1) Hess®Scal(g)(h,h) = G® a; A%(Trgqh) + (83h) ¢
+ % Hess(Trg h) — %Agh +38h

+ Riem(g).h — %{(Trg h) Ric(g)

. n—2
+ a4(Ric(g), h)g + ac

—ay(Trg h) scal(g)g, h .
Forc= % use the formula G((8dh)g, h) = G(h, Hess(Trg h)).

scal(g)h

Hess Scal(g)(h, h) =G %IAQ (Trg h)g + (3dh)g

- %Agh —M(h)

1 - _l l _1 -
+ 5 Ric(g)g”"h + Ehg Ric(g)

1 . n—2 (|
- z(Trg h) Ric(g) + scal(g)h, h .

Or, alternatively, by 3.6.1
Hess Scal(g)(h, h) =G L_%JAQ (Trg h)g + (3dh)g

—%Agh+6'1_‘rh
n—2

. 1 . 1
+ Riem(g).h — E(Trg h) Ric(g) + scal(g)h,h .
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4.5. Calculation via geodesics. The geodesics on (M, G) are of the form
g(t) = goe@®1d+bM®Ho) ith H = g, . Thus

C
g(®)~tg"t) = g(t) I%l%) Id+b"¢t)Ho ,g0) =h

The functions a(t) and b(t) satisfy:

a(0) =0, ak0) =

a™o) = —i(Tr H)? + %Tr(Hz)

b(0) = O, b'(0) = 1, b%0) = TrH

Put-Z(t) = gradScal(g(t)) = Z29Mg(t) — Ric(g(t)). (HessScal)(go)(h,h) =
gTZZ 0(Scal °g)(t).

a): = g (Seallat)) = dsEm) 9
= Gy (@(0.9(D)

oBo- 8

G090 = g |, POvIEO)

with B(t) = Tr I%I(t)ﬂZ(t)g(t)‘ngt) . Putting into the special form of Z(g) yields

- Za%) scal(g(t)) — b(t) Tr(Hog(t) " Ric(g))
Scal(go)

B =
B(0) = Tr(H)——— — (Ric(go), h)go -
Thus,

dﬂ EB(t) - Tr(H Ydscal(go).h + = aEEEt) scal(go)

- TF((amat) Id JflﬂitEEt)Ho)go_1 Ric(go)) — Tr(H?gg * Ric(go))
— Tr(Hgy *dRic(go).h).

Put the terms in appropriate forms:

gamﬂt) scal(g) = (— (g)

(TrH)go + = SCal(@l)h h)go

(@) Id +bEEt)Ho)go ! Ric(go)) = ( scal(@)h — 131 Ric(go), Mg,
Tr(H?g5 ™ Ric(go)) = (g ™ Ric(go), N
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Using the formulas for the derivation of the scalar curvature and the Ricci curva-
ture one computes easily

dE _ % 1 goxdo TrH _.
aoﬁ— E(A TfH)Qo+§(5 0%°h)do TRIC(Qo)

+

n—2 1 _. _ 1 .
5 scal(@o)h + 5 Ric(go)do *h + gy Ric(go)

__scal(g)
4

1 1 (|
+ 3 Hess(TrH) — EAgoh —M(h),h %

TrH _.
(TrH)go + > Ric(go)

The terms 122 Ric(g) cancel and one has

(Hess Scal)(go)(h, h)

I
I
Q
~
G

B(0)dvol(g).h+  B0)vol(go)
M M

scal(g)
4

+  B(0)vol(go)-
M

= Gy, (0 (Tr H)go — 5 (Tr H) Ric(go), h)
1

Summing up one obtains

]

(HessScal)(go)(h, h) = Gg, (A% TrH)go + (3%°8%h)go

Nl

—~ %AQOh —~M(h)

1_. _ 1, 4.
*3 Ric(go)go *h + Ehgo * Ric(go)
1

N =2 cal(go)h — %(Tr H)Ric(go),h .

+

This is exactly the same expression for the Hessian as in 4.4.

4.6. Principal symbol. The formula of the Hessian computed in 4.4 is of the
form
Hess® Scal(g)(h, h) = G°(Lgh, h)

for some second order partial dilerential operator L. By (4.4.1), the principal
part — i.e. the part of highest order — of Lg is given by

[ [ 1
h B ai(c) A%(Trgh) +88h g —EAgh + EHessTrgh +38h

and depends on c.
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The principal symbol of a dilerential operator P: C*(E) - C*(F) (E, F
vector finite dimensional real vector bundles over M) of order m at & [TL'M
is given by 0z(P).h = lim_ o t™Me P (e'*h) where 9: M - R, @(x) = 0 and
do(x) = &. The principal symbol of 278 oz( [2xh =& &I hlThus

os(A).h = —[E12h,

0:(3'3).h = —sym = c;5(¢§ CE1h),
0z (Hess Trg).h = —(Trg h)§ CE]1

0 (A Trg).h = —[E12TTrg h,
0¢(38).-h = —h(g™*(¢),.97(¥))

and the principal symbol of Lg is

L] ]
0E(L5)h = —au(©) TETZTrg(h) + h(g ' (©),97"(®) o
+ ZIEPR— 2 (Trgh)E LEF 1€ LRl ™(9), ) — ;h(@™(®), ) [E]

L§ depends on ¢ via a;(c). For dim(M) =n = 2, a1(c) = % is constant. In all

other dimensions dim(M) = n, the image of R\ {0} [cI3 a;(c) isR \{%}:

B, S

n=1cB ai(c) n>2 ¢ ai(c)

4.7. Theorem. If dim(M) = 1. then Lg is elliptic i [cI2 % If dim(M) = 2,3
or 4 then for each ¢ CRI\ {0}, the operator Lg is not elliptic.

Proof. If dim(M) =1, then in a g-normal basis at X

g, (Lg)-h = (—2as(c) + 1)&2h.
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Thus L§ is elliptic i (IS 3.

Now assume dim(M) = 2. Here a;(c) = % Let x be an arbitrary point and
chose a normal chart of M centered at x for the metric g. Let (§1,&) =& [TILWI
be such that &2 + &2 = 1. The symmetric (2, 0)-tensors at x are identified with R®
by h B (hy11, hi2, h22). With this identification the principal symbol at & is given
b .

Y the matrix I:I_l 3 3 1
N &1&2 1
Ax(81, &) = L0 0 —255 L1
—3—& —&L& 28
The determinant is det(Ax(&:, &2)) = 2&7(82 — 1). Thus at & = (1,0) & = (0,1),
Az(&1, &) is singular.

For n = dim(M) > 2, ¢ B ai(c) maps R\ {0} onto R\ {%}. Put& =.. =
& =0, ET= 1. Then I, the subspace of the space of symmetric matrices defined
by

In={h CRC™™: hT =h h;; =0if (i,j) F{1,2} x{l,2}and i Ej },
is invariant under the local expression of principal symbol. E.g. for n = 3:
1 |
og(L§).-h = —ay (1+&)hay + (1 + &gy + hag + 2h12§1§2 Id
1 1 1 2152 0
+-h—Z(hi+hyp+hg) LEd, & ol
2 2
0 0 O
iilla% +h1281&, h11&& +h3, 0
—sym LhdE2 + hn&&, hip&& +hppE3, 001
h13€2 + hp3€1&, his&i& +hos€3, 0

With the identification (hi1, h12, oo, ha3) B R* the principal symbol acts on R*
by the matrix

L1

"G bk a8 -8 —a@rE)
An = (2a; + 1)&& 0 —(2a1 + 1)&1& —2a181&>
3 d— @+ L& —a(l+&)+1-38 —a(1+&)
—(a1 + %Ef) _%5152 —(a1 + %E%) % —a

One computes that det(As(ay,£)) = (1+2a1)2f(Ef—?(l—2a1+4a1£f). Thus at & =
(1,0,0) and & = (0,1, 0), 0z (Lg) maps I3 on a proper subspace of I3. Hence at & =
(1,0,0) and & = (0,1,0), 0g(L5): S*(T,M) — S?(T,M) is not an isomorphism.

For n = 4, the subspace I, = {h [CR@>Y: pt + h,hiz = hys = hyy = hyy =
hzs4 = 0} is invariant and with the identification (h11, h12, haz, 3z, has) B RS, the
relevant determinant is

det(Aq(ar, £) = &F 221)&f (8¢ — 18)(1 — 2a, + 4a;2)

and As(ay, &) is singular for & = (1,0,0,0). 1
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4.8. Conjecture. For n = 3, the relevant determinant is

(1+2ay)&2 (& — 1)(1 — 2y +4au€f)
on—1

det(An(a1,¢)) =
Thus at & = (1,0,...,0), og(Lg) is not invertible, and Lg is not elliptic.

5. The Hessian on Submanifolds

In 5.1 a method for computing the Hessian on splitting submanifolds is presen-
ted. In particular, it allows to compute the Hessian on critical points without any
knowledge of the Christo [ellsymbols of the metric.

This method is applied to Mgy and Myyigy. For Myg) a second proof is
given using geodesics.

5.1. Method. Consider a section of projections m which is some sum of se-
ctions my, My, 3 from 1.4. Let F: M - R be a smooth function the gradient
grad®F of which is smooth. Consider an integral submanifold S of M correspon-
ding to m, the restriction G = G¢ B with covariant derivative =l - [,_ahd
the restriction f = F [$. Then { = (1d,0) = (Id, m - grad® F) is an extension of
grad T, the (thus smooth) gradient of f. This observation allows to compute the
Hessian of T using the global chart of M. For g LSl h [T}S by the orthogonality
of the projection

(Hess F)(g)(h, h) =G, (Trgrad® f(g), h) = GS(n(( [xL)(@)), h)
=Gg{(10)(@).h) = -
=Gy 1 d{(9).h —g(2(9).h) .h

In particular this method allows to derive the Hessian at critical points of such sub-
manifolds only out of the gradient and without explicit knowledge of the Christo [ell
symbols. Nevertheless, in the literature often strange calculations are applied (e.qg.
in [Bes88, Proposition 4.55]).

5.2. The Hessian of Scal on My ). As G° Mgy = G [Myg(g) for
all ¢ 80 I will consider ¢ = £. Let g [IW4(q) and h [Ty Mgy = C(SZM).
Then {(g) = mz((grad Scal)(g)) = — Ricg(g). The necessary terms are very easy
to compute:

dd(g).h = —d Rico(g).h = —d Ric(g).h — %(h, Ric(g))q9 + % scal(g)h

and
a5 2(0), M) = —(; Ric(@)og™"h + 3hg ™ Ric(@)o)o.
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Note that for H = g~h
Tr(g~* Ric(g)oH?) = Tr(g* Ric(g)H?) — % scal(g) Tr(H?)
With the notation Sdat=-Skal [IM,(5) One obtains

(Hess® sdaby(@ydh, h) =Gg(113(d2(9).h — M4 (2(9), h)), h) =
=Gg(— %Agh —M(h) + % Ric(g)g th + %hg_1 Ric(g), h)

5.3. Calculation via geodesics. In [FrG89] the geodesics on My g) are
described. They are of the form g(t) = goett! for H = go_lh. Thus

g't) = goe™H =g(®H, g™t) = g(OH2.

Now using that TrH = 0 one computes

=
35 5eal9(s)

dS(g()g(t) = Ggpy(arad S(g), g'(t)) =
L 0
H wvol(g(t)) =

] _, 0 .
Tr g(t) Escal(g(t))g(t) — Ric(g)
M

. Tr(g(t) ™" Ric(g(1))H) vol(g).

Therefore,
1

2 ] . _ . ]
= HS@M) = . Tr(Hgy " Ric(go)H) — Tr(go *(d Ric(go)-h)H) vol(g).

dt? 5
As Tr H = 0, the derivation of Ric in direction h is given by d Ric(go).h = %A9°h+
M (h). Thus

(Hess(sTan)ahh, ) = Gg,(—3 A%h—M () + > Ric(go)ds ™+ hga ™ Ric(go),h),

which is exactly the same expression as in 5.2.

5.4. The Hessian of Scal on My gy. As the problems of the geodesics on
Moi(g) S€ems to be unsolved up to now (see 1.12), so far only the method from 5.1

applies. Put Sdat=-skal (M) and

{(9) =(m, [1d)(grad Scal)

_n—2 _Scal(@), . .
1 _ Scal(g) 1S8cal(g) .
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It was already proved that dScal(g).h = Gg(5 scal(g)g — Ric(g),h). For h [
Tg MVO|(g), dVOl(g)h =0

dd(g).h =% I:—I(Ric(g), h)gg + A9(Trg h)g + (393%h)g I:—IF %scal(g)h

+ % Hess(Trq h) — %Agh —M(h)

~n—=2 1
2n Vol(9)

Gg(% scal(g)g — Ric(g), h)g — nz—gzs\fjfl((g))

and Try(U(@)) = 22(scal(@) ~ SH).

Scal(g)
Vol(g)

1 .
- Z(h' Ric(9))g9 —

)g + %if;l((g))g — % Ric(g)g th — %hg"l Ric(g)
n—2 _ Scal(g)
5 (scal(g) Vol(g)

Fo(2(@), 1) =3 (scal(e) -

)h + %(Trg h) Ricg
Since G4((096%h)g, h) = Gg(Hess Trg h, h),
!
(Hess S&abgyth, h) =G, E(Ag (Trg h)g + 2 Hess(Trg h) — A%h) — M (h)

+ %Ric(g)g_lh + %hg‘l Ric(g)

1, . 1 Scal(g)
- 3 (Rio(g), g + 5(scal(@ — S
— 02643 scal(g)g — Ric(a), h)g
1 Scal(g) n+2 Scal(g)
— 2(eal@) = iy )9 T g (eal@) — gy N

If g is critical then Ric = & scal(g)g and G(3 scal(g)g — Ric(g), h) = 0.
Then in particular 3(Ric(g), h)g = 5= scal(g)(Trg h)g and thus
)
(Hess S&aby(g)th, h) =G, E(Ag (Trg h)g + 2 Hess(Trg h) — A%) — M (h)

+ % Ric(g)g th + %hg_l Ric(g)
1 1
~ scal(9)(Trg h)g, h
L1
=Gy %(Ag (Trg h)g + 2 Hess(Trg h) — A%h) + &8h

1 1
+ Riem(g).h — o scal(g)(Trg h)g, h
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where | have used equality 3.6.1 to obtain the last identity. Note the slight mistake
in the term in [Bes88, Proposition 4.55]. N
The principal part of the partial diLefential operator Lg defined by

Gy(Lgh, h) = (Hess S&aly(g)h, h)

i .
coincides with the principal part of the operator Ly for the Hessian of the total
scalar curvature on M.

6. The Conformal Class

If a metric g is fixed and as long as no confusion arises, | will write [[Tinstead
of LIglfor the inner product on C°(M, R), QL(M) and Xc(M).

6.1. Geodesics. Let M be a compact finite dimensional manifold. From 1.3
it follows that the geodesic in M starting at § [Qonf? in direction h = £§ for
some f [CA*°(M,R) is

oM =51+ 5 0

since then Hp = 0 and a(t) = (1 + ”th)%. Thus Conf9 is geodesically closed in
M.

ConfY is not geodesically complete, but any two metrics in Conf9 can be joined
by a unique geodesic segment in Conf9. For existence assume § = Yg with ¢ [
C>(M,R), y>0and put f = %(LIJ% — 1), the exponent being defined as ¢ > 0.
Then for 0 <t <1 holds (1 —t) + ty7 > 0 and thus

o0 = (1+ T HRg = (-1 +ty)g

is a required geodesic segment.
On the other hand assume without restriction that ¢(0) = g, ¢(1) = ¢g = §.
Thenc(l) =1+ %f)% = g which determines T uniquely.

6.2. Length of geodesics. Let ¢ : [0,1] — Conf% be a geodesic segment
ct)=>1+ ”th)ﬁg. Thus ct) = c(t)—5=, vol(c(t)) = (1 + otf)2 vol(g) and

1+0tf

1 2

nt
&I (1+7r21_tf)2 (1 + Zf)2 V0|(g)

Gy (cH(t),c(t)) =n

=n f2vol(g)
M

This yields the arclength of ¢ as
Ld e

Ge(cHt),ct))dt= n  F2vol(g).
M
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6.3. The geodesic distance d(g, $g) between two metrics g and g is

L5
a4 .,
d(g,wg) = n ﬁ(w—l)@vol(g)
i
== Vol@+  (WF —29%)vol(g)
M
— =

| N |
= Vol(g) + Vol(gg) —2Vol(  yg).

=]

In general, for ¢,y CTI*(M,R), ¢, > 0:

d(eg, Yg) = d(tpgijsucel‘l)tpg)

= Aiﬁ Vol(pg) + Vol(pg) —2Vol( eyg)
1
1, n
- iﬁ eyl = 0l(g).

6.4. Proposition. Denote the diagonal in Conf9 x Conf? by Diag(Conf?).
The geodesic distance is given by

|
I:In [a}
d(eg, Yg) = )iﬁ y ¢s — W@vol(g),

and it is smooth exactly on Conf9 x Conf9 \ Diag(Conf?).
In particular, for ¢ =r [R:

i —1
dg.ro) = - @7 - I Vi),

The mapping R* A B d(g,rg) is — depending on the dimension of the
manifold dim(M) — of the form with the singularity at r = 1. If r - 0 then
d(g,rg) - ~A-\ol(g) < co. If r - oo then d(g,rg) — co. For dim(M) = 4 the

mapping R* [#Hr B d(g, rg) is a straight line crushed at r = 1, similar to the

standard geodesic distance on R™.
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r & d(rg,g) if dim(M) <4 r & d(rg,g) if dim(M) >4

6.5. The functional N. Put N = N [Confd. The gradient of N is

~ . n-—2 2n _Scal(@) |~
grad N (@) = BT Vol(@) ™ (scal(@) Vol @) )3
and grad(§) = 0 iCstal(@) = S\fg‘l'((g)) in particular i Cstal() is constant. By a

result proved by Schoen [Sch84] in each conformal class is a metric of constant
scalar curvature, i.e. a critical point of N. Einstein metrics are unique in their
conformal class with constant total volume.

A conformal class with Einstein metric admits a characteristic function as
follows: Assign to each metric § the arclength of the unique geodesic segment
from § to the Einstein metric with the same total volume.

6.6. Assume dim(M) = n = 2. In the parameterization § = fn%zg (fF 1
C*(M,R), f > 0) one may compute that

- 1 n-—+
2 — % + scal(9)f = scal(§)F A3

vol(@) = =2 vol(g)

(TS) 4

Thus [ I:In L , .
o 40==(Af)f + scal(g)f? vol(g)

u Frzvol(g) ©

and N turns out to be the Yamabe-functional in the case q= nZT”Z of [Aub82,
p. 126].
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6.7. (n=2). Let§ = f~72. The transformation formula for the scalar curva-
ture (TS) from 6.6 suggests the partial di Lerential operator

n—2
9= _N9—
L A =1 scal(q),

which is called the conformal Laplacian ([Sch84], [ScY88] — our sign coincides
with the sign there), and which satisfies for all ¢ [CCI*°(M, R) the identity

LI(FY) = Fr=LI()
One may express N~(g) with the conformal Laplacian:

n—1 M9 (f), FLgl
n—2

N @) = —4

(N P Cofz-
m 2 vol(9)

6.8. The Hessian. The Hessian of N is by definition
d
HessN (g)(h, h) = EGca)(gradN(C(t)) c'(v)
for the geodesic c(t) with ¢(0) = g, ¢'(0) = fg = h. A geodesic c satisfies

cift) = e ct), co)=

Thus
G (grad N (c(t)), I%t)) =

_”TZ Vole) ™ seal(e(ty) — SSAle®)
M

Vol(c(t)) 1

nt vol(c(t)).

And an easy calculation using the identities 69(69(h)) = —A9%f and (Ric(g), h)g =
T scal(g) yields

HessN(g)(h, h) = —Vol(g) Rx
1 L1
x (n —1)Af —scal(g)f T vol(g)
+_—_  fscal(g)vol(g)  Fvol(g)
Vol(g) ™M O M

+(1 —Dn) " T vol(g) " Iglcal(g) SIC;II(;]))

Scal(g) L}
Vol(g) f<vol(g) .

T vol(g)

“+

n 1
- scal(g) —
4 m
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6.9. Symmetrisation. Put a = ”T_Z VoI(g)Z_T". Then a > 0. In the sequel
assume ¢, Cg, C2 and f,f;, f, CCE(M,R). ]
he symmetrisation of the Hessian one computes using , Afvol(g) = 0
and , scal(g) vol(g) = Scal(g) that

(6.9.1) Hess N (g)(c1g, c2g) = 0

for all ¢c1,c, [CRland that

1 1
(6.9.2) P Hess N (g)(cg, fg) = _20 . scal(g)f vol(g)

for all ¢ and f CCf(M, R). Moreover one sees that
1

1 ~ C1 1
o HessN (9)(f19,T29) =  (n—1)Af, —scal(g)f, T2 vol(g)
M
1
n L[l Scal(g) L1
+ . scal(g) — Vol(g) T1F, vol(g).

since these terms are already symmetric.
Summlng up one gets for fi Ca=(M,R) (i=1,2) and ¢; = nT(f) R, f;
na(fi) CT®(M, R)

1 -
— HessN(9)(f19, f20) =
a 1

nCl 1 O
= 7 ¢y scal(g)f, vol(g) +c2 scal(g)f; vol(g)
M M
i L] n - Scal(g)
+ (n —1)Af; —scal(g)f, fovol(@) + - (scal(g) — )f1f2 vol(g).
M 4w Vol(g)

6.10. The symmetric form H(g), the quadratic form Q(g) and the
PDO P9. For g [\ define the symmetric form H(g) on C*(M, R)

H(9)(f1, f2) = Hess N (g)(f1g, f29)

_t

a(n—1)

and the associated quadratic form Q(g) on C*=(M, R)
Q) = HE)(F. F)

Define the elliptic partial diCerkntial operator P9 : C*°(M,R) - C*(M,R)

n  Scal(g)
4(n—1) Vol(g)

g—po4 N4 _
P A +4(n—1) scal(g)
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In C=*(M, R) orthogonal complements are taken with respect to [ 141 e.g.
scal(g) == {f [T~ (M,R): [, scal(g)[g]= 0}. One easily verifies that

P9: scal(g) “n'C§(M,R) -~ C§(M,R)
and that for f1, f, CCE(M,R) and f;, f, [sdal(g) —

H(g)(f1, F2) = BO(f1), )l H(g)(F1, f2) = BO(f1), f2) !

Furthermore, P9 + L9 = ﬁz—lz scal(g) — ns\f;'((g)) D

The subspace of degeneracy of H(g) will be denoted by D(g). The maximal
strictly positive (or strictly negative) subspace will be denoted by H(g)™ (resp.
H(g)™). They exist, since H(g) is symmetric and P9 is elliptic, and thus there is
a maximal set of smoooth functions in C*°(M, R) that diagonalize H(g). Further-

more,

C”(M,R) =H(g)" [Dly) CHIY)

T A~ (M, R) is called lightlike i CHI (g)(f, f) = 0. If D(g) = {0} then the set of
lightlike vectors is called the lightcone.
From 6.9.1 and 6.9.2 follows that R is always lightlike for H(g) and

H(g)(R,C§(M,R)) =0 ilglis a critical point of N.

In particular Rg [CDKg) i Cglcritical.

6.11. Consider the trivial line bundle@ - C*(M,R) - C§(M,R).
(1) (Q(q)) For ever)ﬁjf:I IZClg(M, R) with . f scal(g) vol(g) & 0 exists exactly one
¢ [R,infactc= |, fscal(g)vol(g) ~Q(g)(f) such that Q(g)(f +c) =0. In
other words: Above each function in CJ(M, R) which is not perpendicular to the
scalar curvature scal(g) lies exactly one lightlike vector.
(2) For f CTH(M,R) nscal(g) i Q(g)(f) =0i[Q(f +c)=0forallc [R. In
other words: For f [CE (M, R) n scal(g) “elther the whole fiber through f or no
point in this fiber is lightlike.
If g is critical then scal(g) == C§(M, R) and therefore only (2) applies.

6.12. Properties if g is critical. Some of them are well known — sometimes
in disguise. If g is critical

|
L] scal |
H(g)(cl +f,00+ fz) = Afy — r(gl)fl 5 VO|(g)
M

and P9 = A9 — <2

n—1 °
Thus R [C1A(g) (in particular lightlike) and witb f Ca~(M,R) the whole fi-
ber through f is in D(g). Consider therefore H(g) = H(g) CC{(M,R) and
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Q(9) = Q(g) LCI(M, R).

Use the notation Spec™(A) = Spec(A [CCJ(M, R)) for the strictly positive spec-
trum of the Laplacian. For A [—Spec™ denote by Eig,(A9) the eigenspace of
A [TJ(M, R) corresponding to A:

Eig\(A?) = {f CTE(M,R): A = Af}.

Take an complete orthonor~mal system {e1}i=o of eigenvectors of A. The {ej}i=0
yield a diagonalization of H(g): Denote by An) the eigenvalue corresponding to
€i- Ao = 0, An < An+1 and Any — oo (conf. [Aub82]). Then for i & j

H(g)(elaej)_ Anciy [l € JEI_SCSJ(Q)‘E, ej[F+0

and (a)
sca (gi) &, e

H(g)(eh )— An(l)

Thus {Ancy — 2293, is the sequence of eigenvalues of P9.

6.13. (1) Q(g) has lightlike vectors i CA; < scna—'_(f) In particular, scal(g) = 0.
(2) g is a minimum of N [Confd iCA, < $2Q@)
gis a~minimum of N iScal(g) <0.
(3a) H(g) is degenerate iljff‘l—(f) Spec™ (A) and in this case D(g) is the eigen-
space to %@,
(3b) If g is Einstein then ﬁ(g) is degenerate i[CN; = seal@) which is by Obata’s

n—1 "'
theorem equivalent to (M, g) being isometric to the standard sphere (comp. [Bes82 ]}
remark 4.65]).
The Lichnerowitz equality for the lowest non-trivial eigenvalue of the Laplacian

says that Ay = ;& 1 Ricmin, Where Ricmin is the smallest number r such that

Ric—rg = 0. As g is Einstein, Ricmin = Scar']& and therefore A; = % Thus
the assertion follows from (3a).

(4) The degree of degeneracy is finite compare (comp. [Bes82, remark 4.65]). For
the standard sphere the degree of degeneracy is 1.

This follows from (3a) and the fact that the multiplicity of the first eigenvalue of
an elliptic operator is 1.

(5) The number dim(ﬁ (g)7) of strictly negative eigenvalues counted with multip-
licities is finite. The number dim(H(g)™) of strictly positive eigenvalues counted
with multiplicities is infinite.

This is consequence of the ellipticity and positivity of A.

Since Aj - oo and their multiplicities m(A;) are finite, we are done. Explicitly,

~  —
dim(H(9)™) = mM(Ai) < oo.

. —scal(g)
Ai< n—1
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From this and since dim D(g) < oo, dimC§J(M, R) = oo, follows that

~ —
dim(H(9)") = m(A;) = eo.
Ayl

(6) N does not admit a local maximum.
Consequence of dim(H (g)™*) = oo.

6.14. Q(g) for arbitrary g. Recall the operator

) n—4 _n Scal(g)
PY = A9 + m scal(g) 4(n—1) Vol(g)

from 6.10. We have three cases depending on the dimension of M.
dimM = 3: The coe Lcieht of f scal(g) is negative.

dimM = 4: POf = AYF — 138O F,

dimM = 5: The coe Lcienht of f scal(g) is positive.

Accordingly, one has the following

6.15. Proposition. Assume that Q(g) has non-trivial lightlike vectors:
If dimM = 3, then not scal(g) <0
If dimM = 4, then A\, < 133

— 3 Vol(g)
If dimM =5 and scal(g) = 0, then A; < ﬁ%‘&%’%

Proof. Assume f [CE(M,R) to be lightlike, f £ 0.
A1 is given by (conf. [Aub82, Theorem 4.2)])

A= I, M1 (IF, TF1
1= inf = .
Icymry  MIE | f

I=0

If dimM = 3 and scal(g) < 0, then —I[stal(g)f, f[(3= 0 and

3 Scal(g)

[ B o B

M fCx=0.

Hence A, < g%‘,‘{% < 0, a contradiction.

Analogously, if dimM = 5.
If dmM =4,
1 Scal(g)

CIF I £ s ©

M f=&= 0.

1 Scal(9)
Hence A1 < 3Vollg) = 0.
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6.16. One might attempt to get independent results under the conditions

scal(g) — S\fg'((gg)) = 0 and scal(g) — f,cj‘,'((é’)) < 0. But then already scal(g) S\fj‘,'((gg)):

Assume in the first case scal(g) [U > 3@ [ for some open U [CM. Then

Vol(9)
0< E](scal(g)— scal@y o1(g) = Scal(g)—Scal(g) = 0, a contradiction. The other
M Vol(g) ' )

case is analogous.

6.17. H(g) for arbitrary g. Let scal(g) = Iglscal(g)iei be the expansion
in an eigenbasis of AY. Note that scal(g) =0 for all i =1 i[glcritical.
Denote by m;: C*°(M,R) - R, mp: - CJ(M,R) the natural projections. In 6.9
it was shown that for f1, f, CCI®(M, R)

H(9)(f1, f2) =9mo(f1), ma(f2) O

n [ ~ ~ ~ L[
PTCEE) 1y (1) [seal(g), mo (F2) L3 my (F2) [seal (g), m2(F1) L

Note that H(g)(ﬁ, C2) = 4(n 1yC2 U_Ib(fl) scal(g) Cfor c, [RL Therefore a dege-

nerate f has a CJ(M, R)-component orthogonal to scal(g): M 1, (F) scal (g) vol(g) —I
0. In the A9-eigenbasis the hyperplane in C3(M, R) which ﬁ,orthogonal to scal(g

is spanned by functions of the form e; for scal(g)' = 0 and scal(g)<e; —scal(g)'ex
for scal(g)* & 0, scal(g)' £ 0.

Now P9 : C3(M, R)nscal(g) == CgJ(M,R). Therefore for EIECE’(M R)nscal(g) =
one has [A9f, fz@ [P9f, ng(fz)@ Since m(f2) = Vol(g) m F2vol(9)

stal(9), Folg= i5tal(0) ma(F) g1+ o oty

Thus f is degenerate i (1 satisfies the system of equations

Scal(g) [

|
cal(g) — Vol(g)

(EQ) P9, () = nl(f)4( ) s

[ (F), scal(g) [g]= 0

If £ [Ca>~(M,R) is a~solution of (EQ) and dimM E 4, therlintegration over
M vyields (n — 4)mk(F),scal(g)C= 0. Thus for dimM & 4 f [CQ*°(M,R) is
degenerate i it satisfies (EQ).

6.18. Case nl(f~) = 0. If dimM & 4 then f [QJ(M,R) is degenerate i[1
Pf=0.

If dimM = 4, then P9Ff = AIF — %Sﬁ'((gg’))f

6.19. Proposition. (1) Assume dimM & 4 and that H(g) has a degenerate
direction in C§(M, R)

Then not scal(g) < -3¢

n— 4 Vol(g) -
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(1a) If dimM = 3, then not scal(g) < —3?,‘:;'((5)); In particular: if scal(g) < 0, then

H(g) does not admit a degenerate direction in CJ(M, R).

(2) If dimM = 4, then there is a degenerate direction in CJ(M, R) |I§S\'f%'((§)) 1

Spec™ (A%) and at least one of the corresponding eigenvectors is orthogonal to
scal(g). In this case the intersection of the degenerate subspace and C§(M, R)

equals the intersection of the eigenspace to %S\f;'((gg)) and the orthogonal complement

of scal(g): D(g) n C§(M, R) = Eig; scaicey (AY) n scal(g) —

3 Vol(g)
In particular: If Scal(g) < 0, then H(g) does not admit a degenerate direction in
CI(M,R).

Proof. (1) Let f CCE(M,R), f £ 0 be degenerate.
0 = P9f = A + =4 scal(g)f — - ~SR@f A9 js strictly positive on

4(n—1) 4(n—1) Vol(g)
CJ(M,R). Thus not scal(g) < -, f,cj‘l'((gg)).
(1a) follows from (1), since then if scal(g) < 0 also scal(g) + Bf,cj‘,'((g)) =<0.
(2) follows directly from the special form of P9 in this dimension. 1
To illustrate the case dimM = 4 expand P9f = 0 in {ej}: Eb\if‘ -

%S\f;'((g))f‘)ei = 0, which is equivalent to (Aj — %f/cj‘,'((gg)))fi =0 for all i = 1.
i — 1 Scal(g) . .. i .
Hence, f' = 0 for Any B 3 N/ol(g) and the remaining finitely many f'’s satisfy

_ 1 scaicgy Scal(g)'f! = 0.

>‘n(i) — 3 Vol(g)

6.20. Case nl(f) 8 0. Without loss of generality assume ¢ = @ to obtain
from (EQ) the equation for f [CE(M, R):

Scal(g)
\Vol(g)

This allows to reduce the problem to an equation in C§(M, R).

(EQ) P9f = scal(g) —

6.21. Proposition. If dimM & 4 then H(g) has a degenerate direction
outside CJ(M, R) i CHQ’ has a solution f; in CJ(M, R).

If f1 is such a solution then f + @ points in a degenerate direction.

6.22. If dimM = 4 then f + 20D (with f [QJ(M,R)) is a degenerate
direction for H(g) i

1 Scal Scal
(EQ(4)) - \Z"I ((3))f = scal(G) — \Z"I ((5’))
and M scal(g)(F 0
In the expansion in {ej} EQ(4) becomes:
- 1Scal(g),; = T—1_
EQ) =0 e ot = @'
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) ] 1 .

thus for all i = 1: Angy — %S\;;'ggg ' = scal(g)'.

There are two cases:

) %S\f;'((g)) [Shec* (A9) and one of the corresponding coe Lciehts scal(g)’ does
not vanish. Then (EQ(4)) cannot be solved.

) %S\'f;'((gg)) [Spect(A9) or if 1380 gnec*(A9) and all the corresponding

) 3 Vol(g)
coe Lciehts scal(g)' do vanish. Then (EQ(4)) can be solved by setting (for i = 1)
L1 scal(g)" . 1 Scal(g)
fiz ot O TS S0

arbitrary else.

The thus defined sequence (f');~o, satisfies %(g)— ~ 0. Therefore with (scal(g)")

also (f') is-g Schwartz sequence and ~;T'e; [O3(M,R). In the expansion the
condition , scal(g)f vol(g) = O reads

C—1
(6.22.1) scal(g)'f' = 0.
i
If f CCH (M, R) is a solution of (EQ(4)) then this 6.22.1 becomes a condition only
on the scalar curvature:
L1 (scal(g)’)?

(II' 1 Scal =0
— (9)
i=1 An@i) ~ 3 Vol(g)
A3 Saes
since scal(g) £’ = 0 if Angiy = %f,cj‘,'((é’)).
6.23. Lemma. If dimM = 4, has a degenerate direction outside
C§(M,R) ithe expansion scal(g) = -, scal(g)'e; of the scalar curvature in

the complete orthonormal system corresponding to A satisfies the equation (DJand

either %S\f;'((gg)) I[Shec™ (A9) or %S\f;'((gg)) [Sphec*(A9) and all the corresponding

coe [ciehts of scal(g) vanish.

6.24. Corollary. If Scal(g) < 0 then H(g) has no degenerate directions outside
of C¢(M, R) unless scal(g) = >89 j e unless g is critical.

Vol(g) ’
Proof. In either case %S\f;'((gg)) ISpec™ and (D becomes
i Py
(Cx c¢' scal(g)' " =0
i=1

for some strictly positive coe [Ciehts ¢! [R. The left hand side of (C)is strictly

positive unless scal(g) = %3)2 1

Putting together 6.19, 6.23 and 6.24 one obtains for dimM = 4 the following
theorem.
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6.25. Theorem. Assume dimM = 4 and g not critical.
(2) If Scal(g) < 0, then H(g) is not degenerate.
(2) If Scal(g) = 0, then the (possibly trivial) I%erate s_ubspace D(g) is obtained
as follows: Assume the expansion scal(g) = ;- scal(g)'e; of the scalar curvature
in the complete orthonormal system {ej} corresponding to A? and put

L1 scal(g)

— R 00 g
f= }\—. _lSCal(g)e.+3 C (M,R)\CO(M,R).
i=>1 n@i) — 3 Vol(g)
Ay EL S

(22) If 335508 CSpec™ (A) and one of the corresponding coe [Ciehts scal(g)' does

not vanish, then D(g) = Eig, scaiw (A%) n scal(g) “A'CJ(M,R) [CCT§(M,R).
3 Vol(g)

(2b) If %S\f;'((g)) [Shec*(A), all of the corresponding coe Lciehts scal(g)' vanish

and (Ddis not satisfied, then D(g) = Eig%sCal@ (A9 n C§(M,R) LCE(M,R).
Vol(g)

(2c) If %S\f;'((g’)) CSpec*(A), all of the corresponding coe [ciehts scal(g)' vanish

and (D)Jis satisfied, then D(g) = Eig; scai (A%) n CJ(M,R) [RT [CC§(M,R).
3 Vol(g)
(2d) If 355 £Spec™ (A) and (Dis not satisfied, then D(g) = {0}

(2¢) If 135 rspec™ (A) and (D)is satisfied, then D(g) = Rf.

6.26. The conformal class with constant volume. Here the situation is
less complicated. Put S&al-=-Skal [Tonfd. Then a computation like in section 5
yields

1
~n—=2 L[J Scal(g)
Hess(Sbagytfo. f) ==~ (- Af - J0 o
n—4 _ Scal(g), . L]
+ (scal(g) Vol () )f fvol(g).
If g is a critical point of Sdak-seal(g) — S\f;'((g)) =0 and thus
1
— 1 C1
Hess(sa@ e fo) = "2 - naf — 2@ e 0.
2 M Vol(g)

The critical points of Sdal-arelexactly the critical points of N—¢hat lie in Confg.
At critical points the classification of light like and degenerate directions of Sdat—1
yields the same results as for N-BCJ(M, R)-gx CJ(M, R)-g. At non critical points
this classification is also similar, but much easier, since the constant direction is
lacking. Note that for f [CC(M,R)

1]

Hess(Sdah(g)8f g, fg) = Hess(\Hdg)(Fg, Fg) — Iglcal(g) _ Seal(g) Ll
M

Vol(g) vol(g).

In particular they do not coincide.
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