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DIVISION FOR STAR MAPS WITH
THE BRANCHING POINT FIXED

LI. ALSEDA and X. YE

Abstract. We extend the notion of division given for interval maps (see [10]) to
the n-star and study the set of periods of star maps such that all their periodic
orbits with period larger than one have a division. As a consequence of this result
we get some conditions characterizing the star maps with zero topological entropy.

1. Introduction

The n-star is the subspace of the plane which is most easily described as the
set of all complex numbers z such that z" is in the unit interval [0, 1]. We shall
denote the n-star by X,. We shall also use the notation X, to denote the class of
all continuous maps from X, to itself such that £(0) = 0.

We note that the 1-star and the 2-star are homeomorphic to a closed interval of
the real line. Thus, in what follows, when talking about X, or X, we shall always
assume that n = 2.

As usual, if f X}, we shall write fK to denote fofo-..of (k times). A point
x XA, such that fX(x) = x but FI(x) £ x for j =1,2,... ,k — 1 will be called a
periodic point of f of period k. If x is a periodic point of f of period m then
the set {fX(x) : k > 0} will be called a periodic orbit of f of period m (of course
it has cardinality m).

The set of periods of all periodic points of a map f X, will be denoted by
Per ().

In this paper we extend the notion of division given for interval maps (see [10])
and for maps from X3 (see [4]) to the n-star and we study the set of periods of
maps from Xp such that all their periodic orbits have a division. As a consequence
of this result we get some conditions characterizing the maps from X, with zero
topological entropy.

We start by fixing the notion of division. The components of X, \ {0} will be
called branches.
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Definition 1.1. Let f [Xl, and P be a periodic orbit of f with period larger
than one. We say that P has a division for f if

(a) The orbit P lies in one branch and there is a partition of this branch
into two connected sets W;, W, such that f(P n W;) = P n W, and
f(P nW2)=P nWs.

(b) The orbit P lies in more than one branch and there exists a partition of
Xn \ {0} into p > 1 sets Wy, Wa, ..., W, which are union of branches,
such that

f(P n W.) =Pn Wi+1(m0d. P 1=si< p.

The main result of this paper is the following.

Theorem 1.2. Let f [X,. Then Per(f) I:CIIEZIi -N) {1} if and only if

each periodic orbit of £ with period larger than one has a division.

From the above theorem and its proof we easily obtain the following corollary
which studies the set of periods of a map from X, having a periodic orbit with no
division (compare with Theorem 2.11 of [5]).

Corollary 1.3. Let ¥ [X, having a periodic orbit of period larger than one
with no division. Then there exists m such that Per (f) [{K ck=m}.

Similar problems for arbitrary tree maps will be studied in a forthcoming paper
by the same authors.

As a consequence of the previous results we obtain a characterization of the
maps from X, with zero topological entropy. To state this result we need some
more notation.

Topological entropy is a topological invariant to measure how a map mixes the
points of the space by iteration. For a definition and basic properties of topological
entropy see for instance [1] or [8].

The notion of simple periodic orbit with period a power of two was first intro-
duced by Block in [7]. Here we will extend this notion to the case of X, (see [6]
for a generalization of this notion to trees). Let P be a subset of X,. We shall
denote by Span (P) the smallest connected subset of X, containing P.

Definition 1.4. Let f [X, have a periodic orbit P of period m. We say
that P is simple if either it has period one or any set Q [Pl satisfying that
Card(Q) > 1, P n Span(Q) = Q and fK(Q) = Q for some 1 < k < m has a
division for fK.

Theorem 1.5. Let f [Xl,. Then the following statements are equivalent

(a) The topological entropy of f is zero.
(b) Every periodic orbit of f is simple.

(c) Per(f) CIbi-{1,2,2%,...,2',...} C{A}.
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We note that the above theorem extends to maps from X, a well known fact
about interval maps (see for instance [3]). It is also a particular case of Theorem 2
of [6] for maps from X,,. However, our proof of Theorem 1.5 is more direct than the
one of Theorem 2 from [6] because we do not need to use the spectral decomposition
of tree maps.

The following result, which is an easy corollary of Theorem 1.5, studies the set
of periods of maps from X, with positive topological entropy. It is a particular
case of Corollary 3 of [6] for maps from X, and of Theorem E from [11] for graph
maps.

Corollary 1.6. Let f [X,. Then, T has positive topological entropy if and
only if there exist m,r [N such that Per (f) C{dk : k = m, k [CN}.

The paper is organized as follows. In Section 2 we give some definitions and
preliminary results. In Section 3 we prove Theorem 1.2 and Corollary 1.3. Lastly,
in Section 4 we use the results proven in the previous section to show Theorem 1.5
and Corollary 1.6.

2. Preliminary Definitions And Results

To unify the notation we have to consider in a special way the case where a
periodic orbit lies in one branch of X,. Assume that P is such a periodic orbit
of f [X,. Then T has a fixed point z in Span(P). Then we will force the
point z to play the role of 0. According to this we shall call branch to any of
the two connected components of X, \ {z} (of course one of these branches is
homeomorphic to X,,). We note that, in this framework, each periodic orbit of
a map from X, lies at least in two branches.

For the space X, the closed interval [x,y] is defined to be Span ({x,y}). Let P
be a periodic orbit of f [Xl,. Then the closures of components of Span (P)\ (P [
{0}) will be called P-basic intervals.

Assume now that f [X,, and that P is a finite f—invariant set. We will say
that f is P-linear if f|; is linear for each basic interval | and f is constant on each
component of X, \ Span (P).

The following lemma relates the set of periods of a map with the set of periods
of a P-linear version of it (for a proof see Corollary 2.5 of [5]).

Lemma 2.1. Let f X}, have a periodic orbit P and let g [ X}, be a P-linear
map such that f|p =g|p. Then Per(f) [Pér(g).

If I and J are intervals, we say that I f—covers J if £(1) [IlIn this case, we
shall simply write 1 — J. If f (X, and P is a finite f-invariant set, then the
P -graph of f is the oriented graph with all basic intervals as vertices and having
an arrow from 1 to J if and only if I f—covers J.
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A path of length k in a P-graph of f is a sequence of vertices I1,12,..., lx+1
such that I; f-covers lj+q1 fori =1,2,... k. If Ix4+1 = 11 we say this is a loop
of length k. Such a loop will be written by I; — I — -+ — Ix — I
and identified with all its shifts. That is, with each of the loops I; — lj+1 —

B IR PR P

Leta:Lo— L — Lo— ... — Ljand B: Kg— K; — Ky — ... —5
Kk be two paths in a P-graph such that L, = K. Then we shall write aff to
denote the concatenation of a and (; that is, the path:

LO_—> I_]__—> I_2_—>_—> I_| - Kl_—> K2_—>_—> Kk

If a is a loop we shall also write a” to denote aa...a (n times). The length of a
path a will be denoted by |a|. Of course we always have || = |a] + |B].

A loop which is not a repetition of any shorter loop will be called nonrepeti-
tive. An elementary loop is a loop which cannot be formed by the concatenation
of shorter loops. Of course each elementary loop is nonrepetitive.

The following lemma shows the relation between nonrepetitive loops and peri-
odic orbits (for a proof see Lemmas 2.2, 2.4 and 2.6 of [5]).

Lemma 2.2. Assume that f [X, and that P is a periodic orbit of f of
period m.

(a) If ais a nonrepetitive loop of length k in the P -graph of  such that at least
one of the intervals in the loop does not contain 0 then f has a periodic
point of period k.

(b) If f is P-linear then for each basic interval there is a loop in the P -graph
of f of length m passing through this interval.

Let f [Xl,, P a periodic orbit of ¥ with period larger than one and B a branch
in X, such that P n B & [1We shall denote by smg the unique point from P
such that [0,smg] is a basic interval. Let B be the set of all branches from X
which contain points of P. We define the map ¢: B — B such that, for each
B [Bl ¢(B) is the unique branch containing f(smg). Since B is a finite set, the
map ¢ has at least one periodic orbit. This notion plays an important role in [5].
It is used to define the type of a periodic orbit.

Remark 2.3. If a map f [X, has a periodic orbit P such that the map
¢: B — B has a periodic orbit of period t, then there exists an elementary loop
of length t in the P -graph of f such that all basic intervals in this loop are adjacent
to 0.

We shall denote by (s1,S2,...,Sr) the greatest common divisor of the natural
numbers s1,Sy,...,Sr. The following result will be useful in the next section.
[

Proposition 2.4. Let f [Xl,. Then Per (f) C(1,_,i-N) 1} if and only if
for each periodic orbit P of f with period m = 2 we have that (s1,S2,...,Sr) > 1,
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where s1,S2,...,S, are the lengths of all elementary loops in the P-graph of a
P-linear map g X, such that flp =g|p.

To prove this proposition we will need some technical lemmas. The following
one follows easily from the proof of Lemma 6.1 of [2] (see also Proposition 2.2
of [10] or Lemma 2.1.6 of [3] for a version of these techniques for interval maps)
and from the fact that each periodic orbit of a map from X, lies at least in two
branches (recall the unification of the notation made at the very beginning of this
section).

In the sequel, the sets of natural numbers (without zero) and integer numbers
will be denoted by N and Z, respectively.

Lemma 2.5. Let f [X,, be a P-linear map, where P is a periodic orbit of
f of period m = 2 such that one of the basic intervals f-covers itself. Then,
Per (f) [C{K :k=m}.

Lemma 2.6. Let f [Xl, have a periodic orbit P and assume that f is P-linear.
Let S = (s1,S2,.-.-,Sr), Where s1,S2, ..., Sy are the lengths of all elementary loops
in the P-graph of f. Then for each loop a in the P-graph of f we have that S
divides |a.

Proof. Since each loop is identified with all its shifts, the proof follows easily

from the fact that each loop is a concatenation of elementary loops. 1
Lemma 2.7. Let s3,Sz,...,Sr With r = 2 be natural numbers such that
(s1,82,...,Sr) =1. Then for each ¢ CZand N there exist natural numbers
Ny, N2, ..., N and k such that
1
n;isi = kKN +q.

i=1

Proof. We will prove the lemma by induction on r. We start with r = 2.
Take tizland n5 such that n55; = z9; + 1. Then, choose I,t [N such that
n’=1IN —fz= 0, and tN + ¢ = 0 and set n; = (tN + g)n{} n, = (N + g)n5’
and k = (tN + q)Is; +t. We have n;s; + npsp; = (tN + g)[(n'+ sy + 1] =
(tN + )[INs; + 1] = kN +q.

Now suppose that the lemma holds for r = 2 and prove it for r + 1. Set
S =(S1,82,---,Sr). Then (S,sr+1) =1 and (s1/S,s2/S, ... ,s/S) = 1. Take ]
and nt,; such that nt, ;s,+1 = m:3 + 1. By induction we get that
1

ni'%i = kL—N — el

i=1

0Nk

Therefore,

| EN—
nis; = S(k'N — M)+ M3 + 1 = Sk'N + 1.

i=1
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Then, we choose again t [N such that tN +q = 0 and we set n; = (tN + q)n{for
i=1,2,...,r+1and k = (tN + q)Sk™+ t. We have

.
nisi = (tN + q)(Sk'N + 1) = kN +q.
i=1 1
Proof of Proposition 2.4. Assume that Per (f) i 1 - N) 1} and that P
is a periodic orbit of ¥ with period m = 2. By Lemma 2.5 we get that s; = 2
forall i =1,2,...,r. Thus, if r = 1 we are done. Assume that r = 2 and fix
i [{1,2,...,r}. Let aj be the elementary loop

of length s; in the P-graph of g. Then, for k = 0, we define V,! = gk(1i 13 [
... CI¥.). We note that V§ 7§ 1 and, hence, by using the same arguments
as in the proof of Lemma 6.1 of [2] we get that there exists a path from I} to
1171Mod- 1) i the P-graph of g. Let B; be the shortest such path. In view of the
fact that g is P-linear, 3; has an interval which does not contain 0.

Assume now that (s1,Sz2,...,Sr) = 1. By Lemma 2.7 there exist ny,na,... ,n,

and k such that
1 1
nisi = k(n!) +1— IBil-
i=1 i=1

‘I[J_qiﬁllook at the loop o = of*B1052B;...af Br. It has length ii=1 n;s; +

i—1 |Bil = k(n!)+1. By construction the loop a is nonrepetitive and at least one
of its intervals does not contain 0. Hence, by mas 2.2(a) and 2.1 we get that
T has a periodic orbit of period k(n!) + 1 r(0;_,i-N) [{1}; a contradiction.

Now we prove the converse. Fix a periodic orbit P of f with period m = 3 and
let s1,S2,...,Sr be the lengths of all elementary loops in the P-graph of g. By
assumption we have S = (S1,S2,...,Sr) > 1. In view of Remark 2.3 we see that
there exists j such that s; = n. Thus, 1 <S =< n. Then, by Lemma 2.2(b) we get
that there exists a loop E{ﬁngth m in the P-graph of g and, E%__Llemma 2.6, S
divides m. Hence, m (1 ;_, i-N) CLLT}. Therefore, Per (f) [C(1;_,i-N) A} 1

3. The Set of Periods

This section will be devoted to prove Theorem 1.2 and Corollary 1.3.

Proof of Theorem 1.2. Assume f [X,. If each periodic orbit of f with
pir.:%i larger than one has a division, then it follows trivially that Per(f) [l
(i-N) {1} -

To prove the converse, suppose that Per (f) C(1,_,i-N) C{1}. Let P be a
periodic orbit of f. Since the fact that P has or has not a division depends only
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on f|p, it does not matter whether we work with the map f itself or with the
P -linear map 8, such that E': f|p. Moreover, in view of Lemma 2.1, we
have that Per (f)-Pér (F) (I, i-N) [{1}. So, in the rest of the proof, we
may assume without loss of generality that f is P-linear. Let s1,Sy,...,Sr be the
lengths of all elementary loops in the P-graph of f. By Proposition 2.4 we get
that S = (s1,S2,...,Sr) > L.

Let mg, my,...,m; be the periods of all cycles of the map ¢: B — B defined
in Section 2. By Remark 2.3 we have that {m;,mo,...,m} [{31,S2,...,Sr}
Hence, S divides m; foreachi=1,2,...,1.

Suppose that the cycle of ¢ of period m; is {B},BL,... B} .}, for each i =
1,2,...,1. We may assume that ¢(B}) = B}, ; (nod. m, fOr €ach i =1,2,... 1.
Then, by Remark 2.3, there exists an elementary loop o : I} — 1} — ... —
It —— 11 such that I} CBI for j = 1,2,...,m; (we recall that all intervals I
are adjacent to 0).

By using the same arguments as in the proof of Proposition 2.4 we get that
there exists a shortest path B; from 1} to 12 in the P-graph of f. By adding some
basic intervals from a, to (1, if necessary, and relabeling the intervals of a, (and
the corresponding branches) we can arrange that B; is still a path from 1} to 12,
[B1] is a multiple of S and Iji EB] for j =1,2,...,mj. In a similar way we can
obtain paths B; from 1{ to I;™* such that |B;| is a multiple of S and 1;™* +1
forj=1,2,... mjandi=2,3,...,1—1. Now, let B, be the shortest path in the
P-graph of f from 1} to 1{. Consider the loop B1f;...B;. By Lemma 2.6 we get
that S divides |B1B2...[Bi|- Hence, since S divides |Bi| for i =1,2,...,1 —1, we
get that S also divides |(Bi].

Now, for l<i<land1=<j <S we set (see Figure 3.1)

B} = {B [BI: ¢k(B) = Bji+k (mod. s) for k }

(note that, in particular, B} [{B} :1<k=<m;andk = j (mod. S)}). Then, for
1=j =S, we define W;j as the union of all branches in BJ! fori=1,2,...,1. We
would like that the sets W; form a partition of X, \{0}. To achieve this we simply
add to any of these sets the union of all branches which do not contain any point
of P. In such a way we finally get a partition of X, \ {0} into S nonempty subsets
such that each one consists on a union of branches. We note that in view of the
definition of the sets W; we have that, for each j [{1,2,...,S}, all intervals of
the form I,i with k = j (mod. S) are contained in Wj.

We claim that this is the partition we are looking for. That is, we have to show
that f(P n Wj) = P n Wj4+1 (mod. s)» 1 = j < S. Assume the contrary. Then
there exist k [{1,2,...,S} and x [PIn W such that f(x) W1 (mod. s)- Let
B be the branch of X, where x lies. By construction we have that f(smg) [
Wi+1 (mod. s)- Therefore, there exists a basic interval K = [y, z] contained in B
such that f(z) Wy with ¢ & k+ 1 (mod. S) but f(y) CWyi1 (mod. s) (Se€€
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83 .\ B3.\ /Bl Bl
e <
Bj B;
- /
B; B;

Figure 3.1. The construction of the partition (here S = m; = 5).

Figure 3.2. A no division case.
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Figure 3.2). Let L} (resp. L2%) be the basic interval which is adjacent to 0 in the
branch where f(z) (resp. f(y)) lies. Then, by the definitions of ¢ and the sets Wj,
we have that there exist a path y; (resp. y2) from L1 (resp. L?) to an interval Iji;
(resp. IJ-ig) such that j; =g (mod. S) (resp. j» = k +1 (mod. S)). We note that,
again by the definition of the sets W;, we have that S divides |y1| and |y2| (see
Figure 3.1).

Now, let y3 be the a path from Ijii to IJ-ig (it can be constructed by connect-
ing some pieces of the elementary loops aj, and a;, with B; for i = iy,i; +
1 (mod. S),i; +2 (mod. S),...,i2). Finally, by using again the construction in
the proof of Proposition 2.4, there exists a path y4 from IJ-ig to K (see Figure 3.3).

K

Y4 -

71E : 72

L I

Figure 3.3. Some typical paths in the P-graph of f.

Now we look at the loops (K —- L2)y,ys and (K — L1)y1ysys. Since they
have length a multiple of S we get that |y4] =S —1 (mod. S) and 1+ |y3| +|y4| =
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0 (mod. S). This implies that |ysz| = 0 (mod. S) but this is impossible because
Jj1 & j2 (mod. S) (recall the construction of the loop y3 and that all paths 3; have
length a multiple of S). 1

Proof of Corollary 1.3. Let P be a periodic orbit of ¥ of period larger than one
having no division. By Lemma 2.1 we can assume that f is P-linear. Let now
S1,S2,- .- ,Sr be the lengths of all elementary loops in the P-graph of f. If 5; =1
for somei [{1,2,...,r} then, by Lemma 2.5, we are done. Thus, we assume that
si=2foreachi=1,2,...,r. By Theorem 1.2 and Proposition 2.4 we get that
(s1,82,...,Sr)=1landr z%ﬁFnce, fori=12,...,rand 1 =0,1,...,s5,—1
there exist k! [ZIsuch that | klsj =1 (where we fix k? =0fori=1,2,...,r).
Now, take k; > max{|k!|:1=10,1,...,s, —1}.

We also will use the notation from the proof of Proposition 2.4. That is, let
ai =1 — 13 — -+ — 1L —- 1} be the elementary loop of length s; in the
P-graph of f and let B; be the shortest path from I to 1;7(M°% " (recall that
such a path has an interval which does not contain 0).

We set

1
m= kjsi + [Bil.
i=1
Then, for each k = m we write kK—m =ts, +lwitht=0and | [{0,1,...,s,—1}
and set nj = ki +kl fori=1,2,...,r—1and n, =k, +kl +t. Clearly, ki >0
foreachi=1,2,...,r and

1
k= nisi + |Bil.
i=1

Then, the loop of*B1052B, ... ol B, has length k, is nonrepetitive and at least
one of its intervals does not contain 0. Thus, by Lemma 2.2(a), we get that f has
a periodic orbit of period k. This ends the proof of the corollary. 1

4. Topological Entropy

In this section we shall prove Theorem 1.5 and Corollary 1.6. The following
result will be useful in this task. It follows from the proof of Theorem 2.11 of [5]
(see also [6] and [11]).

Lemma 4.1. Let f X, and let P be a periodic orbit of ¥ with period larger
than one. If P has no division then the topological entropy of f, h(f), is positive.

Let f [X,. We will denote by P (f) the set of all periodic points of f. To
get the main result of this section we need the following lemma from [13] (for a
definition and main properties of the center of a map see for instance [9] or [12]).
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Lemma 4.2. The center of f XL, is P (F).
Now we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. Since h(f¥) = kh(f) for each k [N, from Lemma 4.1
and the definition of a simple orbit, it follows that (a) implies (b).

To prove that (b) implies (c) we have to show that if P is a simple periodic
orbit of f, then its period is of the form i-2' with 1 < i < n and | CN [{0}.
Then, without loss of generality we may assume that f is P-linear. If P has period
equal to one we are done. Then we assume that P has period m larger than one.
Assume first that P lies in one branch. By the definition of a simple orbit and
of a division in one branch, it follows easily that the period of P is of the form
20 =2.207 i~ {1,2,2%,...,2", ...} {1}

Assume now that P lies in more than one branch. In view of the definition of a
simple orbit P has a division. Then there exists P; [Plsuch that P nSpan (P;) =
P1, P; lies on the smallest possible number of branches and fK1(P;) = P; for some
ky [CN. Let m; be the period of P, by fki. Then, clearly, m = mpk; and Py
lies in at most n/k; branches. Again by the definition of a simple orbit, P; has
a division for k1. Thus, we can continue this process until we get a periodic
orbit Pj of fkikzki of period m;j, for some j = 1, lying in one branch. By
construction we have m = kikz - - - kjmj and kiks - - - Kj =< n. Since Pj is a periodic
orbit of fkik2-Ki lying in one branch, we know that mj is a power of two. Thus
m )i -{1,2,22,...,2',...} [{1}. On the other hand, by Corollary 1.6, it is
not di [cult to show that (c) implies (b).

To end the proof of this theorem we need to show that (b) implies (a). Let
g =fN with N = nl(n—1)!...2!. Then, by using the same techniques as above,
it is not di Ccult to show the following facts

(i) The period of any periodic orbit of g is a power of 2 (perhaps one).
(ii) Every periodic orbit of g lies only on one branch.

Now let p; be the natural retraction from X, to the branch B;, 1 < i < n. Then,
using Lemma 4.2 and the well known fact that Theorem 1.5 holds for interval maps
(see for instance [3]), we get

h(f) = 1/N -h(g) = /N - h(gls )
= 1rgiasxn 1/N - h(pj ° ngﬂBi)

= max 1/N - h(pi ° glg,) = 0.
1<i=n L1

Proof of Corollary 1.6. If h(f) > 0, then in view of Theorem 1.5 there exists a
periodic orbit P of £ which is not simple. Thus, there exist r > 0 and B—Plsuch
that P n Span (A& B-ahd P-4 a periodic orbit of " with no division. Thus, by
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Corollary 1.6, Per(f") [ {k [N : k = m} for some m [N. Hence, Per(f) [l
{rk : k =m, k CN}. On the other hand, if Per (f) {1k : k = m, k [N}, then
h(f) > 0 by Theorem 1.5. 1
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