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EQUATIONS COUPLED IN THE BOUNDARY CONDITIONS

ON CRITICAL EXPONENTS FOR A SYSTEM OF HEAT

K. DENG, M. FILA and H. A. LEVINE

Abstract. In this paper, we consider the system

ut = Au, vt = Av x [RY, t=>o0,
(o] 2
-4 v, NV e X1 =0, t>0,
0X1 0X1

u(,0) =uo(x),  Vv(x,0)=vo(x)  x [RL,

where RY = {(x1,xY | xY CRN=1,x; > 0}, p,q > 0, and up, Vo nonnegative.
We prove that if pqg < 1 every nonnegative solution is global. When pg > 1 we
let a = %ﬁq%l, B = %qut—ll. We show that if max(a,B) = %, all nontrivial
nonnegative solutions are nonglobal; whereas if max(a, ) < % there exist both
global and nonglobal nonnegative solutions. When N = 1, we establish some results
for the blow up rate for the nonglobal solutions and some results for the decay rate
for the global solutions (in the supercritical case). We also construct a nontrivial
solution with vanishing initial values when pq < 1.

1. Introduction

169

In this paper we study the large time behavior of nonnegative solutions of a
system as follows:

(1.1)

ur = Au, Vi = AV x R, t>0,
ou ov
—— =P, —— =ul x1 =0, t>0,
6x1 6x1 !

u(x,0) =uo(x),  Vv(x,0) =Vvo(x) x [RY,

where RY = {(x1, x5 | x" RN, x; >0} (N = 1), p,q >0, and both ug(x) and
Vo(X) are nonnegative bounded functions satisfying the compatibility condition

(1.2)

dup p 0Vo
——=v? and ——=u! at x; =0.
0X1 0 0X1 0 !
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In order to motivate some of our results for the above system, we recall an old
result of Fujita [F] for the initial problem

U = Au +uP x (RN, t>0,

(1.3) u(x, 0) = ug(x) x CRN,

with nonnegative initial data up. He showed that (i) if 1 <p < 1+2/N, then (1.3)
possesses no global nonnegative solutions while (ii) if p > 1+2/N, both global and
nonglobal nonnegative solutions exist. The number 1+ 2/N is called the critical
exponent which turns out to belong to case (i). See [We] for an elegant proof by
Weissler as well as references to earlier proofs of this result. This result can be
reformulated in a second way. The number p%l is the (algebraic) blow up rate for
solutions of the initial value problem for the ordinary di [erential equation y== yP
for p > 1. On the other hand & is the decay rate for solutions of w; = Aw. Thus,
Fujita’s result says that there are no global, nontrivial solutions of (1.3) whenever
the blow up rate for y(t) is not smaller than the decay rate for w(x, t) while there
are both global, nontrivial solutions and nonglobal solutions of (1.3) if the blow
up rate is positive and smaller than the decay rate. If the blow up rate is negative,
all solutions of (1.3) are global.

Over the past a few years there have been a number of extensions of Fujita’s
result in various directions. These include similar results for other geometries and
nonlinear equations of di [erent types. For further details, we refer the reader to
the survey paper by Levine [L1].

Recently, Escobedo and Herrero [EH1] investigated the initial value problem
for a weakly coupled system

U = Au + VP, ve = Av + U x [RN, t>0,

(2.4 ux,0) =uo(x) =0, Vv(X,0)=Vvo(x) =0 x [RN.

Set, when pq £ 1,
p+1 _gq+1

-1 P Tpg—1

Then ay, B1 are the blow up rates for each component of the system of ordinary
di [erential equations yP= zP, zP= y9. The decay rate for the linear “system”
Wit = Aw; is still % The results of [EH1] for (1.4) take the same form as for
the single equation with pL replaced by max(aq,B1). When this maximum is

a; =

—1
negative or not defined, all solutions with L initial values are global.

It is possible to extend this result, in the Lipschitz case, to the system (1.4) in
a cone or in the exterior of a bounded domain. See [L2]. The decay rate for the
linear system will, in general, be diLerent in other geometries and the method of
proof employed in the case of the initial problem does not carry over in every case
to the initial boundary value problem for (1.4) in unbounded domains.
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Galaktionov and Levine [GL] considered the boundary-value problem:

Ut = Uxx x>0, t=>0,
—uy = uP x=0, t=>0,
u(x,0) =up(x) =0 X > 0;
—u§(0) = ub(0).

(1.5)

They showed that if 1 < p < 2, then u(x,t) blows up in a finite time for all
nontrivial up; whereas if p > 2, then u(x, t) becomes unbounded for large ug and
u(x, t) exists globally for small initial data. Their result extends to the half space
problem

ur = Au x R, t>0,
—a—u:up X1 =0, t>0,
(1.1%) 9%
u(x,0) = up(x) =0 x R,
OUO
_a—Xl = ug X1 = 0.

where, with pi—l replaced by ﬁ' it takes exactly the same form as the result
for (1.3). Here the ordinary di Lerential equation that replaces y™= yP is the equa-
tion yP= y@=1_ This latter equation can be loosely interpreted as a di [erential
equation in time for the trace of the solution of (1.5) on x = 0 (or Xx; = 0 in the
case of (1.15]3.

The purpose of this paper is threefold. First, we extend the result of [GL] to
the system (1.1). Secondly, we obtain some precise information concerning the
nature of the blow up and decay of the solutions in the special case that N = 1.
These results are intended to parallel those obtained for (1.15%in [FQ] in so far
as is possible. There has been a flurry of activity concerning the nature of single
point blow up for (1.3) in the last few years. However, almost nothing is known for
(1.4). Finally, we obtain a nonuniqueness result for (1.1) in one space dimension
if pg < 1. While uniqueness probably does hold for pg > 1 for (1.1), this question
remains open. However, for (1.4) this was recently established in [EH2]. It should
be possible to adapt their arguments to the present situation.

In Section 2 we establish the Fujita type global existence — global nonexistence
theorem while in Section 3 we discuss the blow up and decay rate results when
N =1.

Throughout the remainder of this paper we let

P
2’ 2
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2. The Fujita Type Blow Up Theorem

Theorem 2.1. If pq < 1 all nonnegative solutions of (1.1) are global. If pq > 1
then there are no nontrivial global nonnegative solutions of (1.1) if max(a, B) = %
while both global nontrivial and nonglobal solutions exist if max(a, ) < %

Remark 2.1. Notice that, although the blow up rates (a, 3) for (1.1) are not
the same as for (1.4) (a1, B1) , the statement of this theorem is precisely the same
as the corresponding result for (1.4).

The proof proceeds by a series of lemmas.

Lemma 2.2. Assume 0 < pq < 1. Every solution of (1.1) is global, that is, for
any T >0, [l t)[d + v, t) [d =< C for some constant C = C(T).

Proof. The proof follows by comparison. Suppose, without loss, that p < q.
Let ¥ = max(1, [y [d, M [J) and define h(x) = M + MP~9(e™%** — 1) and
k(X) = M + e~ — 1 with ¢ = M9, By introducing t(x,t) = h(x)e°"t and

o2
V(x,t) = k(x)e ® %, it is not hard to see that solutions of (1.1) are bounded above
by (U, V). -

Of much greater di Cculty are the next two lemmas.

Lemma 2.3. Suppose that max(a, ) = % Then all nontrivial nonnegative

solutions of (1.1) are nonglobal.

Lemma 2.4. Suppose that max(q, ) < % Then there exist both global and
nonglobal nonnegative solutions of (1.1).

When p = g = 1, we have uniqueness of solutions of (1.1). Then (1.1) reduces
to the scalar problem (1.1%'if ug = vo. Even when p =g <1 and up = vo, it may
happen that u = v. In such cases, we recover the result of Galaktionov and Levine
and our results read

Corollary 2.5. If p <1, all solutions of (1.15'are global. If 1 <p=<1+1/N,
all nontrivial nonnegative solutions of (1.15'are nonglobal; while if p > 1 + 1/N,
there exist both global and nonglobal nonnegative solutions.

The plan of this section is as follows: In Section 2.1 we establish the claim
of Lemma 2.3, and then demonstrate the proof of Lemma 2.4 in Section 2.2.
To show the global existence of solutions to (1.1), we adopt the supersolution
argument. For the blow up case, the situation becomes more complicated, and we
shall employ a quite di[erknt approach, namely, the iteration method, which was
initially applied to problem (1.3) in [AW] and then successfully modified for (1.4).
However, because the representation formula for solutions of (1.1) is distinct from
that for (1.4), several notable di[erknces appear at the technical level, and hence
the relevant arguments will be presented in detail. For definiteness, we may always
assume p < q throughout the paper.
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2.1 The Case max(a,B) = X

In this section we establish the global nonexistence claim of Theorem 2.1. Be-
cause our arguments parallel those of [EH1], we shall mainly focus on the salient
di Lerences. Without loss, we may assume 3 = q.

Recall that the Green’s function G(x, y; t) for the heat equation in RY satisfying

@—Oatyl—o is given by
1
il
G(x,y;t) = (4nt)” = exp ;‘ﬂ
1
:%Xl )’1)2 I:%Xl + yl)2

X exp

For any function w(xy, x5 CL},.(RY), we then define

- 1
#19 SWe XY= AmyTTE exp C{% w(-,ydy"
and
(I 1 1
S1(Ow(Xy, ) = (4nt)"z exp I?Xl;ityl)z
O l:%x +y1)? LT
(2.1b) texp —SETYDT ey dy.

4t

We have the representation formulae for the solution of (1.1),

u(xg, X5't) = S(t)Sa(t)uo(x1, X"
L

) 1,
(2.2a) + . (m(t—n)) 2 exp _4(t7—ln) S(t—n)vP(0,xn)dn
and
v(x1, X7t) = S(t)Sz(t)vo (X1, X)
(. . 1 .,
(2.2b) + O(T[(t—r]))_?exp — 4(t—1n) S(t—n)u?(0, x5'n) dn.

These are the so called “variation of constants formulae” (cf. [LSU], for example).

Remark 2.2. As in [EH1] it is possible to prove local (in time) existence of
solutions for given L initial values using the variation of constants formulae (2.2)
and the contraction mapping principle. The details are rather standard and we
therefore omit them.
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Lemma 2.1.1. Suppose that (u(x, t),v(Xx,t)) is a nontrivial solution of (1.1).
Then there exist T = T(Uo, Vo) > 0 and constants m > 0, o > 0 such that

(2.3) v(X,T) = mexp(—a|x|?).

Proof. Since v(x,t) 8 0, we may assume, by shifting the time axis if necessary,
that vo(x) 2 0 and let 5 = inf{vo(y)|y R} > 0. By (2.2b) we then find

v(x,t) = S(t)S1(t)vo(Xx
xn=50 ﬁ;l(zb ==
=0exp ——— (4nt)_% exp ——— dy
2t o 2t
W O 1,01
For any fixed T, letting t =1, 0 = &, and m = 5(4m)~> _ ;exp —E dy,
we obtain (2.3). 1

We next establish several estimates for solutions of (1.1).

Lemma 2.1.2. Suppose that p = 1 and g—;’(g < 0. Then for any t in the
existence interval,

(2.4) tB [S(t)S1 (v (0, XY [I < C,

where C = C(p, q) is a constant.
Proof. By (2.2) one can see that

[
(2.5) u0,x7t) = (m(t—n))"ES(t—n)vP(0,xn)dn
0

and
v(0, x5't) = S(t)S1(t)vo (0, xY.

Applying Jensen’s inequality yields

=
u@.x7 = (m(t—n))ZS(t— n)(S(MS(MVo(0, xY)Pdn

(2.6) = (n(t—n)" (St —n)SMS1(MVo(0, xF)Pdn

= _t-n ~Z(S(t)S1(n)Vo(0, x)Pdn.
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Since 32 <0, for0=n=<t,

Ld ,
S1(Mvo(0,-) = Vo( 4n&s, )e % d&;

V__ 2
= Vo( 4t&1, e s dE;
0

= S1(Hvo(0, ),

then
E‘ 1
2.7 u(0,x5t) = . (Tt —n)) "2 (S(1)S1(t)vo(0, x))Pdn
= 2172 (S(1)S1(t)Vo (0, XJ)Pt=.
Hence
q lz] 1 q
v(0,x7t) = 29n"2 , (Mt =)~ ZS(t — M)(S(M)S1(N)Vo (0, xH)PInzdn
-
(2.8) =20 @ D2 (£ — )T 202 (S()S1(Hvo(0, xH)Pdn
0

=29~ @* D728 (1/2,4/2 + 1) (S(£)S1(t)vo (0, xY)Pat@+D7/2,

where B(a,b) is the Beta function.
Substituting (2.8) into (2.5) leads to

u(0, x't) = 2rPan—(@+DP+/2BP(1/2 q/2 + 1)
J
x (t—n)"En@OP2(S(1)S; (t)vo(0, xY)P dn
0
= 2Pag~(@+Dp+1)/2BP(1/2 q/2 + 1)B(1/2, (q + 1)p/2 + 1)

> (S(H)S1(t)vo(0, X J)P It @rDP+D/2,
and consequently,
V(0, xTt) = 2P0 =@+ DA+PD/2BPa(1/2 /2 + 1)BY(1/2, (q + 1)p/2 + 1)

x B(1/2, ((q + 1)p + 1)a/2 + 1)(S()S1()vo (0, xY) PO @+ D+pa)/2.

Thus by induction for any integer k

v(0, xTt) = 2P PO" =@+ DA+pa+-+(Ea) < )/2c,

(2.9) < (S(£)S1 (E)Vo (0, xJ)PD" @+ (A+part---+(pq) )72,
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where
Ck = BPO“ " (1/2,q/2 + 1)BAPCO“ " (172, (q + 1)p/2 + 1)
x BPD?(1/2, ((q + L)p + 1)g/2 + 1)
(2.10) x BAPCD“ (172 (q+ 1)(1 + pq)p/2 + 1)

- BPA(L/2, (g + 1)L+ pg + -+ + (pg)*3)p + 1)g/2 + 1)
x BI(1/2,(q+ D)L +pg + - + (pg)< 2)p/2 + 1)
x B(1/2,((q+ 1)(L+pg + - + (p)*?)p + 1)g/2 + 1).

Recalling the formula B(a,b) = I'(@)l"(b)/I'(a +b) with I'(z) the Gamma func-
tion satisfying

r(1/2) =nz,M(z+1)=2zr(z), and I'fz) >0 for z > 3/2,

we then find
Cy = (4n)((1+1/p)((pq)k_1+---+pq)+1)/2 AcBy,

where Ay and By are similar to those given in (4.7a) and (4.7b) of [EH1], respec-
tively. Then arguing as in the proof of Lemma 4.1 of [EH1], we obtain the bound
in (2.4). 1

We also present the counterpart of Lemma 2.1.2.

Lemma 2.1.3. Suppose that 0 < p <1 and 3%’ < 0. Then for any t in the

existence interval,
(2.11) tPP [SX(t) (S1()vo (0, XY)P [ < C.

Proof. By Jensen’s inequality, we find

u0,x7) = (m(t—n))"ZS(t—nvP(0,xn)dn
> (n(t—n)"2S(t—n)(SMS1MVo(0, xY)Pdn

= (- n))~2S(t— n)S(n)(S1(t)vo(0, xY)Pdn
= 2n2S()(SL(Hvo(0, XP)PL2,
and it follows that
v(0,x5t) = n~ArP/2=@=1/p (D)~ 2(a-D A B,
x (S(£)(S1 (Vo (O, Xg)p)(llp)(pQ)kt(q+1)((pQ)k—1)/2(pq—1)

with Ay and By as those in the proof of Lemma 2.1.2.
Thus proceeding as before we obtain the estimate in (2.11). 1

As a consequence, we have the following:
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Lemma 2.1.4. Suppose that g—)‘g < 0 and a solution of (1.1) exists for all
t>0. Thenifp=1

(2.12a) tP [S(0)S1()v(0, XTI < C
while

(2.12b) tPP [S(6) (S1 (H)v(0, x5 )P LI < C
forO<p<1l.

Proof. Since 3%3 < 0, by the maximum principle, it follows that 5’7"1 < 0 for all

t > 0. Then making use of the autonomous nature of v, we draw the conclusion
from Lemmas 2.1.2 and 2.1.3. 1

We are now ready to prove Lemma 2.3. Noticing Lemma 2.1.1 and the fact that
the system (1.1) is autonomous, without loss of generality, we may assume that
vo(x) = mexp(—al|x|?) and 32 <0.

Recall

:Iolxqa 1
_N—1
(2.13) S(t)exp(—o|x?) = (L1 +40t)" 2z exp — T+ a0t
and we find
I:Iolxq|2 1
Ut = = -2 -
(2.14) v(0, x5t) = S(1)S1(t)vo(0, x5 = m(1 + 40t) ™ 2 exp T+ a0t
We first consider the case 0 < p < 1. Combining (2.14) and (2.5), we have
J 1 P 1
uOxD =M e -m)Ha+don T se-mew ~ L
0
1
p O 2 N — paolxf?
=2m lznl (1 +40t)” 2 exp 41+4p0t
(2.15) x  (L+40n) " dn
0
1 1 1
mP(om)~ 2 —y NG—p+L ~ po|x{?
ZNA=—p+1 1(1 + 40t)” 2 (4ot) 1+ 4pot
Thus by (2.2b)
., 1
O _ -1 _ 1 _ q O
V(X1, X5 1) = . (m(t—n))"Zexp IA_(’It_n) S(t—n)u(0,x5n) dn
_N—1 _ pao|xf?
=c(1+4pgot)” =z exp 1+ dpot
Q aN N—1
(2.16) x  (1+4on) 2z (L+4pon) z
° 1, [
x (AomN P2 ) hexp — 1 dn,

4(t—n)
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with ¢ = mPig=92q~@*+D/2(N (1 — p) + 1)79, and we find

paalxT?
0 —h L el WL I
S1(H)v(0, x5't) = c(1 + 4pqot) eXp T 4pot
Ld
x  (1+ 40r'|)_
yi yi
— _2 —1 _ 1
(2.17) x . (mt(t—n)) "z exp 2t 4 - dy1 dn
=~ (1+4pqot) """ exp pqolxqﬂ —n)2
2 1+ 4pot

x (1+40n)”% (1 +4pon) "= (4om) NP TDY2 gy,

Note that 1+4pon > p(1+4on) and 4on > (1+4o0n)/2 for n > 1/(40) and that
(1+4pgot)~ "z = (pg) "z "=* and (2t —n)~2 = (20)2 (1 + 40t) "2,
we then have

I
0 - pqclxqﬂ A
S1(tv(0,x5t) =c1(1 + 4ot)” 2 exp [+dpot . (1 +4on)*dn,
where
A= N BEEPTN - (- DNy —12 -,

since pg < 1 + (max(p, q) + 1)/N. Hence

" paolxp
1+ 4pot

pqa|x P T+ 4ot
1+40t)" % - |
4 20 (L4007 exp 1+4pot ° 2

S1(Hv(0, x5 t) =c (1 + 40t)_% exp

(1 +4on) " tdn

whenever t > 1/(40). In view of (2.13), we observe

1 111 [N
1+ 40t N 4p?qot z

S(0)(S1()V(0, XT)P = cp(1 + 4ot) 2 logP

2 1+ 4pot
2
wexp —— PaolxP
1+ 4po(1+ po)t
In particular, setting x“= 0, we find
C1 1
1+ 4ot

(2.18) a1+ 40t) S(t)(Sl(t)v(O )P =co(1+ pq) Iogp

2 1
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which would contradict (2.12b) if the solution of (1.1) is global.
Next for the case p = 1, after conducting a similar discussion, we finally reach

paolxP T 4ot
Sl(t)V(O, X;‘t) = 03(1 + 40’t)_% exp _pq lo

1+ 4ot 2
Hence
I?I+ 4ot 4pgat N
7 -%
SOS1(OV(0,X51) = cs(1 +40t)” = log  — :Il * Tt ot
wexp —. PIOIXF
1+40(1+pg)t '
and consequently,
C1
N _N-—1 1+ 40t

(2.19) (L +40t)2S()S1(t)v(0,t) =c3(1 +pg)~ 2z log 5 ,

which, taking (2.12a) into account, does not permit the global existence of solutions
of (1.1). The proof is then completed.

2.2 The Case max(a,B) <

We begin this section by showing the global existence of solutions to (1.1) with
small initial data. We shall use a modification of an argument in [GL]. To this
end, we look for a supersolution of the self-similar type:

(2.20) U(x, 1) = (to + 7 FQ), V(x, 1) =(to+1)Pg(Q)
where

_ . _ x5 _ X1
(2.21) {=(%,1) with = o+ D2 G= (o + D72’

here to > 0 is a constant. As a supersolution, (f,g) must satisfy

(2.22) Af+%Z-EEH1fSO, Ag+%z-mggso
and
of ag
— p —J q =
(2.23) FTa =gP, F1a =f9 at ¢ =0.

Consider two cases.
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Case 1: p=1. Let

f(Q) = Ae OWLTF+@*D)  gpgd  g(Q) = Be oUW T +@+5?),
where A, B, g, and § are positive constants. Then (2.22) is satisfied if
(2.24) (B —2No +4025%) + 08(80 — 1){; + 0(40 — 1)|{> <0
for ¢ CRYY, and (2.23) is equivalent to
(2.25) 205Ae°PDULT+E) = BP  and  205BeC@ DULT+8%) > Ad,

One can see that (2.24) is valid for su Lciehtly small § if
B—2No<0 and 40—1<0,

i.e., if B <N/2.

Then letting B = (200A)YPe®—D0%” e find that (2.25) holds if A is small
enough to assure (208)P+1e(Pa—105* > APA—1,

Case 2: 0<p<1 Set

£(Q) = Ae~ICP+@+8)  gngd (7)) = Be o2 FP+@+D)*)

where g, and o, are positive constants with g, = po,. Then (2.22) becomes

(2.26a) (a—2No; + 4078%) + 018(801 — 1) + 01 (401 — D2 <0
and
(2.26b) (B — 2N oy + 40282) + 028(802 — 1) + 02(402 — D> <0

for ¢ CRYY, and (2.23) is valid if

(2.273) 20-15Ae—01(|1q2+52) > BPe—Po2(IL'{*+5%)
and
(2.27b) 20,0Be 02" +ILT) > pdgmao1G*+ITT)

It is easy to check that (2.26b) holds for any 0 <o L[Lif
B—2No, <0 and 40,—1<0,

which again implies that B < N/2. Then (2.26a) is also true, since (p + 1)/2
(pg — 1) < (p +pa)/2(pq — 1) < 2Npoz = 2No;.
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To ensure the validity of equations (2.27), we choose B = (20:3A)P and then
make A su [cightly small such that p~P(2018)P+1e(Pa—1018" = APG—1
We now turn our attention to the blow up of solutions of (1.1) for large initial
data. We shall discuss it in a similar manner as that in [EH1]. First consider the
case0<p<l1.
Using (2.2) and Jensen’s inequality, we find
—p+1

Cd
u(0,x5t) = S()S1(Hue(0, xJ+n~"2  (t—n)"2S(t—n)
0

1
x (n—1)72S(n —T)u’(0, x5 T)dt  dn
0

p—1

= S(t)S1(t)uo(0, Xq + 2p_1n_p7+1 (t— q)_% nz
0

(2.28) x  (N—T1)"2S(t—T1)uP(0,xJt)dt dn
0

(|
> S(1)S1()uo(0, XY + 2P In " 12 (t—mn—1)°2
x S(t—1)uPd(0, x5 1) dndt

= S()S1(D)uo(0, xJ + 212t S(t—1)uPI(0, x1) dt.
0

Suppose that ug(x) = Ce~°XI* with arbitrary ¢ > 0 and undetermined C = 1.
Then by (2.13) we have

(2.29) u(0, x5't) = S(t)S1(t)uo (0, xH -
—N _ o|x{? = O
=C(l+40t)” Zexp T+ 40t - lo(X5t).
Define ot -
I.(x5t) = 5 St—o)Iy(x51)dr,
0

where 1 = pg.
From (2.28) and (2.29), we then obtain

H oo
u(0, x5t) = 1o(x5t) + %t% S(t—1)(lo + 1)*(x51) dt
0

oyt L

> 1o(xTt) + 11 (x1) + tT St —T)INIT) dt.
0

Thus setting

ot
(2.30) 1 (X5) = — S(t—D)If(xFt)dt
0
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fork=0,1,2,..., by induction we find

[ L—
(2.31) u@©,x59= L5
k=0

for any integer m > 0.
Furthermore, for k =1,2,..., lI,(x5't) satisfies

(x1) = CH 2 W (N DT TR (s

(PO R 2 e 1)/2 —(N/2)p ko
x t (1 + 4ot) exp —o— Aot Dy,
where
1 2 [ 3
D = @ (p+1)(|.11+1)p+2 -
) 1

P+ 2 +pk 3+ + DHu+2

Then proceeding as in the proof of Theorem 4 of [EH1], we conclude that if C is
large enough, then there exists a T > 0 such that 1(0, T) > C(1 +40T)™N/2 for
k=12, -, and consequently u(0,t) - ccast - T™.

Next for the case p = 1, we have

-
u(0,x7t) = S(t)S1(Huo(0, XY+ == (t—n)~*
0

1 I;I
x (M—1)7zS(t—1ui(0,x5t)dt  dn
0

> S(0)S1(Duo(0, XY + 2 (20) 2"
mmifa o1
x ((t—m(n —1))"2S(t— 1)u?(0,x51) dn dt
0

' =it Ly Cpql
= S(t)S1(t)uo(0, X + 5 © {Gmp—20)72 S(t—T1)u(0, x5 1) dt
0

Then by estimating

Lpal

I+ (x5t) = tG7P72072 S(t—)lk(xH1)dt
0

for k =0,1,2,..., with Io(x5't) as that in (2.29), we can show that the solution
of (1.1) must blow up in a finite time.
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3. Blow Up and Decay Rates in One Space Dimension

In this section we study the one dimensional problem:

3.1 Ut = Uxx, Vi = Vxx x>0,t>0,
3.2 —ux(0,t) = VvP(0, 1), —vi(0,t) = u4(0,t) t=>0,
3.3) u(-,0) =ug =0, v(-,0) =vp =0.

We first discuss the decay rate in x for global solutions when max(a, B) < % We
then establish the blow up rate for a suitable class of solutions which blow up in
a finite time.

We consider some explicit self-similar solutions of (3.1) which blow up in finite
time T. They are of the form

ux, =T -7 F-(), v(xt)=(T-1)Pg_()

where we take

The functions f_, g_ satisfy

£15) — S7C(8) — af_(©) =0,
3.4

97(®) — S07(0) — By-(9) =0 for €0,

—fL(0) = gP(0),
(35) —g=(0) = £9(0).

Lemma 3.1. Assume pg > 1. Then for any T > 0, there is a unique self-
similar solution of (3.1) which blows up at time T and stays bounded as X — +oo
for t [JO, T). This solution has the following properties

() u¢=0,v¢=>0in[0,00) x (0, T).
(i) u(x,T) = kix2%, v(x, T) = kox 2P where

ky=m"2 %(84'%)% I%flpq(a+%)
S N YR

and k; is obtained from k; by the interchange of a,3 and p, g.
(i) x2%u(x,t) - ki and x%Pv(x,t) - ko asx -~ cofor0<t<T.
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Proof. As in [FQ, Lemma 3.1] one can show that the system (3.4), (3.5) has a
unique bounded solution given by

_ 18
f—(E) - klU(a! E! Z

2
- ®=kU® 15

),

where 1 (N

U(a,b, r):@ ; e (1 + )P L gt

To prove (i), we see that
ug = (T —t) “ Haf_ + %Ef_D)
= k(T =)™ H(aU + %EZU3).
From this and the identity (cf. [AS])
a(l+a—-hbU@+1,b,r)=al(ab,r)+rU.(ab,r)

we easily see that u¢ > 0. The remaining assertions (ii) and (iii) follow from the
fact that

(3.6) U@b,r)=r231+0(r 1] as r - oo.

L1

Next we demonstrate the existence of positive global self-similar solutions
of (3.1), (3.2) when max(a, B) < 3. These take the form

u(x,t) = (To+ 7+ (Q), v(x,t) = (To+ 1) Pge(Q)

where we take

The functions f.., g+ satisfy

£I%0) + SFHQ +af. @ =0,
(3.7)

00 + 5000 + B Q) =0 for >0,

—f.(0) = g%.(0),

39 —95(0) = £1(0).
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Lemma 3.2. Assume pg > 1 and max(a, B) < % Let To > 0 be fixed. Then

(i) There is a unique positive global self-similar solution of (3.1), (3.2), both
of whose components decay in x like Gaussians for large x.

(ii) There is a one parameter family of positive global self-similar solutions
of (3.1), (3.2) such that u decays like x 2% and v decays like a Gaussian
for large x.

(iii) There is a one parameter family of positive global self-similar solutions
of (3.1), (3.2) such that v decays like x 2% and u decays like a Gaussian
for large x.

(iv) There is a two parameter family of positive global self-similar solutions
of (3.1), (3.2) such that u decays like x2* and v decays like x~2P for
large X.

Proof. The general solution of (3.7) is given by

2 2 2
Q=% alG-az +eMG-a )
2 L1 2 2
0@ =e% d1u<§—ﬁ,%,%)+d2M(§—Bé, 9
where ( 1. 0
_ ar a@@a+1)..a+n—-1) ,
M@Db =1+ e D)o+ n=1
and
(3.9 M(a,b, r) = FEb; AP +0(r™)] as r - +oo
In order to satisfy (3.8) we must have c; > 0, di > 0 since
Oy — L n
F10) = —a1(5 “)r(g\/—a)’
1 T
F(0) = —di(5 —
9+(0) 13 [3)r(2 By’

From the definitions of U, M and equations (3.6), (3.9) we observe that ., g+
will remain positive if and only if c; =0, d; = 0.

If ¢, = dy = 0, then there is a unique pair (c1,d;) such that (3.8) is satisfied
and this corresponds to the unique rapidly decaying solution claimed in (i).

If d, = 0, then there is a ¢% 0 such that for ¢, = c'there is a unique pair
(c1, d1) such that (3.8) is satisfied while if c; < c5'there are two such pairs. This
establishes (ii). Claim (iii) follows by a similar argument if ¢, = 0.

In order to establish the existence of the slowly decaying solutions claimed in
(iv) we observe that for any ¢, > 0, d, > 0, su Lciehtly small, there are ¢y, d; such
that (3.8) holds. 1

From these lemmas we obtain
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Theorem 3.3. Assume pg > 1 and max(a, B) < 3.
() If ug, vo >0 and
liminf x?%ug(x) = k; and liminfx?Pvy(x) = ks
X —» oo X — 0O
where the k; are as in Lemma (3.1), then the solution (u, v) of (3.1)-(3.3)
blows up in finite time.
(if) There are global solutions (u, v) such that
Jim x?%u(x,t) and Jim x2PBy(x, t)
exist and are positive for all t > 0.
Proof. The first statement follows from Lemma 3.1 by comparison with the

self-similar solution for su [ciehtly large T. The second statement follows from
Lemma 3.2(iv). 1

Remark 3.1. If we consider the scalar problem

Ut = Uxx x>0, t=>0,
—Ux(0,t) = uP(0,t) t>0,
u(x,0) =up(x) =0 x =0,
then self-similar solutions give a precise characterization of the domain of attrac-
tion of zero if p > 2. Namely, u is global and decays to zero as t — oo only

if
Uo(X) = O(x_rﬁ) as X — oo,

On the other hand, there are global solutions such that
lim xp_ifu(x,t)
X — 0O

exists and is positive for all t > 0.
For the system (3.1)—(3.3) we do not know whether or not a solution can be
global if for example ug(x) behaves like x=29~¢ while vo(x) behaves like x 2B+
Next we show that there is a class of solutions that blow up at the same rate
in t as the self-similar solutions of Lemma 3.1.

Theorem 3.4. Assume pg > 1 and min(p,q) = 1. Assume that ug, vo [Q®
and that

(3.10)  —ugl0) = v§(0), —v5(0) = ug(0),

(3.11)  —ug0) = pv" 1 (0)vg(0), —v5'{0) = qui~*(0)ug(0),

(312) (D’ =0, 1)V =0, i=0,1,23, x>0,
(3.13) Xllngo uo(x) =0, Xllngo Vo(X) =0,

(3.14) ug'< —v§, vg's —ug, x>0.



A SYSTEM COUPLED ON THE BOUNDARY 187

Then the solution blows up in finite time T > 0 and for t [(Q, T), we have

(3.15) c1 =< (T —1)%u(0,t) < ¢y,
(3.16) < (T —t)Pv(0,t) <c4
where
L] Lk L4
c= app)rt = I;; (2q) 51,
L1 L Lh %‘jﬁ'
= B w= 5 @pe
Proof. From (3.13) it follows that
(3.17) XIim u(x,t) = XIim v(x,t) =0.

By the maximum principle, it follows from (3.10)-(3.12) that
U, Ug, V, v¢ =0 and Uk, Uxt, Vx, Vxt =<0

for t [(0,T), T being the time of existence.
We now exploit an idea from [FQ]:
1 _
Eui(o, ) =—  Uxx(X, Dux(X, t) dx
=k 0
=— Ut(X, hux (X, t) dx
0

1 2p —
EV (O,t) -

4
= — lim ue(X, Yu(x, t) + ue(0, Hu(0, t) + Uxt (X, Hu(x, t) dx.
X0 0

Hence on (0, T)
(3.18) %v%(o, t) < u(0, )u(o, t)
and analogously
(3.19) %qu(o, t) < v¢(0, t)v(0, t).

Next we derive upper bounds for u¢(0, t), v¢(0, t). As in [B] for example, we define
on [0,00) < [0,T)

J(X, ) = ux(X,t) + VP (X, 1), K (X, t) = vy (X, t) + ul(x, t).
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The assumption (3.14) insures that
J(x,0) =0, K(x,0) < 0.
A routine calculation yields

Ji— Jux = —p(p — VP2V <0,
Ki— Kyx = —Q(q - 1)uq_2u)2( =0.

Here we used the assumption that min(p,q) = 1. From (3.17) and the additional
observation that ux(X, t), vx(X,t) - 0 as X - oo, we have

XIerloJ(x,t) = XILngo K(x,t) =0.

Clearly
J(O,t) = K(0,t) =0.

Thus, by the maximum principle J < 0, K < 0 in [0,00) %< [0,T). Therefore,
for every t [(0, T), the functions J(:,t), K(:, t) attain their maximum at x = 0.
Consequently Jx(0,1), Kx(0,t) < 0. Writing out these two inequalities, we see
that on (0, T)

(3.20) ue(0,1) < pvP~H(0, Hu?(0, 1),
(3.21) ve(0, ) < qui~1(0, t)vP(0, 1).
Combining (3.18) with (3.20) we obtain $v?Pu~! < pvP~tud or

on (0, T). (Here and in the rest of the proof the argument (0, t) is omitted). Using
(3.22) in (3.19) we have

(3.23) Ve = %(Zp)—%v“%
which implies that T is finite. Writing (3.23) in the form
_1 1 __2q
BV B} = E(Zp) Za+T

and integrating over [t, T) we obtain the second inequality in (3.16).
Combining (3.19) and (3.21) we obtain

(3.24) V= (20) FTus,
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From the inequalities (3.22) and (3.24), we see that u, v blow up in the same fi-
nite time T. Using (3.24) in (3.18) and integrating, we obtain the second inequality
in (3.15).

Combining (3.20) and (3.22) we have

Uy < p(2p) P ut*E
or )
1 p—1
—a(u™ &) < p(2p)rri.
Integrating this over [t, T) gives the lower bound in (3.15). The lower bound in
(3.16) can be derived analogously using (3.21) and (3.24). 1
Remark 3.2. The assumptions of Theorem 3.4 are satisfied if
uO(X) = p_lo-_pap"'l"'p(l_pq)(x + a)_p,
Vo(X) — 0—1p—qaq+1+o(1—pq) (X + a)—o
where a > 0 is arbitrary and where p, o solve the system
(3.25) (p+1(p+2)=po(c+1),
(3.26) (0+1)(o+2)=ap(p+1)
and satisfy the inequalities
p=>2a, o=>2pB.
We show that such p, o exist if p, g are as in Theorem 3.4. We consider the cases
(@1=p<gqg,(b)l<p=gand(c)l<p<q.
(a) We see that (3.25) holds if p = g — 1. But then (3.26) is a quadratic in ¢
with larger root

q+3
>
c_q_1>ZB
and

4
p=o—12—l>2a.

(b) If p=q, then @(p) = @(c) where @(p) = p(p+1)?>(p+2). Thereforep =0
if both are positive. The system then reduces to a single equation and we

have
1

p—1-
(¢) We will be done if we construct families of mappings Fr and domains
Q. [R%, 1 <1 <19, such that

2
p= _m>2a—28—

3.27) d(F1,Q4,0) = —1 (Here d is the Brouwer degree.),
(3.28) F:(p,0) B0 if (p,0) ANy,
(3.29) Fw.(p,0) = 0 is equivalent to (3.25), (3.26),

(3.30) Qr, [(Aa, o0) x (2, o).
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V. —1
In order to do this set r = "pq, .o = &,
(0. 0)
Fi(p,0)= 0
w(p, 0) 0: (0. 0)

forlst<rTo,

fi(p,0) = (p+ D(P+2) ~ z0(0 +1),
ge(p,0) = (0 +1)(0 +2) —rp(p + 1),

rT+1 _2(r2+1)

0o(T) = -1

r
= T _—
pO(T) 2 1’ r2—1 "

— 1’
and
Qr = (po(1), R) % (00(1), R).

With these definitions, (3.29), (3.30) hold.
By the argument in (b), (p1,01) = (23, 7%1) is the unique root (in Q;)
of F1(p,0) = 0. If we calculate the Jacobian Jg, (p1,01) we find that

P+7r2+7r+1

Jr, (p1,01) = — m—) <0

and (3.27) follows.
In order to establish (3.28) we first show that F(p, 0) & 0 if p = po(T).
If g:(p,0) = 0, we find that

f(p,0) = (L= r)p(p+ 1) +2(p+ 1) + 2. (0 + 1)
and hence

T (po(1),0) = Shawic _rz{)_?{(rr +r?) >0

if 0 = gp(1). Analogously, if f:(p, oo(t)) = 0, then g(p, oo(T)) > 0 for
P = po(T).
On the other parts of the boundary, we have:
f(Ro)<—-2rr—t H)(R+1) <0 ifo<R and g:(R,0) =0,
gc(P.R)<—=2rr—t H(R+1) <0 ifp<R and f(p,R)=0.

Remark 3.3. The inequalities (3.15), (3.16) give upper and lower bounds for T
in terms of ug(0), vo(0).

Finally we construct a nontrivial solution with zero initial data if pg < 1.
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Theorem 3.5. If pg < 1 then problem (3.1)—(3.3) with up = vo = 0 has a
nontrivial, nonnegative solution.

Proof. If pg <1 then max(a, ) < 0. We construct a self-similar solution of the
form

UG, t) = 9. (0), v(x,t) =t Pg. () for z:»q’%

where (f4, g+) is a positive solution of (3.7), (3.8) that decays to (0,0) as { — oo.
We take

2 2
Q=05 UG-z 5),

2 1 12
0+ = die 5 UG —B.5. %)

where
[
L depra-p ' g orea—o)
rG;-p) rG—o
and where d; is obtained from c; by the interchange of a,  and p, q. From (3.6)

we see that (f.,g+) decays like (e_ZTZZZ“_l,e_gzzﬁ_l) as { - oo. From the
identity

Ci=T

Ur(a,b,r)=—-aU(a+1,b+1,r)

we see that f., g+ are decreasing. Therefore the solution (u, v) converges to (0, 0)
as t — 0% uniformly and in any [L"(R*)]°. —1
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