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MONOTONE SEMIFLOWS GENERATED BY
NEUTRAL EQUATIONS WITH DIFFERENT
DELAYS IN NEUTRAL AND RETARDED PARTS

T. KRISZTIN and J. WU

1. Introduction

Let r = rg > 0 be given constants, C = C([—r,0];R) the Banach space of
continuous functions from [—r, 0] into R with the norm ||@]| = SUP_;—=c<o |0(S)I,
¢ [Cl. We consider the following scalar neutral functional di [erkntial equation

(1.1) ;j—tDXt =T (xt)

where .
(D) Dx; = x(t) — _rro x(t +s)dv(s), v : [-r,rg] - R is nondecreasing and
V(=ro) —v(-r) <1,
® f: C - R is locally Lipschitz continuous;
and x¢ [Clis defined in the usual way by x¢(s) = x(t +s) for s [[3r,0].
In [13], an ordering =p of the space C is introduced as follows

@=p0 iCq@(s)=0 on[-r,0] and D(gp) =0,

so that under certain conditions, the solution semiflow defined by (1.1) is even-
tually strongly monotone in the sense of [6]. In particular, the eventual strong
monotonicity is obtained for solutions of the following scalar neutral equation

(1.2) %[X(t) — ex(t— 1)) = g(x(1), x(t — w))

ift=w,0=sc<1and aa—yg(x,y) > 0 for all (x,y) CR?. In verifying the above
strong monotonicity of the solution semiflow, it is crucial to assume that the delay
T in the neutral part and the delay w in the retarded part are the same. However,
in some applications, this assumption is unrealistic. For example, a special case is

(1.3) %[X(t) —cx(t— 1)) = —h(x(1)) + h(x(t — 0)),
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where h: R - R is continuously dilerkntiable and dd—xh(x) > 0 for x [R, was
used to model the transmission dynamics of material in an active compartmental
system with one compartment and one pipe coming out of and returning into the
compartment, where the delay T is the length of time required in the process in
which some material is produced, while the delay w represents the transit time for
the material flow to pass through the pipe (see [2] for details).

In this paper, we follow Smith and Thieme [8], [10] to consider the restriction
of the solution semiflow to a dense subset X of C. The subset X chosen here is
di Lerent from the one used by Smith and Thieme in [8], [10] for delay di Lerkntial
equations because of the peculiarity of neutral equations. We obtain fairly gen-
eral su Lcieht conditions guaranteeing the strong order-preserving property of the
solution semiflow in X. In particular, we show that the solution semiflow of (1.2)
on X is strongly order-preserving if there exists 1 = 0 such that

(1.4 p+ Ly —cpert + min{L,, 0}e"? > 0,
or if there exist u = 0, ai, 0> = 0 with a; + a; = 1 such that
C1
R Li=0,
(1.5) (M +Ly)e™ —cu>0,
Gz(p + Ll)e_“‘*’ + L, =0,
where d3x.y) d3(x.y)
g,y ; gix,y
L, = —_—, L, = f .
! xy)R2  0X 2 (x,;/?Em ay

The established strong order-preserving property allows us to apply the pow-
erful theory of convergence and stability theory developed in [9], [11] to neutral
equations (1.1), (1.2) and (1.3). In particular, we will employ the principle of
sequential limit set trichotomy to show that, under certain conditions, every so-
lution of (1.3), starting from an initial function in X, is convergent to a single
constant function. This extends corresponding results of [3], [4], [13] to the case
where T E w. It should be mentioned that an example can be easily constructed in
which periodic solutions of (1.3) exist [7]. Hence, certain conditions on ¢, T, w have
to be imposed for solutions of equation (1.3) to converge to constant functions.

2. Monotonicity of the Solution Semiflow

We start with a description of a dense strongly ordered subspace of C. Define
C! =CI([-r,0];R) and let

X ={p CT': Do"=F(p)}

be a metric space endowed with the topology of C1, i.e., d(@, ) = [|¢ — U]|c: :=
max{|lo — ]|, |lo"— ¢H|}. Clearly, X is complete.
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In order to show some properties of the space X, we need a particular function.
For given real a, positive 3 and 0 <y < min{ro, ﬁ%} define

if —-r<s=s-y

2.1 = ] -
@1 Sy (9) a 3 +s+3 , if-y<s<0.

It is straightforward to check that this &y g, has the following properties:

Lemma 2.1. Forany a [R, B >0 and 0 <y < min{ry, 162|[-3+—1}’ the function
& = Eap,y satisfies & LAY, |E]| < B, |IEF = |al, £€0) = a, DE"= a. Moreover,
for fixed B = 0, the mapping a B &up,y, Where 0 <y = min{ro,rj‘i—l}, is
continuous from R to C*.

By using Lemma 2.1 one can get the denseness of X in C.

Lemma 2.2. X is dense in C.

Proof. Let € > 0 and @ [_Q be given. Then there is Q! such that
lo — Q|| < &/2 and ¢ is constant on some interval [—3,0], 0 < & < r. Let
Na = &a,es2,y bE defined as in (2.1), where 0 <y = min{ro, IleirLl %}. Then, for
any o R, ¢ +ng isin C! and ||o — (¢ + ng)|| < €. It suced to show that
P +ne A, ie., D™ a = F(P + ng) for some a. DY ™ a and F(P + ng) are
continuous in a by Lemma 2.1. The range of DY™ a is R as a varies, while the
range of f(P+ny) is bounded (at least for su [ciehtly small € > 0 by condition (f)).
Therefore, there is at least one o such that ¢ +ng CX. 1

For any given constant p = 0, let us define an order <, on X such that for
¢, Y X, @ <y Y provided @(s) < Y(s) and ¢'{s) + pe(s) < Y{s) + py(s)
on [—r, 0], or, equivalently, @(s) < y(s) and e*s[y(s) — @(s)] is nondecreasing on
[-r,0]. If o <, Y and @ E Y then we write that ¢ <,, Y. This order is compatible
with the topology on X in the sense that for any sequences {¢n}, {Un} from
On <y Yn, On — @ and Yn — Y it follows that ¢ <, Y. It is easy to see that X is
normally ordered, i.e., there exists a constant k > 0 such that d(§,n) < kd(o, {)
forall &, n, ¢, Y withe <, Y, o =p & n=p .

In the next lemma we show another relation between the order and the topology
of X. For a @ XA, we say that ¢ can be approximated from above (below) in X if
there exists a sequence {@n} in X satisfying ¢ <, @n+1 <p @n (Pn <p Pn+1 <u @)
forn=1,and ¢, - @ asn - oo,

Lemma 2.3. If the assumption

there is an L = 0 such that ¢,y X and @(s) = Y(s), s []Fr,0], imply
(L)
() —fW) =—Lllo—y]l
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holds and p > L, then each ¢ X can be approximated from above and below
in X.

Proof. Let ¢ [X be given. First we construct a 1 [X such that ¢ <, @;. Let
0; (0, 1] and choose €; [(D, d1) such that pu(d; —€1) > L (61 +€1). We look for @1
in the form @1 = @+ 931 + g, Where Ng = &a.e, .y, 0 <y = min{ro, ﬁh}. One has
01(8) = ¢@(s), —r =s =0, for any a because ||nNa|| < €1 and €; < 8;. In order to
have @ <y @1, we need (91 —9) (@1 —@) = 0, that is nS+p(31+ng) = 0. By using
the definition of ng, we see that the last inequality holds provided a+p(3;—¢1) = 0.
Thus it su [ced to show that there is an a; [CR such that a; > —L(3; + €1) and
01 = @+d +ng, CH. @1 isin X if and only if o = F(@ + 01 + ng,) — F(0),
where we used D@"= f(9) and Dng. = a;. The existence of an oy with a; =
(o + 31 +ng,) — F(@) follows since F(@ + 81 + Ng,) — F(9) is bounded in a; by
condition (f) (at least for su Lciehtly small 6;). By assumption (L™)

ar =F(Q + 01+ Nay) — F(9) = —L 131 + Moy || > —L(01 + £1).

Therefore ¢ <, @1.

Assume @n [X is given such that ¢ <, ¢, and ¢ = @+, +nq,,, Where ng,, =
Ean.enys 0 <y = min{ro, lazn%}, 0<g&n<d,<1/n, u@n — &n) > LGn + &n),
an = _L(Bn + Sn)-

We seek for @n+1 in the form @n+1 = @ + dn+1 + Na, Where Ng = &q,eaa,y, 0 <
y = min{ro, 282}, 0 < €n41 < Bns < 1/(N+1), UBn+1—En+1) > LBnra+enra),
dn+1 + €n+1 < On — €n. For this @n+1, the relation ¢ <, @n+1 is satisfied if

(Pn+1— (P)D"' H(@Pn+1 — @) = HOD(+ H(®n+1 + Na) > 0.

This is true if d = —L(3n+1 + €n+1) because of nS' = min{0,a}, na > —&;
and U(®n+1 — €n+1) = L(On+1 + €n+1). In the same way as above for ai, one
gets the existence of an an+1 such that @ + dne1 + Ng,,., CX. Since Qn+1
satisfies On+1 = F(@ + 6n+1 + Na,..y ) — F(9), by using the properties of ng,,., and
condition (L7), we obtain dn+1 > —L(0n+1 + €n+1). SO, letting a = dp+1, ONE
gets @ <y Pn+1.

We also have

(on — (Pn+1)D+ H(Pn — On+1)
= —L(0n +&n) — |On+1| + H@n — &n — dn+1 — En+1)
= —L(n +&n) + UOn — €n) — [On+1| = UBn+1 + En+1).
In order to show the relation @n+1 < @n, the positivity of —L(3n + &n) + U(dn —

€n) — |an+1] — UOn+1 + €n+1) is su Lcieht. If dp+1 — 0 in the definition of @na1,
then the corresponding an+1 also goes to 0 because of the continuity of f in C.
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Thus, since —L(®n + €1) + U(0n — €n) = 0, dn+1 Can be chosen so small that
—L(®n + &n) + L0 — €n) — [An+1] — HBn+1 + En+1) =0,

that is @n+1 <y @n will be satisfied.

Therefore, by induction we can construct {@n} in X such that ¢ <, @n+1 <y ¢n.
The convergence @, — @ also holds in X, since d(¢n, ®) < max{2dn, |an|} and
O - 0,04 - 0asn - oo. This completes the proof of the approximation from
above. The proof for the approximation from below is analogous. 1

Lemma 2.4. Assume that T > 0 is a given constant. If ¢ T, y [
C([-r,T];R) and h CI'([0, T]; R) are given so that
Dy =h(®) (O=t=T),
Yo=0,

and D(¢Y = h%0™*), then the mapping [-r,T] CH B y(t) R belongs to
CY([-r,T];R) and

1 1
2.2) IYlci—r,T] < Max [@|c1, T=V(=ro) —v(=D] [hlcipoTy
Proof. We have
1,
(2.3) y() = y(t+u)dv(u) +h(t)  (t CIO,T)),

-r

from which and from our conditions it follows that y CCI*[—r, ro]. Repeating the
same argument we get y CC*[—r, T]. From (2.3)
1,
ly(®l = ly(t+u)dv(u) +|h(t)], O0<t<T.

-r

Di [erkntiating (2.3), one obtains

1,
lyXt)| < [yt + u)| dv(u) + |ht)|, o<t<T.

—-r

Thus
sup ly(®)| < [v(=ro) —v(=r)] sup |y(®)|+ sup [h(D)|
tOJT] t3r,T] toJT]

and
sup [y"(t)| < [v(=ro) —v(=n)] sup |yt)|+ sup [h(D)I.
tO[OJT] t[=r,T] tOT]
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Using 0 < v(—rp) —v(—r) < 1, one obtains
1 1

sup [y(t)] = max |loll, sup Ih(t)l
toyT]

l—IV(—r) V(=] tqo

and 1 —1
sup lyt)| = max Ilfﬂl sup Ih't)|
tojT]

—[v(=r )—V( ] t oy
Hence, taking into account yo = ¢, we get inequality (2.2). 1

Lemma 2.5. If ¢ A, then X¢(¢) XA for t []0, T(@)), where and in what
follows, T(@) denotes the escape time of the solution x(¢) of (1.1) with xo = ¢. If
SUPy raye () 11Xt (@)]] < oo, then T(@) = co. Moreover, the mapping [0, c0) x X []
(t,0) B X¢(@) XA defines a semiflow on X.

Proof. Since @ [CX, our equation on [0, ro] can be written as

X'(t) = F(x) +g(1),

where g(t) = I?rr‘) @'(t+s) dv(s). This is a delay di [erential equation and standard
results imply the existence and uniqueness of the solution in phase space C. This
argument can be repeated to get existence on [ro, 2ro], [2r0, 3ro] and so on. Clearly,
the obtained solution satisfies x¢(¢) [X. It also comes from a standard result for
delay di [erential equations that the boundedness of x¢(@) in C on [0, T(@)) implies
T(9)) = .

Since the mapping [0,00) x C [, ©) B X¢(¢) [ defines a semiflow on C, it
su [ced to check the continuity of x¢(¢) with respect to t and ¢ in the topology
of X. As x(9) CCH[—r, 1(9)) holds, the continuity in t is clear.

Let 1,92 X, 5= min{t(91), T(¢2)} and let T be arbitrarily given such that
0 < T < t™'Since f is Lipschitz continuous on the compact subset Cedorri{Xe(91),
X¢(@2)} of C, we can find a constant M > 0 such that

[T (Xt(92)) — F(Xe(9))] = M[xe(92) — xe(@a)[l, t LA, T].

£9 applying Lemma 2.4 with y(t) = x(@2)(t) = x(@2)(1), h(t) = D(¢2 = ¢1) +
o[F(Xs(92)) — F(xs(91))]ds and ¢ = @2 — @1, we obtain

d(Xe(92), Xe(91)) = [X(92) — X(@1)lcr[—rT]
1
1— [V(—ro) _ v(—r)] (lD(q)Z - (Pl)l

+M(T +1) sup [|xe(92) — xe(@2)ID}-
tojT]

=< max{|Q2 — ¢1|c1,

Therefore, our conclusion follows from the continuity of x¢(¢) with respect to @ in
the topology of C. This completes the proof. 1
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1
Theorem 2.6. If _"°e™HSdv(s) <1 and the condition

(M) H[D(92) — D(91)] + F(92) — F(91) = 0 whenever @1, ¢ [X and @1 <y, 92

is satisfied, then the solution semiflow on X is monotone, i.e., from @1 <, @ it
follows that X¢(@1) <p Xe(92) for t LI, min{t (1), T(@2)}).

Proof. For any € > 0 we define f:(¢@) = (@) +eD(@) for ¢ [Cl, and denote by
X(t, @, €) the unique solution of the initial value problem

d
&DXt = fg(Xt),

Xo = 0.

By the well-known continuous dependence on initial data and right-hand func-
tionals of solutions to neutral equations on C (see, e.g. [5]), forany 0 < T <
min{Tt(e1), T(@2)}, there exists g > 0 such that if 0 < € < gy, then X(t, ¢i, €)
exists on [0, T] fori =1, 2.

Let t; []0,T] be the maximum real number such that x(t, @1, €) < x(t, 2, €)
on [0, t1] and eMt[x(t, 9., €) — X(t, @1, €)] is nondecreasing on [—r, t;]. We want to
show thatt; =T.

By way of contradiction, we assume t; < T. If X(tz, @2, €) = X(t1, @1, €), then

0 = eM™[x(t1, @2, €) — X(t1, 91, €)] = e [X(t, 2, €) — X(t, 91,€)] =0

forall t [CJ3r,t1]. Therefore, 1 = @, on [—r, 0]. Hence by uniqueness, t; is not the
maximum number satisfying the stated properties. So X(t1, @2, €) > X(t1, @1, €).
Let y(t) = x(t, 02, €) — X(t, @1, €). By condition (M), we obtain

Cl, |
Gt © D(Xe(92,8) = xe(91,8)) le=t,
= M (U + €)D[xe, (92, &) — Xty (91, €)] + M [F (X, (92, €)) — F (Xt (91, €))]
= Eeptl D(th ((Pz, E) — Xty ((pli E))

1

ro I:I
=M [x(t1, @2, €)—X(t1, P1,8)]— [X(ty +s, @2, €)—X(t1 + S, 01, €)]dV(S)
1, - -
=egeft y(ty) — y(t; + s)eHSe S dv(s)
- -
> eeMly(ty) 1-— e M dv(s)
—r
> 0.

Therefore, since %[e“tD(xt(q)z, €) — X¢(@1, €))] is continuous at t = t; (continuous
from the right if t; = 0), there exists hg > 0 and 0 > 0 such that hg < ry and

O, O
@t eM'D(x¢ (92, €) — Xe(91,€)) = o, t LM, t; + ho).
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Therefore
e“tD(Xt(‘Pz, €) — X¢(91,€)) — e"°D(Xs(92, €) — Xs(¢1, €))
=ap(t—9), ti1<s<st<st; +hg
That is,
Y= -
eHty(t) — eMSy(s) = ap(t —s) + ety (t +8) —eMSy(s+8) dv(9)

-r

for t; < s <t <ty +hg. We note that e*ty(t) is nondecreasing on [—r,t;] and
t—rg <t; +hg—rg <t;. Therefore

o o 0
eMy(t +0) —eMSy(s+0) dv(8) =0.

-r

Consequently, eMty(t) — eHSy(s) = ag(t —s). This shows that ekty(t) is increasing
in [ty, t; + hg], contradicting the maximality of t;.
S0 Xt (@1, &) = Xt(@2,€) on [0, T]. Letting € - 0, we obtain the monotonicity. L1

Theorem 2.7. If _rr" e M5 dv(s) < 1 and the condition

(SM) u[D(92)—D(91)]+F(92)—TF(p1) >0 whenever ¢1,¢> X and @1 <, @2

is satisfied, then the solution semiflow on X is strongly order preserving, i.e., it
is monotone, and whenever ¢, Y X with ¢ <, U, there exist open sets U and
V such that ¢ [, ¢ [V and x,(U) <, %r(V) (of course, we assume that both
solutions x(@) and x(y) can be defined in an open interval containing [0, r]).

Proof. Assume that both solutions x(t, @) and x(t, @) are defined on [0, r]. By
Theorem 2.6, if @ <y U, then X¢(@) <. Xc(P) on [0, r]. It follows from the unique-
ness of solutions and the nondecreasing property of e*®[x¢(()(8) — x¢(9)(8)] on
[—r, 0] that x(t, @) < x(t, ) on [0,r]. In particular, X¢(9) <p X(¥), 0=t <.
Therefore, by condition (SM) and the compactness of Ly {Xt(9), Xe(Q)} in C,
we have

Bo := tl”{-}(i):rﬂr]{H[D(Xt(lIJ) = Xe(@)] + F(xe(¥)) — F(xe(9))} > 0.

So
%D(Xt(w) = Xe(9)) + UD(Xe (W) — Xe(@)) =Bo >0,  t L, r].

That is, 1

Y Fuy®—  yt+8) + py(t+8)]dv(s) = o

—-r
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on [0, r], where y(t) = x(t, P) — x(t, ¢). Hence, applying that x¢(¢) <. x:(¢) and
X(t, @) < x(t,y) for 0 <t <r, one obtains

y(t) >0, yXt) + py(t) >0, ost<r.

Then it follows that there exists an € > 0 such that for the balls By = {n [
X; d(n, % (@) < €} and B, = {n C=X; d(n,x-(P)) < €} in X the relation
B1 =, B> holds. By Lemma 2.5, x,(-) is continous from X to X provided solutions
exist on [0, r]. Therefore we can find open sets U and V in X with ¢ [ and
¢ [\ such that x,(U) Bl and x.(V) CB}. This implies x,(U) <, xr(V) and
the proof is complete. 1

Theorems 2.6 and 2.7 allow us to apply the powerful theory of strongly order-
preserving semiflows developed in [9] and [11] to the solution semiflow on X of
equation (1.1). We will ilustrate this by an application of the principle of sequential
limit set trichotomy to the problem of asymptotic constancy of equation (1.3).

3. Asymptotic Constancy

We now consider the following scalar neutral functional di Lerkntial equation

d
(3.1) ge X — ex(t = 1)) = g(x(1), x(t — w))
where0<c<1,1>0, w=0,g9:R? - Ris locally Lipschitz continuous and

Li= int 290N o, = 09XY) o o
xy)[RF  0X (xy)[Rd 0y

Then g satisfies the following one-sided global Lipschitz condition:

(L)  Ifx; =xxandy; <y, then g(Xz,y2)—9(X1, Y1) =L1(X2—X1)+L2(y2—Y1).
For the above equation, D(@) = @(0) — co(—T1), T(®) = g(0(0), p(—w)) for

¢ Ca(—r,0;R), where r = max{t,0w}. We now fix p = 0. Then for any

@2 =y @1, We have

HID(92) — D(@1)] + F(92) — F(91)
= H[92(0) — 92(0)] — cp[@2(=T) — @2(=T)]
+ L1[02(0) — 01(0)] + L2[@2(—w) — @1 (—w)]
= (1 + L1)[02(0) — 92 (0)] — cp[@2(—T) — @1 (—T)] + L2[p2(—w) — ¢1(—w)].

Note that ¢, =, @, implies that

92(0) — 01(0) = [2(—8) — 91(—B)e ™, B=T1, w.
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Then with L, = min{L,, 0}, for ¢2 =, ¢1 we have

H[D(92) — D(@1)] + F(92) — T(01)
= (K + L1)[92(0) = 91(0)] — cp[@2(—T) — 91(—=T)] + L, [92(—w) — @1 (—w)]
=[u+ Ly —cpet™ + L, e"J[02(0) — 91(0)].

Therefore, condition (M) holds if

3.2 M+ Lg —cpeMt + L, et =0.

Notice also that if ¢ >, @1 then ¢2(0) > ¢1(0) and hence (SM) is satisfied if
3.3) M+ Ly —cpett + L5 et =>0.

We next consider the case where u+L; = 0. Then for any nonnegative constants
ay, 0z with oy + 0z = 1, we have for ¢ =, ¢, that

H[D(92) — D(@1)] + F(92) — T(¢1)
= o (K + La) — cue ][02(0) — 91(0)]
+ [o2(u + L1)e M + Lo][@2(—w) — @1 (—w)].

So, (M) is satisfied if

1
B L =0
(3.4) (L + Ly)e Mt —cu =0,
O(p+L)e M+ 1L, =0,

and (SM) is satisfied if

C1
=0,
(3.5) (M +Ly)e™ —cu=>0,
(L +Ly)e7 e+, =0.

Note also that if < T then ¢z =, @, implies
02(=T) — @1(=T) < "V [a(~w) — P1(-W)].
So @2 =, @1 implies that

H[D(92) — D(@1)] + F(92) — T(01)
= [(1 + L1)e ™ — cuet ™™ + Lyl[ego (—w) — ¢1(—w)]
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and hence (M) is also satisfied if
I:HI"' L1 =0,

(3.6) _ _
(M + Lp)e ™0 —cpet(™=o) + |, = 0.

More sets of su Lcieht conditions for (M) and (SM) can be given similarly.

Similarly, we can show that if @, ¢ QA with @(s) = y(s) for s [J3Fr,0] then
(o) — () = (L] +L)|leo —w||. Hence, (L™) holds with L = —(L] +L5).

In the case where g(x,y) = —h(x) + h(y), (x,y) [CR?, (L7) is satisfied if
—oo < infy xh(X) < sup, gh(X) < +oo. Therefore, (SM) is satisfied if either
(3.3) or (3.5) holds with L; = —sup, gh'(X) and L, = infyx igh(x). In particular,
(3.3) holds if 0 < infy rgh(X) < sup, gh'(x) < +o0 and c is su [Ciehtly small.

Note also that for equation (3.1) with g(x,y) = —h(X)+h(y), (x,y) [CRP, every
constant function is a solution. The following result shows that one can apply the
principle of sequential limit set trichotomy (Proposition 3.1 in [9]) to prove that,
under certain conditions, every solution of (3.1) converges to a constant.

Theorem 3.1. Consider equation (3.1) with g(x,y) = —h(xX) + h(y), (x,y) 1
R2. Assume that there exists a constant 1 > 0 so that one of the conditions

3.7 inf h'{x) =0, p(1 —ce"") — sup h'{x) > 0;
x [R] % [R1

(3.8) inf h'{x) <0, p(1 — ce"™) — max{sup h'(x), 0} + inf h'{x)et® >0
X [R1 % [R1 X [R1

is satisfied. Then for any ¢ X := {o Q! : ¢%0) — co'(—1) = —h((0)) +
h(p(—w))} there exists a constant m = mg so that lim¢ . oo X(t, @) = M.

Proof. It is easy to show that either (3.7) or (3.8) implies (3.3) with L; =
— sup, (rn(X) and L, = infyx =h'(x). Therefore, (3.1) satisfies (SM). Moreover,
u>—(Ly +L5).

In order to apply Proposition 3.1 of [9], the following compactness hypothesis
is required:
(C) For each ¢ [N, {X¢(p) : t= 0} is precompact in X and, in addition, for each

compact subset K of X, LCudx(@) is precompact in X.

This condition holds, in particular, if for any bounded subset B of X, the set

{x¢(9) : ¢ (B, t=0}is precompact in X (see [9]). For a given ¢ X we have

—o0 < Ky < K? < +o0,

where
1 . . .
Ko = u min{o, 0 %ﬂofp%)} T %ﬂo} °0).
1
o
K m max{0, (ano] 9O} + 6 L] ).
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Clearly, ¢(8) < K¢® for 6 [[3r,0]. Moreover

%[(K"’ — 0(8))e"’] = [W(K® — ¢(8)) — 9'(6)]e"® =0, 6 [[+r,0].
Therefore, ¢ <, K®. Similarly, ¢ =, Kq,. So by Theorem 2.6, we have
Ko <u %e(@) = K?, t=0,
since every constant function is a solution of (3.1). Consequently,
Ko = x(t, ) =K? t=0,
and

H(Kg — K®) < u[Kq — x(t, 0)] < x{t, 9) < p[K® — x(t, 9)] < W(K® — Ky)

on [0,00). If B is a bounded subset of X, then KB = SUPg rgIK? < o0, Kg =
infy ey > —oo and

Ke = Xx(t,9) = KB, p(Ks —KB) = x'(t,9) = p(K® —Kg) (t=0, ¢ [H).

Hence it follows that {x«(¢) : t =0, ¢ B} is precompact in C. From x [
CY([—r, o0); R) we obtain D(Xx7+nh — XF) = F(Xtxn) — F(X¢), t =0, h = 0. Hence,
applying the above inequalities and Theorem 4.1 of [5, p. 287] (D is stable in the
sense of [5], it follows that there is a b > 0 such that

(X1 (@) = Xe(@)]] < blIxr(9) — ¢l + bhp(K® — Kg) )S(légjlhqx)l

for any t =0 and ¢ [Bl. Therefore, {x{{p) : t=0, ¢ B} is uniformly bounded
and equicontinuous in C. Consequently, {x¢(¢) : t =0, @ B} is precompact
in X.

By Lemma 2.3, ¢ can be approximated from below in X by a sequence. There-
fore, by the principle of sequential limit set trichotomy (Proposition 3.1 in [9]),
we can find a sequence {@n} such that ¢n <, @n+1 <y @ for n =1 with ¢, - @
as n - oo and satisfying one of the following: (a) w(¢) = uy for some uy, [CX;
(b) w(en) are identical for all n and consist of a single point (equilibrium) and
0(Pn) <u w(9); (c) w(pn) are all identical to w(g) for all n, where w(p) is the
omega limit set of the orbit {X:(¢)}=0. Since in case (a) uy, = w(®) is a single
point in X, the invariance of w(@) implies that uy = m for some constant my.
So it su [ced to exclude (b) and (c). This can be done by proving that if (3.7) or
(3.8) is satisfied and @, ¢ X with ¢ >, @, then w(P) n w(p) = LINote that
(3.1) with g(x,y) = —h(x) + h(y) is equivalent to

d g
&[x(t) —cx(t—1) + h(x(t+s))ds] =0, t=0.

—W
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Therefore, any point ¢1_w() satisfies

Cd
h(g(s)) ds.

4
" 0) —co" 1)+ h(e"(5))ds = @(0) — cp(—T) +

Similar result holds for { ~@(y). Consequently, if w(P) n w(@) = CThils, then
J 4

(39 90 —co(-1) + ~ h(e(s)) ds = P(0) —cy(=1) + ~ h(y(s)) ds.
But infx rrsh'€x) < 0 and ¢ >, @ imply that
d Cd
Y(0) —cy(-1) + - h(Y(s)) ds — [@(0) — co(—T) + h(e(s)) ds]
(OV) g —W

=>[1—ceM" + jnf h ) e M ds][y(0) — 9(0)]

> WL — cetT) + inf hi(x)eH][W(0) — @(0)]

>0,

by using (3.8). This clearly contradicts to (3.9). Similarly, if infy zh{x) =0, by
using condition (3.7), we will also get a contradiction to (3.9). This shows that
w(@) n w() = and the proof is complete.
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