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STRICTLY ORDER PRIMAL ALGEBRAS

O. LUDERS and D. SCHWEIGERT

Partial orders and the clones of functions preserving them have been thoroughly
studied in recent years. The topic of this papers is strict orders which are irreflex-
ive, asymmetric and transitive subrelations of partial orders. We call an algebra
A = (A, Q) strictly order primal if for some strict order (A, <) the term func-
tions are precisely the functions which preserve this strict order. Our approach
has some parallels to the theory of order primal algebras [8], [2]. We present new
examples of congruence distributive varieties and of strict orders without near
unanimity operations. Then we give a series of new examples showing that there
are varieties which are (n + 1)-permutable but not n-permutable. Furthermore
the dual category of strict chains is described by the methods from B. Davey and
H. Werner [3]. Throughout we use the notations of Gratzer [4] and assume a
knowledge of Davey-Werner [3] for the last section.

1. Notation

Definition 1.1. A binary relation < on A is called a strict order if the following
properties hold.

(i) ag& aforevery a CAl (irreflexivity)
(ii) if a<b then b & a for all a,b [CA (asymmetry)
(iii) ifa<band b <c then a<c for all a,b,¢c [CAl (transitivity).

To every strict order we can define a partial ordera<bilCa<bora=bhand
vice versa from every partial order we can define a strict order. But we would like
to call the attention of the reader to the fact that the product of strict orders is
defined according to the principles in clone theory.

Definition 1.2. Let (A;<a) and (B;<g) be strict orders. Then the strict
order (A x B; <) is defined componentwise in the following way. (a1, b1) < (az,bz)
if and only if a1 <a @ and by <g b>.
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We present as an example the strict order D3 = ({0, 1}?; <) by its Hasse dia-
gram

Definition 1.3. A function f: A — B from a strict order (A;<a) into
a strict order (B;<g) is called strictly monotone if from a; <a a, it follows
f(a1) <g f(a2).

One can observe in the above example four strictly monotone functions
f: D3 — D, which can be presented by the four term functions x, y, xy, Xy
of the lattice connected to D, = ({0, 1}; <). We will write a [hin (A;<) ifa<b
in (A; <) and there exists no¢c CAlwitha<c<h.

Pol, < is the set of all strictly monotone functions f: A" — A and Pol <=
CadufP ol < is the clone of all strictly monotone functions of (A;<). Given an
algebra A = (A, Q) we write Th(A) for the set of all n-place term functions of A
and T (A) for the clone of term functions of A.

2. Strictly Monotone Funtions on a Chain

Notation 2.1. Assume that A has no infinite chains. The length [{(&,b) for
a,b CAlwith a < b is defined to be one less than the number of elements in a chain
of maximum size from a to b. Extend [to a function [JA2 —— Ng by defining
[(&,b) = 0 whenever a & b. A function f: A" — A is called length preserving if
[{&,b) < (F(a), F(b)) for all a,b CA".

Lemma 2.2. Assume that A has no inifinte chains. The function f: A" — A
is strictly monotone on (A; <) if and only if f is length preserving.

Proof. Let f [CHol <, a < b and [{&,b) = r. Then there exists a maximal
chaina =ap, [Ca] 1 [a} =bimplying f(a) < f(a;) < ... < f(b). Hence
[(f(a), f(b)) = r. On the other hand if f is length preserving and a < b then
1< [(4,b) = [(F(a), F(b)) and hence f(a) < f(b). 1

From now on we assume that (A; <) is a finite chain where A = {0,1,... ,k}
and 0 CTOC1 Kl

Proposition 2.3. The length function Con A" satiesfies [(D,a) = min{ay, ...,
an} where a = (ag,...an).
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Proof. One observes that for a,, = min{as, ... ,an} the chain a, Cal—; 1
... [OForresponds to a maximal chain for 0 < a. 1

Notation 2.4. Denote the top element of A" by k. Letc CA", ¢ = (C1,...,Cn)
and r CAwith [(0,c) < r < k — [{¢, k). We define the function g{: A" — A by
(1) 9f(x) = max{r + (8, x), [(D, x)} whenever x >cor x =c¢
(i) gf(x) = [(D, x) whenever x & ¢ and x & c.

Note that gf(x): A" — A is strictly monotone.

Lemma 2.5. Every strictly monotone function f: A" — A can be obtained
by composing the function max and g{ for ¢ CA" and r CAL

Proof. We consider C = {c [CA" | f(c) > [(D,c)} as an index set to define
h(x) = max{gf(x) | ¢ L, r = f(c)}.

We have to show that h(x) = f(x) for all x CA". Consider an n-tuple x CA".
We have [(0, x) < f(x) and hence g¢(x) < f(x) whenever x & ¢ and x & c. For
X = ¢ we have gf(x) = f(x) and for x > ¢ we have

g¢ (x) = max{r + [(¢, x), [0, X)}
= max{f(c) + [(¢, x), [(0, x)}
< max{f(c) + [(F(c), F(x)), [0, F(x))}
=fx)
as T is length preserving.
Altogether we have gL (x) < f(x) and for some ¢ we have gf(x) = f(x). 1

Lemma 2.6. Every function gf: A" — A can be composed by functions
g5: A3 —, A and min.

Proof. We assume n = 3 and we put for ¢ = (c1,...,Cn)
D:={d [{&1,...,cn}’ | [0,d) <r=<k— [(dKk)}
We define a function h by
h(x) = min{gc(x) | d [}

with X = (x;, Xj, x1) corresponding to d = (cj, j, Ci).
Our aim is to prove that h(x) = gf(x) for all x CAI".
Consider an n-tuple x CA". If we have X > d or X = d then we have

9g(X) = max{r + [{d, x), [0, X)}
= max{r + (&, x), [0, x)}

=gc(x)
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If we have X & d and X & d then we have x & ¢ and x & ¢ and we get

94(X) = [0, X) = (D, x) = g¢ (%)

It remains to show that for some d we have

94(X) = g¢(X).

Case: x =c.

In this case we have X = d and so g§(X) = g{(X).

Case: x> c.

Letc =ap [ajd 1 [&ad = x be a maximal chain from ¢ to x. Then for some
component m we have a chain ¢, = apm [adm Calm 1 [C&adm = Xm and
for all other components there exist chains of equal or larger length. Let i be an
index such that x; = (0, x). We now take an index j with ¢; = [(0,c) ifc; =r
and ¢j = k — [{8, k) else. Obviously d = (cj, ¢j,cm) [CD. We have

ga(X) = max{r + [(d,X), [0, X)}
= max{r + (&, x), [0, x)}
= gc(x).
Case: xB cand x B c.
In this case there exist h,| {1, ... ,n} such that xn, & c, and x; & ¢;. Let s be
an index such that xs = min{xs, ... ,Xn}. Forcs =r let ¢c; = min{cy, ... ,cn} else

ci = max{cy,...,Cn}. If cs B X5 then we choose d = (cs, ¢h, Ci) else d = (cs, ¢y, Ci).
We have also d [J,d € x and d & X. Hence

05(%) = %s = gL(¥). —

3. Strictly Order Primal Algebras

Definition 3.1. The algebra A = (A, Q) is called n-sop for n [Nl if T,(A) =
Pol, < for some strict order <. We call A a sop (: = strictly order primal)
algebra if A is n-sop for every n [N

Examples.

3.2. Every lattice L where L is a chain is 1-sop. Observe that the identity function
id is the only function which preserves this strict order.

3.3. A non trivial lattice L is 2-sop if and only if L is isomorphic to the two-element
distributive lattice D,. D is not 3-sop.

3.4. Consider an algebra G = ({0, 1}; LI g) where q(X1, X2, X3) = X1 + X2 + X3
with the addition mod 2. The algebra G is 3-sop.
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The following lemma can be proved in a similar way as the analogous lemma
in [8].

Lemma 3.5. If A is n-sop then A is k-sop for 1=k =n.
Using Lemma 2.6 above we have the following result:

Theorem 3.6. Let A be an algebra with T(A) [Pbl < where > is a finite
chain. Then A is sop if and only if A is 3-sop.

Examples.
3.7. The algebra G = ({0, 1}; L1 g) is sop.
3.8. The algebra G = ({0, 1,... ,k};Polz <) is sop.

3.9. By a similar method one can show for the “projective line” My; n = 2, that
My, = (Mp; Pols <) is sop.

Remark 3.10. In an unpublished manuscript [6] it has been shown that for
the strict orders (Q; <) and (R; <) the clone Pol < is locally preprimal. Pol <
includes the following operations: x +vy, ¢ X with ¢ CQ" or ¢ [CRI" respectively,
and min{x,y}, max{x,y}. These algebras are called locally sop.

4. Congruence Distributivity and n-permutability

In our examples the existence of near unanimity operations play an important
role. Therefore we would like to present two examples of strict orders which cause
major obstacles to proofs like those above.

Examples.

4.1. The strict order which is induced by the following lattice order does not admit
a majority function. This is the smallest example with this property.
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Observe that for a majority function h we would have that

h(as,a4,a5) <h(as,as,1) =as
h(as, as,as) > h(ai,az,a1) = a1
h(as, as,as) > h(az, az, a2) = a,

in contradiction to the fact that there is no element x with a;,a, < X < as.

4.2. Let < be the strict order induced by the lattice order (Bs; <) where B3 is
the Boolean lattice with 8 elements. Then there exists no near unanimity
function in Pol <. This again is the smallest example with this property.

Notation 4.3. We consider the following strict order “zig zag” (D,DY, D =
{1,...,n}, D={15... ,n%}, presented by the Hasse diagram

A zig zag line is a sequence ag < a; > a, < ag... [a}) where a; < aj+1 is a
lower respectively a; > aj+1 is an upper neighbor of aj+; in the zig zag (D, DY,
i=1,...,n—1.

Theorem 4.4. If A is a sop algebra with a zig zag (D, DY, n = 3 as a subal-
gebra then A generates a variety which is not congruence distributive.

Proof. We carry out the proof for n even; the case when n is odd can be treated
similary. Let n be an even integer, n = 4. Then there is a unique shortest zig
zag line from 1 to n“and it has n elements. We show the following conditions for
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terms d, t CTI(A).

d@1,1,2)=1 = 1

i d 1(Diﬂ,2§) _qo = impli d,2,2) =1
(W12 = == ik d(1,2,2) =1
d(x,y,x) = x

B) t(152525=1" =
t’12’2—1 g_ li (1.2 =1

h2B=1 gy imelies (17172 = 1°

t(x,y,X) = X

From 1 = d(1,1,2) < d(2715Y35 > d(3,2,4) < d(43755 > ... >d(n—1,n—
2,n) < d(nFn"— 1,nY = nPwe conclude that d(i,i—1,i+ 1) =iforl<i<n
or respectively 17< i < n Especially we have d(25/15'35 = 2Yand furthermore
d(1,2,2) < d(271535 = 25 d(151515 = 17 Hence we have d(1,2,2) = 1. In the
same we get d(152525 = 1% Hence a) is proved.

Again we use that there is a unique shortest zig zag line from 1™to n and it
has n elements and consider 17= t(15252Y > t(2,1,3) < t(372745 < ... >
t(n,n —1,n) = n which implies t(2,1,3) = 2. Furthermore we have t(151529 >
t(2,1,3) =2 and t(1,1,1) = 1. We conclude that t(15/152% = 1¥and in the same
way that t(1, 1,2) = 1. Hence () is proved.

Now we assume that the variety generated by A is congruence distributive.
Then there are ternary terms to,...,tx with to(X,y,z) = X, tk(X,y,2) = z,
ti(x,y,X) =x (0 =i = Kk), tij(X,X,2) = tir1(X,%,2) for i even and tj(x,z,z) =
ti+1(X, 2, 2) for i odd. Because of the implications o) and 3) we have ty—1(1,2,2) =
1 for k — 1 odd or respectively tx—1(1,1,2) = 1 for k — 1 even. This contradicts
the conditions for congruence distributivity.

Corollary 4.5. If A is a sop algebra with a zig zag (D,D"Y, n = 3, as a
subalgebra then the variety generated by A has no near unanimity term.

Lemma 4.6. Let < be a bounded strict order on A with a maximal chain
0 CIOOC21.. Cl If Ais a sop algebra with T(A) = Pol < then the variety
generated by A is not n-permutable.

Proof. If A generates a variety with n-permutable congruences then there ex-
ist ternary terms po,pPi1,...,Pn such that po(X,y,z) = X, pn(X,y,z) = z and
Pi(%, X, ¥) = pi+x1(Xy,y) O <i<=n). Forx,y [({O,...,n}and n >x >y
we have pi(X,X,y) = pi+x1(X,¥,y) < pix1(X +1,x + 1,y +1). Hence we have
1 = po(1,1,0) < p1(2,2,1) < p23,3,2) < ... < pp—1(n—2,n—=2,n—1) =
pn(n—2,n—1,n—1) =n—1. This contradicts [(Ad,n—1) =n—2. 1

Lemma 4.7. Let A be an algebraon A ={0,1,...,n}. If A is sop with respect
to the strict order of the chain 0 [CI1[_1. [n] then the variety generated by A
is (n + 1)-permutable.
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Proof. Let A; = {(t,s,s) | s =i—1, t = 1} and B; = {(u,u,w) | u =
n—i, w = n—i+1}. By Lemma 2.5 the function pi(x,y, z) = max{gf(x,y,z) | c =
(c1,C2,c3) [CA; [BE, r = max{ci,c3}} is a term function of A fori =1,...,n.
This function p; has the following properties

1 .
=S x>y=i—1 1)
pi(x,y,y) = y>x>n—i 2)
ﬂn{x,y} else 3)
=S x=>y=>i—1 4)
pi(X, X, y) = y=x=n-i 5)
min{x,y} else 6)

0) We note that for x <y we have x < pi(X,V,Y), pi(X,X,y) <y as pj is a term
function or respectively for y < x, y < pi(X,Y,Y), pi(X, X,y) < X.

1) For x >y =i — 1 there exists (t,s,s) [A; such that((t = x) and (s =Yy)) or
(t=x—1) and (s <Y)). Hence we have gz‘tls,s)(x, Y,y) =X < pi(X,y,Yy) which
implies pi(X,y,y) = x by 0).

2) For y > x > n —i there exists (u,u,w) [H; such thatu <xandw =y — 1.
Therefore g, , wy(X,¥,Y) =y = pi(X,y,y) which implies pi(x,y,y) =y by 0).

3) If neither x >y =i—1nory > x> n—i holds then there exists no element
¢ [CA; [B; such that (x,y,y) = c¢. Then gi(x,y,y) = min{x,y} for every
¢ AL [BE. Hence pi(X, X,y) = min{x,y}.

4) For x >y > i—1 there exists (t,s,s) [A; such thatt=x—1and s <y. This
implies gz‘tls,s)(x, X,¥) = X < pi(X, X, y) which implies pi(x, X,y) = x by 0).

5) For y > x = n — i there exists (u,u,w) [B; such that ((x = u) and (y = w))
or ((u<x) and (w =y —1)). Hence we have g, , ,,(X,X,¥) =y < pi(X,X,y)
which implies pi(X, X,y) = .

6) If neither x >y >i—1nory > x = n—i hold then there exists no element
¢ [CA; B such that (X,y,y) = c¢. Then gl(x,y,y) = min{x,y} for every
X A CBE. Hence pi(X,X,y) = min{X,y}.

Theorem 4.8. Let < be a bounded strict order on A = {0,1,...,n} with a
maximal chain 0 [CIC210C 1. [Cnl If A is a sop algebra with T(A) = Pol <
then the variety generated by A is (n + 1)-permutable but not n-permutable.

G. Grétzer asks for examples of varieties which show that n-permutability and
(n + 1)-permutability are not equivalent. (E. T. Schmidt [7]) The above theorem
provides a new series of such examples.
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5. A Duality for a Finite Sop Algebra

In this section we use notions and methods which were developed in B. Davey
and H. Werner [3]. We consider the finite sop algebra A where (A; <) is the strict
order induced by a k-element chain. Since A has a ternary near-unanimity term,
the NU-duality theorem from [3] guarantees that the prevariety generated by A
has a duality given by relations of arity at most two. Theorem 5.1 isolates an
appropriate set of relations.

Theorem 5.1. Let < be the strict order which is induced by a k-element
chain, A={0,... . k=1} A = (A,Q) with T(A) = Pol <, L = ISP(A),
A=AT<,<e°<,... ,ﬁ<mﬂ.oﬂ,1,...k—l) and Rg = ISP (A). Then

k—1
the protoduality is a full duality between L and Rg.

Proof. By [3] (Davey, Werner) we have to show that A is injective in Ry (INJ)
and fulfills condition (E3F).
(INJ) Let X [CAI' and let ¢: X —- A be a morphism. Then ¢ preserves the

relations <, < - <, ... VB < Prr° ﬂ 1,...k—1. Note that (X,y) l%ilj:lﬂfl:l

k—1
iCIXx,y) =i in (A", <). Hence ¢ has the following properties
(i) for x = (X1,...,Xn) X we have: if min{Xy,...,Xn} = X; B 0 then
Xi—1=06(X—1,%xi—1,...,Xi—1) <b(Xg,...,Xn)
Hence min{Xy, ... ,Xn} < (X1, ... ,Xn). Similary we get ¢(X1,... ,Xn) <
max{xy,...,Xn}
(i) for X = (X1,..., %), ¥ = (Y1,...,¥n) X, X <y and [(X,y) = r
in (A", <) we have (X,Y) I%o_.mj_ﬁmd hence ¢(X1,...,Xpn) +r <
r

dVY1,...,Yn).

Consequently we can extend ¢ by Lemma 2.5 to a length function ¢: A" — A
in the following way

%) if x X
Yx) = ﬂx{@,i) + ¢y, min{xy,...xp}H} ifXIXand [¥FILCH:y <X
min{Xz,... ,Xn} otherwise

(E3F) Let X [Y1L[AI' a CYI\ X. Then the morphisms ¢, : Y — A defined
by
_ I:mlin{xl,... Xny forx&a

max{xi,...,Xn} forx=a

min{xy,...,Xn} forx&a

max{xi,...,Xn}t forx=>a
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are such that ¢|X = y|X but ¢ B . 1

Remark. Since we have a ternary near unanimity function h with h(x,y,z) =
max{min{x, y}, min{x, z}, min{y, z}} in T (A) the variety V (A) is congruence dis-
tributive. Furthermore A has only simple subalgebras. Hence by B. Jbonsson’s
theorem we obtain V (A) = ISP (A), i.e. the full duality of Theorem 5.1 for the
quasivariety generated by A is also a full duality for V (A).
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