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ADJOINTS OF SOLUTION SEMIGROUPS AND
IDENTIFIABILITY OF DELAY DIFFERENTIAL
EQUATIONS IN HILBERT SPACES

M. MASTINSEK

Abstract. The paper deals with semigroups of operators associated with delay
di [Cerkntial equation:

X(t) = Ax(t) + Lix(t — h) + Laxt,

where A is the infinitesimal generator of an analytic semigroup on a Hilbert space X
and L1, Lo are densely defined closed operators in X and L2(—h, 0; X) respectively.

The adjoint semigroup of the solution semigroup of the delay di [erential equation
is characterized. Eigenspaces of the generator of the adjoint semigroup are studied
and the identifiability of parameters of the equation is given.

1. Introduction

The purpose of this paper is to consider the delay di[erkntial equation (DDE)
of the form:

4
(1.1) X = Ax(t) + Aix(t—h) +  a(s)Axx(t+s)ds, t>0
h

x(0) = ¢°, x(s) = ¢'(s) a.e. on[—h,0)

where A is the infinitesimal generator of an analytic semigroup on a Hilbert
space X, A; and A, are densely defined closed operators in X and a(:) is scalar
valued function.

Equations of this type were considered by Di Blasio, Kunisch and Sinestrari
in [5], [6]. They have given results on existence, uniqueness and stability of the
solution. In the study of DDE (1.1) in R" Bernier, Delfour and Manitius have
introduced so-called structural operators in order to describe the evolution of the
trajectories as well as to characterize the adjoint semigroup of the solution semi-
group of (1.1); see [3], [4]. Their results have been later generalized to infinite-
dimensional spaces, see [8], [13], [15], [19] for example. The adjoint semigroup for
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the DDE (1.1) where a(:) is Hoelder’s continuous and A is defined by a sesquilin-
ear form was first characterized by Tanabe in [19]; (see also [7] and [8]). In [16]
Nakagiri and Yamamoto solved the identifiability problem for (1.1) where A;, A,
are bounded operators in X. It is an inverse problem, its objective is to show
the injectivity of the parameter to the solution mapping. In [7] Yeong showed the
identifiability of parameters for the case where A = A; = A,.

In this paper the characterization of the adjoint semigroup of DDE (1.1) is
obtained in a dilerent way by using Yosida — type approximations. Here it
is assumed that a(:) is a square integrable function and A generates a bounded
analytic semigroup on X. In the second part of the paper, eigenspaces of the
infinitesimal generator of the adjoint semigroup are considered. It is shown that
the identifiability results of Nakagiri and Yamamoto [16] can be generalized for
the case where A; and A, are unbounded operators in X.

The notation is as follows. Let X denote a complex Banach space with norm
[Ixl. For real numbers a < b, L?(a, b; X) denotes the vector space (of equivalence
classes) of strongly measurable functions x from [a, b] to X such that t - [X{t)[Z]
is Lebesgue integrable on [a,b]. If X is a Hilbert space with inner product []-[J
then L?(a, b; X) is a Hilbert space with inner product

)
DY Lh@px) = . X(t), y (t) Ldit.

The space of continuous functions on [a, b] with values in X is denoted by C(a, b; X)
and W1-2(a, b; X) denotes the space of absolutely continuous functions f from [a, b]
to X with f 1P (a, b; X). Given a function x from [—h,t] to X and t [0, 1], a
segment of a trajectory X is defined by x¢(s) : =x(t +s) for s [[=h,0].

If Y is a Banach space, then .Z (X, Y) is the space of linear bounded operators
from X to Y and the inclusion X 3 Y means that X is continuously and densely
embedded in Y. If A: D(A) Xl - X is a closed linear operator, D(A) will be
regarded as a normed space equipped with the graph norm [XIglay : = (XTZ]+
[Ax|%)Y/2. As usual R(A, A) = (Al — A)~1 for every A [p[A) — the resolvent
set of A. The spectrum and the kernel of A are denoted by a(A) and ker(A)
respectively.

If A 'is the infinitesimal generator of an analytic semigroup S(t), then the in-
termediate vector space V between D(A) and X is defined as follows

1 1
(1.2) V:i= vIX [AS(t)v 21t < oo
0
with norm
L1 0 Lyrd

(1.3) ML = NIEPW [AS(t)v it
0
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The following relations are satisfied: D(A) 3 V G X. It is known that the space
L2(0,T; D(A)) nW2(0, T; X) is continuously embedded in C(0, T;V ) so that there
exists cg such that

14 XIclorvy = co XLid o r:p(Ay) nw.2(0,1:X)
for each x [CIP(0,T;D(A)) n W12(0, T; X). For the details see e.g. [10, p. 23].

2. Solution Semigroups

Let X be a Hilbert space with norm [=1Cdnd let A: D(A) Xl - X be the
infinitesimal generator of a bounded analytic semigroup {S(t);t = 0} on X. Let
A CZF(DA), X) fori =1,2, and let V be the intermediate space, D(A) V1 [ 1
X, defined by (1.2) and (1.3).

We consider the delay di Lerential equation (DDE):

[
2.1) X(t) = AX(t) + Aix(t—h) + a(s)Axx(t +s)ds
h

x(0) = @°, x(s) = @*(s) a.e. on[—h,0),

for almost every t (D, 1) and ¢ = (¢°, @) an element from the product space
M?2: =X x L2(—h,0; X). We assume h >0, T > 0 and a [I?(—h,0;R).

This form of the DDE (2.1) was studied by Di Blasio, Kunish and Sinestrari
in [5], [6]. By Theorems 3.3 and 4.1 in [5] we have the following result: For every
@ [Z: =V x ¢ : =V xL2(—h,0;D(A)) the solution x of (2.1) exists uniquely
and the following estimate holds

XL 0, v:D(ayynw2,r:x) =< c([@f La+ gt G4),

for some constant c; dependent of T. Moreover, the family of operators {T (t);
t = 0} defined by
T 1 =(X(t), %)

is a strongly continuous semigroup on Z.

In order to obtain the characterization of the adjoint semigroup T 5(t) of the
solution semigroup T (t), we introduce approximative DDEs of the equation (2.1).

We define approximating bounded operators by using the resolvent R(A, A) of
the operator A:

Rx =ARMAA), An=A1Rx and A = AsR,,

for A> 0. Let us note that [R) Ldxy =M < oo and }!im [Rhx—x[=Z 0 X1 CA.
<<oco
Thus the following estimates hold:

2.2) }\Iim [Aixx —Ajx[F 0 forx [(O(A) and i=1,2.
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We consider the following approximative delay di Lerential equation (ADDE):

4
(2.3) XA = A + Apxa(t—h) +  a(s)Aaaxa(t +s)ds
h

xa(0) = 9%,  xa(s) = @(s) a.e. on [—h,0).

Since the operators in (2.3), excluding A, are bounded in X we can use known
results on DDEs: For every @ [CM? the mild solution x, of (2.3) exists uniquely;
i.e. X, solves the integral equation
d J [ 1
Xa() =S’ +  S(t—s) Apxa(s—h)+ a(NAxXa(s+r)dr ds.
0

Moreover, the family of operators {Tx(t); t = 0} defined by
TA(®® = (Xa(t), Xat)

is a strongly continuous semigroup on M? for every A > 0, (see e.g. [13], [15]).

Proposition 2.1. i) The restriction of Tx(t) to Z is a strongly continuous
semigroup on Z and

M®oeZ<cplz] 0<t<T,

for every ¢ [Z. The constant ¢, is independent of A.
(ii) For every ¢ [CZ the following equation holds

(2.4) Jim (M9 — T(MeLz!=0.

uniformly over bounded time intervals.

Proof. The proposition can be proved analogously to Corollary 2.4 and Propo-
sition 2.5 in [12] and [13], so we omit the details. 1

The next objective is to introduce the so-called transposed semigroup which
allows a characterization of the adjoint semigroup {T (t); t = 0} of the solution
semigroup {T (t); t = 0} of DDE (2.1). It is well known that the adjoint oper-
ator A6f A is the infinitesimal generator of the semigroup of adjoint operators
{S(); t = 0} of S(t). The spectrum of the adjoint A™is just the conjugate of
the spectrum of A. Therefore the operator A™s itself the generator of a bounded
analytic semigroup (see e.g. [2], [17])-

We consider the dual or transposed DDE associated with the equation (2.1)

4
(2.5) y(t) = Al(t) + Ayt — h) + a(s)ALy\(t +s)ds
h

y(0) =¢° y(s)=y'(s) ae. on[-h,0),



DELAY EQUATIONS IN HILBERT SPACES 197

for a.e. t (D, 7). The initial value ¢ = (Y°, P?) is an element of the product
space Z— =Vx L2(—h,0; D(AY), where
1 1
Vo= w X A w it <
0

with norm

L1 ([ Lyl
i) = D[RR A S)w it
0

is the intermediate space between D(AD'and X and D(AYis equipped with the
graph norm. We assume that the operators A-i = 1,2 belong to . (D(AY!X).
Thus the operators appearing in (2.5) are of the same type as those given in the
original equation (2.1). Therefore by Theorems 3.3 and 4.1 in [5] we have the
following result:

For every W [Zl—there is a unique solution y of (2.5). Moreover, the family of
operators {T T (t); t = 0} defined by

TTOY: =),y

is a strongly continuous semigroup on Z It is called a transposed semigroup.

Let us denote the approximating adjoint operators by Rx%= (R)) S AL = (Ain)™
i =1,2 for A >0. We note that ALY = (AiRA) Y = RJALY for every y [O(AY
(see e.g. [9, p. 168]).

Consider the approximative dual DDE of equation (2.5):

4
(2.6) ya(t) = A'YA() + ARYa(t—h) + ) a(s)ALYA(t +s)ds

yA(0) = U°,  ya(s) =w'(s) ae. on(=h,0),

for a.e. t [(0,T) and Y [M?.

The approximative equation (2.6) is of the same type as ADDE (2.3) Therefore
the unique mild solution y, of (2.6) exists for every ¢ [M? and A > 0. Also the
family of approximative transposed semigroups {T, (t); t = 0} is defined by

Tx (O 1 = (Ya(t), ya), [ M2

By the same argument as given above for Proposition 2.1 we conclude: the restric-
tion of T, (t) to Z s a strongly continuous semigroup on Z—and

2.7 Jim. T (YW — TT (W Iz) =0, for every ¢ [Z—

uniformly over bounded time intervals.
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3. Structural Operators, Adjoint Semigroups and Generators

In this section we introduce structural operators which provide the essential con-
nection between the adjoint and transposed semigroups associated with equations
(2.1) and (2.3). First we define the structural operator F: Z - M? associated
with DDE (2.1):

Fo: =(¢°,Ho') for ¢ [

where d
(HoH)(s) : =A9'(-h—s)+  a(nA'(r—s)dr.
—h
We note that F ¥ (Z,M?). Let Z”and ZF¢denote dual spaces of Z and Z—
respectively. Then the following relations hold:

zo M2=mM?»"0 zY and zB3 M?2 =MD zE,

Therefore, it follows that F [ #(Z,Z5,and F- 1T (Z5ZY.
By a change of variables the following characterization of the adjoint operator
F “¢an be obtained (for the proof see e.g. [12], [13]):

Fhy = ° HYY) for L}J__sIEZIDand
H%Y(s) = Al (—h—s) + a(rALg(r —s)dr.
h

Next we define structural operators F: M? - M? associated with ADDE (2.3):
Fa@ : = (9%, Ha@t) where Hap! = HR ¢! and ¢ M2,

We note that F), A (M?) for A > 0 and thus F,-1_%(M?).

The product space M2 is a Hilbert space, so that the elements of the topolog-
ical dual (M?)“can be identified with the elements of M? itself. Therefore the
adjoint semigroup {T,¢t); t = 0} is a strongly continuous semigroup on M? for
every A > 0.

DDE (2.3) with bounded operators acting in the delays has the same form as
the DDE studied in [13, Section 2]. Therefore the following characterization of
the adjoint semigroup T,t) is a direct consequence of Theorem 2.1 in [13] (see
also Theorem 4.2 in [15]):

Proposition 3.1. For A >0 let {T,(t) : t = 0} be the adjoint semigroup asso-
ciated with DDE (2.3) and {T, (t); t = 0} be the transposed semigroup associated
with (2.5). Then we have

(3.1) TathFad = FXTh (DY, t=0,

for every ¢ [M?2.
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By using relations (2.2) we can conclude that for ¢ [CZ, F @ converges to F¢
and for y A Fat converges to F iy in M2, Therefore we get the following
result:

Theorem 3.1. Let {T '(t); t = 0} be the adjoint semigroup of DDE (2.1) and
let {TT(t); t= 0} be the transposed semigroup associated with dual equation (2.5).
Then the following equation holds for every ¢ [Z5

(3.2) T'OFY=FFT (), for t=0.

Proof. The equation (3.2) follows from (2.4), (2.7) and equation (3.1). For the
details see e.g. [12, Theorem 4.5]. 1

Solution semigroups {T(t); t = 0} and {TT(t); t = 0} are strongly contin-
uous semigroups. We will denote their infinitesimal generators by <« and &/ T
respectively. The following characterization of . is proved in [5, Theorem 4.2.]:

1
(3.3) D(#)= ¢ [Z]¢'(0) =¢° ¢" CW"?(—h,0;D(A)) and
4 1

(AQ® + A19' (—h) +  a(s)Az0'(s)ds) [,

1 g -

o= AQ°+Ai9'(-h)+  a(s)Ax9'(s)ds, ¢’
—h

The operators appearing in the transposed equation (3.1) are of the same type
as those in the equation (2.1), so we have an analogous characterization of the
operator &/ :

1
B4 D@ = ¢ [Zc ') =y ' CW?(—h,0;D(A") and

g —1
AP +AgH(=h)+  a(s)Az¥'(s)ds) [V,
h

Ty =AY +AP )+ aEA () ds,ph).
—h
As noted the infinitesimal generator of the adjoint semigroup {T (t); t =0} is
the adjoint operator o7 “bf o7. By the definition of the infinitesimal generators
the following equation can be directly obtained from the equation (3.2):

(3.5) dBY =F Ty, fory CDO(&T).

This means that the generator .7 ~¢an be characterized by the generator </ and
the structural operator F 57 In the next section this relation will be used for the
characterization of eigenspaces of o7~
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4. Eigenspaces and ldentifiability

The description of the eigenvalues of .7 can be given by introducing a family
of operators A(w). For w [CCl the operator A(w): D(A) — X is defined by

W -
4.1) AW)x: =@l — A)x —e “"A;x — a(s)e®Sds Axx
—h

for every x [CIO(A). The equation A(w)x = 0 is known to be the generalization
of the characteristic equation for delay equations when X = R" (see e.g. [6],
[7], [15]). The following result is readily obtained (see e.g. [6]):

Proposition 4.1. Let w Q. Then ¢ belongs to the set ker(wl — &) if and
only if ¢ = (¢°, e®S¢®) and A(w)¢° = 0.

The description of the eigenvalues of the generator 7T can be given analogously
to that of «7. We define the family of operators AT (w): D(AYH' - X by

1
4.2) AT (@)x = (@l — AHk —e AR — a(s)e®sds ALX
h

for x CD(AD'and w [T We have the following characterization of op (&), the
point spectrum of /7 :

Proposition 4.2. Let ® Q. Then ¢ CKer(wl — </T) if and only if ¢ =
(L0, esy°) and AT (w)y° = 0.

Let us denote

(4.3) M, = ker(wl —.«7), N = ker(wl — &™),
NS= ker(wl — Y] for o CCL

We will consider the case where the eigenspaces of <7 are finite-dimensional. We
will assume the following hypothesis:

4.9) w Cab(#) and dimN, =d<oo.

Proposition 4.3. Let ® [CQ satisfy (4.4) and let @ be its conjugate. Then
® [Cap ()" and dimNJ =d.

Proof. Let L£-eénote the linear isomorphism between two vector spaces. By
Propositions 4.1 and 4.2 we have relations:

Ny, £kdrA@w) and NI £kdr AT @).
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The operators defined by R)AijRx, i = 1,2 are bounded in X for A > 0. By
assumption A; A (D(A), X) and AT Z(D(AD! X). Thus we have relations:

(4.5) (RAAIRA) "= (RA(AIRA) "= (AIRN) Ry = RARL! i=1,2.
The action of the operator A(w) can be given by
(4.6) A)x = [(wl = A) = F1(0)A1L — F2(0)A2] X,

where 4

fi(@)=e®"  f = a(s)e®Sds.
h

We note that the operator RyA(w)Rx is a sum of bounded operators on X. Thus
we have following relations:

(RAA(@)RA) "= [Ra((@1 — A) — F(0)A; — F2(0)A2)RA]
= Ryl@l — A= @A F2@)ATRY = RAAT @)R,

Since R\A(w)R, is a bounded operator on X it follows that
dimker(RyAT @)RY)'= dimker(RA\A(W)Rx) =d,

see e.g. [9, p. 184]. By the fact that Ris bijective operator and D(AT (w)) =
D(AS'we conclude that dimker AT (@) = d. By Proposition 4.2 then it follows:
dimNT =d and @ 33 (/7). 1

Theorem 4.1. Let w [Q satisfy (4.4). Then the eigenspace N s character-
ized by:

(4.7) Ng = F(Ng).

Proof. By equation (3.5) the following relation holds:
@ —aHFE Y =F (&l — o)
for every ¢ CO(«/T). Hence we have the inclusion:
(4.8) FiNG) O

Note that if ¢ CNJ and FY = 0, then it follows ¢ = 0. This means that the
operator F “estricted to N is an injective linear operator.

By the operator theory (see [9, p. 184]) an by assumption (4.4) we also have
@ [Cab(«Hand dimNJS %= dimN, = d. Thus we can conclude that dimN/ %=
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dim NS Hence by injectivity of F =6n N from the inclusion (4.8) the equation
(4.7) follows. 1

By the operator theory we have the following representation of the projector P
from the space Z to the finite-dimensional eigenspace Ny,:

1
Pz= (Z] n; L@;, z 4

i=1

where the set {¢;; i = 1,2,...,d} forms a basis in Ny, the set{n;; j =1,2,...,d}
forms a basis in N -4nd the following identities hold:

@, nj Lz 0= i -

For the details see e.g. [9, p. 25, p. 184].
By Theorem 4.1 there exists a basis {U;; j =1,2,...,d} in Ng. such that

1 | —
(4.9) Pz= [@FYjo;= Bz yjl@; for z A
j=1 j=1

Suppose that {gi; i =1,2,...,r} is a finite set of elements of the space Z. Then
the condition
Span{Pgi; i=1,2,...,r} =Ny

can be equivalently expressed by the following rank condition:

1 10 r:I
(4.10) rank [Elgi'lpjmjll,Z,...,d =d.

In [16] Nakagiri and Yamamoto solved the identifiability problem for DDE
(2.1) with A;, Ay & (X) provided that the set of initial functions satisfies rank
conditions (4.10). By using Theorem 4.1 the identifiability problem for DDE (2.1)
can be solved in the same way. More specifically, let us denote

0o(#) ={w [d| 0w Cap (&), dMmM, < oo},
where M, = ker(wl — )% denotes the generalized eigenspace of ./ and where k

is the order of the pole of the resolvent R(A, &) at A = w. Let us assume that .
satisfies the following hypothesis on the spectrum:

(4.11) o(«) = 0o(&) is a countable set and

(4.12) Cl(span{My; 0 Calw)}) = Z,
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where Cl denotes the closure in Z. This means that the system of eigenfunctions
of o/ is complete. For w, [al<’), n=1,2,3,... we will denote by

{oni; i=1,2,...,dn}

the basis in Ny, and by
{Unj; 1 =1,2,...,dn}
the basis in N . Note that Ny, [V,

We consider the problem of the identifiability of parameters of (2.1). We define
the model equation (2.1)™ as the equation (2.1) in which the parameters A, A;
and a(s) are replaced by A™, AT" and a™(s) respectively. We assume that A; is
a priori known operator, that is A, = AY".

Let {gi; i = 1,2,...,r} be the finite set of initial values and let x(t; g;) and
XM (t; gi) be solutions of (2.1) and (2.1)™ respectively. Then the operators A, A;
and the function a are called identifiable when the following implication holds:

If x(t;0i) = xM(t;g;) fori =1,2,...,r and t > 0, then

(4.13) Ax = AMx, Aix = AI'x for x CO(A) and a=a™.

Theorem 4.2. Let & and .&™ satisfy (4.11) and let @™ satisfy (4.12). If the

initial functions {g;; i =1,2,..., r} satisfy the following rank condition:
L1i - 1,2 r
mgy. m- — y Ly anay —
(414) rank F gh L|Jn,J 1 j 1 1' 2, s dn dn 1

for every n [N, then A, A; a are identifiable.

Proof. By Proposition 3.1 in [16] and by Proposition 3 in [18] it follows that
o/ = /™. By the same argument as that given in the proof of Theorem 3.1 in
[16] the identifiability of A, A1, a(s) can be readily obtained. 1

Remark. In the case where A; and A, are bounded the hypothesis (4.11)
of Theorem 4.2 are fulfilled, whenever A has a compact resolvent (see e.g. [16,
p. 320]). When A1, A, are unbounded an analogous result on identifiability under
approximation can be obtained by using ADDE (2.3):

Let us denote by o7 and &% infinitesimal generators of approximate semigroups
TA(t) and T,Y (t) on M2 for some A > 0. Let us assume that A has a compact
resolvent. Then

0(aa) = 0o(a/r)

is a countable set and we can denote by
{L|J)\,n,j; j=12,...,d}

the basis in
NX &, = ker(@nl — ).
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We define the model equation (2.3)™ as the equation (2.3) in which the param-
eters A, Aq, and a(s) are replaced by A™, AT} and a™(s) respectively.

Theorem 4.3. Let A and A™ have compact resolvents and let us assume that
the system of generalized eigenfunctions of ;™ is complete in M? for some A > 0.
If the initial functions {g;; i =1,2,...,r} satisfy the following rank condition:

L1

i - 1,2,...
I 1 ’ 1r :dn’

me . m
(4.15) rank  F"gi, Ux'h "j11,2,...,dn

for every n [N, then Ax = A™x, Aix = A"X for x CA(A) and a =a™.

Proof. The operators A, and AT are bounded, so we can apply Theorem 3.1
in [16] to the equations (2.3) and (2.3)™. We obtain identities A = A™, A = AT,
and a = a™. This means: R(A,A) = R(A,A™) and AT'R(AA) = AR\ A).
Hence it follows Al"x = A;x for every x [O(A). 1

5. Example

We consider the partial functional di Lerkntial equation of the form:

Cd
(5.1) Ue(t, X) = cuxx(t,x) +bu(t—h,x) + a(s)ux(t +s,x)ds

for t > 0, x (0, 2m) with boundary conditions

u(t,0) = u(t, 2m), ux(t,0) = ux(t, 2m)
u©,x) =g¢°(x),  u(s,x) =g*(s,x) a.e. [~h,0] % [0, 2n],
where ¢° X = L?(0,2n), g* [1F(h,0;X),c>0,bE0and a(s)ljlilz(—h,o; R).
The space X is a Hilbert space with inner product f,gl3= = f(X)g(x) dx.
The operator A: X - X is defined by

Af = cfTfor £ C4(A),
2(A) = {f X | f, w20, 2m; R) and (0) = £(2m), f{0) = £'(2n)}

The operators Aj, i = 1,2 are defined by

A1 = bl and AT = ffor f CA(AL),
2(A) = {f X | £ CW'2(0,2m;R) and (0) = F(2n)}.

Thus the partial functional dilerential equation (5.1) can be written in the
form (2.1).



DELAY EQUATIONS IN HILBERT SPACES 205

It is known that the operator A is self adjoint and that it is the infinitesi-
mal generator of a compact analytic semigroup S(t) in X, (see e.g. [1, p. 214],
[17, p. 234]. The eigenvalues of A are given by pn, = —cn?, n = 0,1,2,... and
the eigenfunctions {sinnx,cosnx;n =0, 1, 2,...} form a complete orthogonal sys-
tem in X. Let X, = Span{sinnx, cos nx} denote the associated eigenspace for

n=0,1,2,.... If P, is a projector from X to X, then
1
n=0

and

(5.3) S(t)f, = eHrtf, for f, CXp.

By the compactness of the semigroup S(t) it can be shown that the solution
semigroup T (t) of DDE (2.1) is compact for t > h, (see e.g. [21, p. 134]). This
means that the spectrum of its infinitesimal generator <7 is countable and is equal
to the point spectrum. Moreover, the generalized eigenspaces M, (&) of <« are
finite dimensional (see e.g. [17, p. 46], [20, p. 408]). For the characterization of
generalized eigenvectors of & see e.g. [14, p. 97].

In order to show the completeness of generalized eigenfunctions of &7 we will
proceed analogously to the proof of Theorem 2 in [7]. The restrictions of operators
A and A; to X, will be denoted by A, and Ain:

An = A@n and Ain = Ai @n.

The range of these restrictions is in X,. Thus we can consider DDE (2.1) with
operators A, A; replaced by A, and A, for any initial value ¢ M2 = X, x
L2(—h,0; X,,). Let Th(t) denote the solution semigroup of this restriction initial
value problem and let .o, be its infinitesimal generator. By (5.3) it follows

Tn(t) = T(t)HNlrzl and 9n = M@(%n) ,

which means that .#,,, ; (&) = A, ;(<n) for every eigenvalue wn j of An, j [N
Since X, is finite dimensional and b & 0 Theorems 5.1 and 5.4 in [11] imply that
elements of .#,,, ; (@n) form a complete system in M2 for every n =0,1,2,....
Hence by (5.2) it follows that (4.12) holds and the assumptions of Theorem 4.3 are
fulfilled. Therefore when the set of initial functions {gi, i = 1,2, ..., r} satisfies
rank conditions (4.14) the parameters c, b, a(s) are identifiable.
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