Acta Math. Univ. Comenianae 227
Vol. LXI11, 2(1994), pp. 227-239

ON THE STRUCTURE OF MINIMAL ATTRACTION
CENTERS OF RECURRENT TRAJECTORIES OF
CONTINUOUS MAPS OF THE INTERVAL

A. G. SIVAK

Abstract. We study the structure of minimal attraction centers of recurrent tra-
jectories of continuous maps of the interval, i.e. trajectories of points, which belong
to their w-limit sets. We establish su [cieht conditions, under which a pair of closed
sets is realizable as the pair of the w-limit set and the minimal attraction center
of a recurrent trajectory of a continuous map. The case when these conditions are
necessary and are not su [cieht is also discussed and corresponding examples are
suggested.

1. Introduction

We study the dynamics of continuous maps f: 1 - | where I is the interval
[0,1]. Each point x [Tlcorresponds to an ordered sequence {f"(x)}n=;, which is
called the trajectory of the point x. The limit behavior of a trajectory is usually
described by its w-limit set, i.e. by the set of limit points of the trajectory. The ad-
missible topological structure of w-limit sets of continuous maps and the dynamics
of such maps on w-limit sets were studied in sixties by A. N. SharkovskiT ([6]-[9]).
In particular, it has been shown in [6] that for continuous maps of the interval any
w-limit set is either a nowhere dense set or a finite collection of mutually disjoint
nondegenerate intervals. Recently it was proved [1] that any nonempty closed set
of the above mentioned structure is the w-limit set of a trajectory of a continuous
map of the interval.

Statistical peculiarities of the limit behavior of a trajectory are characterized by
the minimal attraction center or statistical limit set (o-limit set) of the trajectory,
i.e. by the smallest closed set, near which the trajectory moves almost all time.
The notion of minimal attraction center was first used in [2], [4] (see also [5])
in connection with the study of the existence problem for invariant measures of
dynamical systems. We use the following definition of this set.

The trajectory of a point x is called to be statistically asqufgi_clm] to a closed

set F if for any open neighborhood U of F one has lim LX) =1
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where 1y is the indicator function on U, i.e. the real-valued function such that
1y (X) = 1 for x [0l and 1y (x) = 0 for x Ul The o-limit set o(x, ) is defined to
be the smallest closed set, which the trajectory of x is statistically asymptotic to.

The set o(x, ) is characterized by the following two properties:

(i) the trajectory of x is statistically asymptotic to o(x, f),

(i) for every y [Cd(x,f) and for every open set U containing the point v,
one has

1 1
limsup = 1y (f'(x)) > 0.

nooo N i=0

The admissible topological structure of minimal attraction centers of continuous
maps of the interval was described in [10]: in order that a closed nonempty subset
of the interval be the o-limit set of a trajectory of a continuous map of the interval,
it is necessary and su Lcieht that either this subset be nowhere dense or it be a
finite collection of mutually disjoint nondegenerate closed intervals.

In this paper we study the structure of minimal attraction centers of recurrent
(more exactly, w-recurrent) trajectories of continuous maps of the interval, i.e.
trajectories belonging to their w-limit sets. Using simple arguments based on
results of [6], [1] and [10], it is not di Ccullt to understand the mutually admissible
structure of w- and o-limit sets of recurrent trajectories having infinite w-limit sets
(if an w-limit set is finite, then it is a cycle [6]): the w-limit set must be a perfect
set, which satisfies the above mentioned admissibility conditions for w-limit sets,
and the o-limit set must either coincide with the w-limit set or be a nonempty
nowhere dense subset of the w-limit set. We prove that if a pair of closed sets (P, S)
satisfies these admissibility conditions for (w, 0)-pairs of recurrent trajectories of
continuous maps and if, in addition, the set P is not two or more closed intervals,
then these conditions are su Lcieht for a pair of sets be realizable as the (w, 0)-pair
of a recurrent trajectory of a continuous map of the interval. If the set P is two
or more intervals, the map must cyclically permute these intervals and this fact
generates additional restrictions on the structure of corresponding o-limit set in
the w-limit set. For this case we suggest corresponding examples and prove that
such a pair of sets is the (w, 0)-pair of a recurrent trajectory of a continuous map
of the interval if and only if the set S can be continuously mapped onto itself in
a suitable way, i.e. the problem under consideration is reduced to the problem of
finding of a continuous map of a certain kind on S.

2. Admissibility Conditions

In what follows, P and S are supposed to be subsets of the interval | such
that S [P1 We say that a pair of sets (P, S) is the (w, 0)-pair of a (recurrent)
trajectory of a continuous map if for some continuous map of the interval, P is the
w-limit set and S is the minimal attraction center (i.e. the o-limit set) of some,
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one and the same, (recurrent) trajectory of the map. In this section we establish
some properties of pairs of sets, which are (w, 0)-pairs of recurrent trajectories.
Namely, we prove the following statement, which is implied by main properties of
w-limit sets [6] and minimal attraction centers [10].

Proposition 1. If a pair (P, S) of sets is the (w, 0)-pair of a recurrent trajec-
tory of a continuous map of the interval, then

a) P is a nonempty closed set, which is either a finite set, a perfect nowhere
dense set or a finite collection of mutually disjoint nondegenerate closed
intervals;

b) S is a nonempty closed subset of P, which is either equal to P or nowhere
dense in P.

Proof. It has been proved in [6] that any finite w-limit set is a cycle and that
if an infinite w-limit set contains a periodic point, then this periodic point is not
isolated in the w-limit set. Hence any infinite w-limit set has no isolated points
whenever it is the w-limit set of a recurrent trajectory because of such a trajectory
is dense in its w-limit set. This implies periodicity of isolated points of any w-limit
set and contradicts above mentioned arguments. Therefore the w-limit set of any
recurrent trajectory is either finite or perfect. As we have mentioned above, by
results of [6] any w-limit set of continuous maps of the interval is either a nowhere
dense set or a finite collection of mutually disjoint nondegenerate closed intervals.
Now this proves property a).

If for a recurrent trajectory its o-limit set is dense in some part of its w-limit
set, then evidently the trajectory hits into the o-limit set after finitely many steps
because of any recurrent trajectory is dense in its w-limit set. Since the o-limit set
is invariant, it must coincide with the closure of the trajectory, which is equal to
the w-limit set in this case. This implies property b) and completes the proof. [1

3. Main Results

For the sake of convenience and conciseness of the consequent explanations, we
use the following definition.

Definition. We say that a pair (P, S) of sets is admissible if P and S satisfy
respectively conditions a) and b) of Proposition 1.

The following theorem describes the cases, in which any admissible pair of sets
is the (w, 0)-pair of a recurrent trajectory of a continuous map.

Theorem 1. Let a pair (P,S) of subsets of the interval 1 be admissible. If P
is not two or more intervals, then the pair of sets (P, S) is the (w, 6)-pair of some
recurrent trajectory of some continuous map of the interval.
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Now let us consider the case, which is excluded by the conditions of the theorem,
i.e. the case when P is two or more intervals. For this case, the following theorem
provides some necessary and su [cieht conditions, under which an admissible pair
of sets is the (w, 0)-pair of some trajectory of a continuous map of the interval.
We use the notion of g-recurrent point in the statement of this theorem: a point
X is called to be o-recurrent if it belongs to its minimal attraction center, i.e.

x [Calx, f).

Theorem 2. Let a pair (P,S) of sets be admissible and let P = E'f',;blli,
n = 1, where {l; ?:‘01 is a finite collection of mutually disjoint nondegenerate
closed subintervals of the interval I. Then the pair of sets (P, S) is the (v, 0)-pair
of some trajectory of a continuous map of the interval if and only if there exists
a continuous map f: S — S such that f(S n I;) =S n l(i+1)ymod n and the set of
o-recurrent points of f is dense in S.

Note that if P is two or more intervals, then there always exists a continuous
map, some trajectory of which has both the w-limit set and the o-limit set are equal
to P, i.e. the case P = S in the theorem can be examined easily. If P is an interval
(i.e. n = 1), then we can always set the map f is equal to the identity mapping.
Therefore in this case the admissibility of a pair of sets is su [cieht that the pair
be an (w, 0)-pair. However if P is two or more intervals (i.e. n > 1), the situation
is some dilerent. In this case we have f(l;) = I¢i+1)mod n for any trajectory, the
w-limit set of which is equal to P. Hence each of the sets Snlp,Snly,...,Snlh—1
must be cyclically mapped by the continuous map f onto other one. Obviously
there are a lot of closed nowhere dense sets, which can not be continuously mapped
in such a way. The simplest example for n = 2 may be any set S [CPlconsisting
of three points. Furthermore since any o-limit set must contain a dense subset
consisting of o-recurrent points [10], we obtain some additional restrictions on the
set S because of, in particular, this implies that any isolated point of S must be
periodic. If we denote the set of all isolated points of S by S° then the periodicity
of isolated points implies that the closure of the set S™= S\SO as well as the
closed set S = SO\S® must be invariant under f. Using these observations, we
obtain new restrictions on the topological structure of the set S in P and so on.
For example, let n = 2, S consist of two points s§ [Id and s} 14 and the closure
of S™¢onsist of two Cantor sets S{1T I and ST T3l Note that in this case sets
S§ =S%n 1g and S$ = SO n I, are infinite sequences, which tend respectively to
points s} and s3. Since S? is invariant, we must have f(s}) = s and f(s}) = s}.
Since STs invariant, we have to exclude the cases when just one of these points
belongs to the set ST Using similar arguments, one can construct a lot of more
complicated examples of admissible pairs of sets, which can not be realized as
(w, 0)-pairs of trajectories of continuous maps of the interval.
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4. Proofs of Main Results

Proof of Theorem 1. Let (P, S) be an admissible pair of subsets of the interval 1.
We consider some cases.

P is a finite set. In this case the admissibility of a pair (P,S) implies the
equality S = P. It is obvious that any cyclic permutation of the finite set P can
be continuously extended onto the whole interval | in order to obtain a map with
required properties.

P is a Cantor set and S = P. In this case we construct a continuous map
f: P - P generating an almost periodic dynamics on P. By a well known result
of the theory of dynamical systems (see [3] or [5]), the set P is minimal and hence
for all points of P, their w-limit sets and minimal attraction centers are coinciding
and equal to P. After this we extend T to the components of I\P by linearity.

Let us consider a binary representation of points in P, which is defined by the
following “almost bisection procedure” for P. Let {en}n=; be a monotonically
decreasing sequence of positive real numbers, which will be defined later. Let
a=infP, b = supP and J = [a,b]. Since P is nowhere dense in J, we can
find a point ¢ [Hl, for which |%(a +b) —c| < &, and divide the set P into two
disjoint closed subsets P = P n[a,c] and P, = P n[c,b]. For i = 0,1 we denote
aj = inf Pj, bj = supP; and Jo = [ap, bo], J1 = [a1, b1]. Note that Jo n J; = Cand
for any g1 < %(b —a), both Py and P; are nonempty and hence both Jy and J;
are nondegenerate.

After this both sets Py and P, have to be “almost bisected” again to within &5:
we can find points ¢ and c, A, for which we have |%(ao +bgp) —co] < &2
and |%(a1+b1)—cl| < &, and then define Pjo = Pj n[aj, ¢i] and Pj1 = P;j n [cj, bi],
i= 0, 1. For i,j E{ﬂ), 1}, let Jij = [aij,bij] where aij = inf Pij, bij = sup Pij. In
order that the procedure can be continued, it is su [cieht that &, < 711 igénl}pﬂ

where |Jj| denotes the length of the interval |J;j].

After n steps we shall have 2" mutually disjoint subsets Py and 2" corresponding
intervals Jo, o [0, 1}" = {i1...in—1in @ ij 3D, 1}}. For the next step we can
define en+1 = %lrar?i_nn [Ja| where the symbol |a] denotes the number of elements

in the finite chain a. Starting with an arbitrary small enough €; and using this
formula for €1 successively for n =1, 2, ..., we shall have Imlax [Jal= 27"(1 +
al=n

n/2)|J| and hence lim max [Jq| = 0.
N - oo |al=n

As a result we can set a one-to-one correspondence between the points of the
Cantor set P and the infinite binary sequences: any o = o003 --- [{D,1}™
c?ﬁponds to a unique point xq [CH, which is defined by the equality xq =

Ja,..an- Let us define the addition operation on the set {0, 1}"4s follows:

n=1
starting with the lowest digit (a;), we sum successively corresponding digits and
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add the overflow unit (if it occurs) to the next digit. For example, 111---+100--- =
000...,100---+000---=100...,100---+100---=010... and so on.

Now we can define the map f: P — P by the equality f(Xg o0as...) =
Xayazas--+100.... Itis clear that for any n =1, 2" sets of the family {Pq}q=n are
cyclically permuted by the map f. Diameters of these sets tend to zero uniformly
as n - oo, Hence the map f: P - P is continuous and the trajectory of any
point x [Plis dense in P and almost periodic under f. Extending f continuously
to the components of I\P by linearity, we complete the proof for this case.

P is a Cantor set and S is nowhere dense in P. We use the following
construction. At first we construct a continuous function ¢: 1 — 1, for which
S [CEix(¢) where Fix (¢) denotes the set of fixed points of ¢. We prove that ¢
has an invariant Cantor set P “tontaining S and that ¢ is expanding on P “in
some sense. These properties of ¢ imply the existence of a point xR the
w-limit set and the minimal attraction center of which are respectively P ~4nd S.
After this we construct a homeomorphism h: I - 1 for which we have h(P) =P ™!
and S [Fix (h). At last considering the continuous map f =h™1 < ¢ - h and the
trajectory of the point x = h™*(xY'under f, we prove that the w-limit set of this
trajectory is P and the minimal attraction center is S.

In order to avoid some di [culities, we consider some other set S™1_Slinstead
of S. The set S™s defined as follows. At first we add to S points inf P, supP and
if the set S contains no one-side limit points of P in the interval (inf P,supP),
then we add one such a point to S. Let this new set be denoted by S;. Any
one-side limit point d of P in (inf P,supP) is an end of a unique interval from
the family of components of the open set (inf P, sup P)\P; for any given d, let d”
denote the second end of this interval. The set S™s defined by adding to the set
S; all one-side limit points d of P in the interval (inf P, sup P), for which d”[S}.
Note that the set S™s still a nonempty closed nowhere dense subset of P.

Let A denote the family of all open intervals D = (d,dY such that d I~
(infP,supP) and d is a one-side limit point of Let ® denote the family of

all components of the open set (inf P,supP)\ D. Note that the union of all
D Al

intervals of A and ® define an open dense subset of (inf P,sup P). Moreover any
two diLerknt intervals of A can not touch each other as well as any two di Cerent
intervals of ® can not touch each other.

Let us consider any interval F and the closed set St~ F n S%'Note that
inf St inf F and sup St sup F. Moreover the set SEh F contains no one-side
limit points of P. It is clear that Sts closed and nowhere dense in F.

Let I'(F) denotﬁle family of all components of the open set F\St- Note that

sets S~and G are disjoint.
G [C(F), F (@]
1
We define ¢(x) = x for x 1 G.
G [C(F), F [@]
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Before we define ¢ on intervals of I'(F), we shall define images of the intervals
F [ Difirst. Let Jp = [inf P,sup P] and Fq be the largest of the intervals of ® in Jo.
We set ¢(Fo) = [inf P,supP]. Then we have Jo = L [CEh CRlwhere L and R are
the left and the right components of Jo\Fq respectively. Let Joo = [inf L, supL]
and Jio = [inf R, supR]. If Jgoo is nondegenerate, then it contains some intervals
from A. Let Dgo be the largest of them. Then we have Jgo = Jooo [(Doo Moo
where Jooo and Jigo are the left and the right components of Jgg\Dgo respectively.
By using the same arguments, we obtain Jig = Jo10 [Dho [LJ110 (we should note
that all degenerate intervals being once occurred are supposed to be excluded from
the further consideration).

Each of the intervals Jooo, Ji0o, Joio, Jii0 must contain some intervals of
®, the largest of which will be denoted by Fooo, F100, Foio and Fiig respec-
tively. We define ¢(Fooo) = [inf Jo, sup Fo], ¢(F100) = [inf J100, SUp Fo], $(Fo10) =
[inf Fo, sup Joio], ¢(F110) = [inf Fo, sup Jo].

Now for each of the intervals of the set {Jijo}, i,j [0, 1}, we have obtained the
conditions, which are similar to the initial conditions for Jo: the largest interval
Fijo of the family @ on J;jo and its image ¢(Fijo) are defined. Hence we can apply
above described arguments to each interval Jijo in order to define images of the
next several intervals from ®. Since we choose the largest intervals of ® on each
step, this way gives a possibility to define images of all intervals of the set ®.

Remark. Note that for any F [, points inf ¢(F) and sup ¢(F) are chosen
to be nonisolated in P from the right and from the left respectively.

Lemma 1. Let {Fn} be a sequence of intervals from ®. If |F5] -~ 0asn - oo,
then |p(Fn)| - 0as n - oo,

Proof. For each F,F™~[—@ (and similarly for each D [—Z\) we have either
F CFSor F n ¢(FH' = {respectively D TdF5'or D n ¢(FH' = D
Moreover each step of the above used construction removes from the consideration
some of the largest intervals of ® and A. Therefore for any given F [d (and
also D Q) there exists finitely many intervals F @ such that F n ¢(F H'8 [
(respectively D n ¢(F H'g D1

Let us suppose that the lemma is not true. Then we can find a sequence Fp, =
(un, vn) of distinct intervals from @, for which we shall have nllngo Un = lim vy, =a

n - oo

for some a and ¢(Fn) (@l c) for some b and ¢ with b < c. Since the intervals
n=1

of ® and A form_a dense set in [inf P,supP], we can find an interval A (WA
such that A n ¢(Fn) 8 Cibr all n. This contradiction proves the lemma. 1

Let us choose any interval F [—d@ and consider the nowhere dense set S =
S™h F. Recall that I'(F) denotes the family of all components of F\Sg. We
define ¢ on each interval G [I(F) as a continuous piecewise linear function,
which consists of three linear pieces: at first we divide the interval G into three
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equal parts and define ¢ at two division points inside of the interval; after this we
expand ¢ on the whole interval G by linearity (recall that the ends of G must be
fixed points of ¢).

Let us consider the initial interval Fo = F, F [, for which we know its image
o(Fo). Let Go = (ap,bo) be the largest of the intervals of '(F) in Fg. Then
Fo = Foo Gy [Ehp where Fop and Fig are the left and the right components
of the set Fo\Gq respectively. According to the above mentioned reasoning, in
order that the piecewise linear map ¢|c, be defined, it is su Lcieht that this map
be defined at points ag + 3(bo — @) and bo — $(bo — ag). To this end we set
d(ao + 3(bo — ao)) = sup d(Fo) and d(bo — 3 (bo — ao)) = inf ¢(Fo). Having the
map ¢|c, defined in such a way, we can also images of the intervals Fop and Fig: if
Foo is nondegenerate, then we set d(Fop) = [inf Fo, sup Gol; if F1o is nondegenerate,
then we set ¢(F10) = [inf G, sup Fo].

Now since images of the intervals Fop and F1o are defined, we can choosing the
largest intervals of I'(F) in Foo and F1o respectively and then repeat on Fqp and
F1o the above described construction for Fo. As a result, we define ¢ on the next
several intervals of '(F). Since we choose the largest intervals of '(F) on each
step, the map ¢ will be defined on all intervals of the set '(F) in such a way. By
applying this method to each F [C@, we define the map ¢ on the whole interval 1.

Lemma 2. The map ¢: 1 — 1 is continuous.

Proof. Note that the constructive definition of the map ¢ on intervals of I'(F)
is similar to the constructive definition of images of intervals from @ in the case
A = [Hence by using the arguments of the proof of Lemma 1, we can con-
clude that for any sequence {Gn} of intervals from '(F), where F @, we have
[#(Gn)| —» 0asn — oo whenever |[Gn| —» 0asn — oo. This implies the continuity
of ¢. 1

Lemma 3. For any open interval U [CJinf P,supP], one has either $*¥(U) =
[inf P,sup P] for some K < oo or ¢¥(U) [CDIfor some D A and some K < oo,

Proof. At first let us suppose that for some interval F @ we have U [Fl
and U n (STh F) B [ It is clear that in this case we can find an interval
G [I(F) such that the interval Us = U n G is nondegenerate and Ug has at
list one common end with G (recall that G n (S™h F) = {inf G,sup G}). Since
¢|c is expanding, there exists k < oo such that ¢*(Ug) [GL Furthermore, for
any G [TIF), we have either ¢$(G) contains F or it contains some other interval
G™IIIF) with |G= |G|. Therefore there is | < oo such that ¢'(G) Cq(F) [FI
Using similar arguments, we can prove that for some m < oo, we shall have
oM (F) = [ianPjup P]. Hence for K = k+1+m, we obtain $<(U) = [inf P, sup P].

If UM 1 DandUnS™= [ithen U [ Q, [E} for some F; @ and
D LAl

Go [TIFo). If $(U) contains an extreme value of ¢|g,, then by the remark before
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Lemma 1 we can find an interval F such that ¢(U) n F is nondegenerate and
¢(U) contains at least one point of F n S5i.e. $(U) n (F n SH'E [Cand we can
apply above described arguments of the proof to ¢(U) n F. If $(U) contains no
extreme values of ¢|g,, then ¢p(U) is ga-gpen interval, .ﬁvhich (V)| = 3|U|

and for which we have either $(U) 1 Dor¢$(U) M1 D and ¢p(U)nS %= [
D [Al D Al

The first case is trivial, and in the second one we can apply the above described
reasoning to this new interval ¢(U). Since the interval [inf P,sup P] is finite, the

proof shall be completed after a finite number of iterations of U. 1
. . —1 [
Let us consider the set P ==& [inf P, sup P]\ o "( D).
n=0 D [Al 1
Since ¢ is continuous and equal to the identity mapping on the open set D,
D [A]

the set P ™s closed and invariant. IJ'__heiJﬂolre by Lemma 3 the set P "4s nowhere
dense. Since S™1{Fix (¢) and S™ D = [ Wwe have SETPTIf a point x [

D [Al

P s isolated in P 5then by the definition of P “ve can see that for some K < oo,
€>0and D A, we have ¢ ((x — &, X)) LD ¢pX((x,x +€)) CDland ¢p¥(x) is
an end of the interval D. This contradicts Lemma 3 because of all points of D are
fixed points of ¢. Hence P s perfect. Note also that for all F and G LIIF),
we have inf(GnP) = inf(GnP Y= inf G and sup(GnP) = sup(GnP H'=supG.

Using these properties of the set P “&nd Lemma 3, it is not di [cult to check
that for any open interval U, for which U n P& [ We can find K < oo such that
¢¥(U) LCTinfP,supP].

Lemma 4. For any nonempty closed subset S of S there exists a point x~1—1
P 5lthe w-limit set and the minimal attraction center of which under ¢ are P ™
and S respectively.

Proof. Forn=1,2,... letussete, = 27" choose finite g,-nets S,, = {s{"™, s,

.,sﬁ:)}, Pn={p",pM, ..., pﬁ:)} of compact sets S and P “tespectively such
that S, [S] P,, [CPT-and such that the number of points in the set S, is equal
to the number of points in Pp.

Forn=1land k=1,2,...,kn, we define yﬁn) =1—2"" Forx [PI“&nd € > 0,
let B(x,€) denote the interval [x — €,x + €] n [inf P S5upP ! By above stated
properties of P Y for any interval §(s{’<‘,en) we can find t = t(k,n) such that
Y (B(sP, €n)) = [inf P SsupP Fand for any interval B(pR,en) we can find T =
1(k, n) such that ¢*(B(pR, €n)) = [inf P S5up P ! Having obtained the numbers
t(k,n) and t(k,n), successively for n = 1 and k = 1,2,...,k, we can define

numbers T (k, n) such that ;g:;‘; >y where

1
S(k,n) = (T (K5n) + t(kSn) + t(k5n))
Kk

[ —
+ (TKEnY + t(kTnY + t(k5nY) .

nt<n 1=sk<k,o
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After this by using the continuity of ¢, Lemma 3 and corresponding properties
of P Swe can construct an infinite decreasing sequence of closed intervals

x® P o exP ox@ ox@® e @ ox® ca

such that
i) oK (X"M) CBIs™, €,) for S(k—1,n) < K < Z(k — 1,n) + T (K, n),
i) o-(X™) = B(p™™, €n) for L = £(k — 1,n) + T (k, n) + t(k, n),
iii) o™ (X ™) = [inf P Sbup P For M = Z(k, n).
(We assume 2(0,1) =0 and Z(0,n) = X(kn—1,n —1) for n > 1.)
The required point x™s obtained as the intersection of all Xén). 1

Now we can complete the proof of the case under consideration. The map
h: 1 - I is defined as follows. For an arbitrary interval G CTIXF), F [, let C
and C “denote Cantor sets GnP and GnP “espectively. As it has been mentioned
above, we have infC =infC~% inf G and supC = supC-+=supG. Leta: C -
{0,1}4nd a™'Cc™.. {0,1}"be one-to-one correspondences defined by binary
representations of Cantor sets C and C “tespectively, which have been described
in the proof of the previous case. Then we define hg|c = (@aHT?! - a. It is not
hard to prove that hg|c is monotonically increasing and continuous. We extend
he to the components of G\C by linearity. Then hg is an orientation preserving
homeomorphism of G, for which we have hg(C) = C~'For any G [IT(F), F @l
we set h|g = hg. All other points of the interval | are supposed to be fixed points
of the map h. Then h: 1 - 1 is a homeomorphism, for which h(P) = P “and
S™Fix (h). It is clear that for the trajectory of the point x = h=1(x5' CP1 (the
point x™s determined by Lemma 4 of the map f = h™1 o ¢ o h, the w-limit set
is P and the minimal attraction center is S because of ¥ and ¢ are topologically
conjugate.

P is an interval. In the case S =P we can consider the tent map on P, i.e.
the continuous map, which is linearly conjugated to the map T(x) = 1 —2|x| on
[—1,1]. It is well known that the Lebesgue measure is an invariant measure of the
tent map and hence for almost all points (with respect to the Lebesgue measure)
their w-limit sets are equal to their minimal attraction centers and coincide with
the whole interval.

If S is nowhere dense in P, then we consider the family I of open (in P)
components of the set P\S and define a continuous map f: P — P by using the
method, which is completely identical to the method of construction of the map
¢ on any interval F in the above considered case. After this by using certain
arguments of the mentioned case, we can similarly find a point in P, the trajectory
of which under f has the w-limit set is equal to P and the minimal attraction center
is equal to S. This completes the proof of the case and the theorem.



MINIMAL ATTRACTION CENTERS 237

Proof of Theorem 2. Let an admissible pair (P,S) be such that P is a finite
collection of mutually disjoint nondegenerate closed intervals, P = 1o [T [ [
Ih—1, N = 2, and S is nowhere dense in P. Suppose that for a continuous map
f:S - Swehave f(Sn ;) =S n l+1ymoan for i =0,1,...,n—1 and the set
of a-recurrent points of f is dense in S. We are going to extend the map f onto
the whole set P in a way that provides the following properties of f:

I) f(l.) = I(i+1)m0d n fori=0,1,...,n—1,;
and

i) for any open interval U [P] there exists K = K(U) such that f<(U) = I,.
Due to the expansion property ii) of f, a statement similar to the statement of
Lemma 4 can be proved for the map f and the pair of sets (P, S).

Forany i [{D,1,...,n—1}, let us set Jéi) = [inf Sj, sup Sj] where S; =S n I;.
Let G(()i) denote the largest component of the open set Jéi)\si in Jéi). The left and
the right components of the set Jéi)\Géi) are denoted by Jéf)) and Jl(f)) respectively.
Now for each j [{1, 2}, if Jj((i)) is nondegenerate, we choose the largest component

of the open set Jj(f)) n (Jéi)\Si) in Jj(f)) and denote this component by GJ%). The

left and the right components of the set Jj((i))\G}E)) are denoted by Jé}% and Jl(}%)
respectively. After this, for each k [{1,2} and j [{1,2}, if J,E})O is nondegenerate,
we choose the largest component of the open set J,E})O n (Jéi)\Si) in Jlg)o and denote
this component by GJ%). The left and the right components of the set Jj((i))\G}g are

denoted by Jé})o and Jl(})o respectively. By repeating the arguments, we shall index

all intervals of the complement of the set S; in Jéi): Jéi)\si = EP where a
al=1

is a finite chain of 0 and 1 ending by 0, and |a| denote the numlbér of elements in

the chain.

Note that since the set S is nowhere dense in P, we have |G§)| - 0as|a] - oo
where |Gg)| denotes the length of the interval G, By the same reason |J§i)| -0
as |a] - oo. Note also that the map f has already been defined at ends of the
intervals Gg).

Let us define images under T of the intervals G first. Ifa=0 (i.e. |a] = 1),
then we set f(Géi)) = lGi+1ymod n- If |[a] > 1, then the image of Gg) is defined
as follows. Let G& = (a,b). If the interval [f(a), F(b)] [Ld+1)mod n CONtains an
interval G§ ™ " with |B| < |a], then we set F(GY) = [f(a), F(b)]. Otherwise

(i+1) mod n

the interval [f(a), f(b)] belongs to some interval Js with |B| = |al. Let

G{IrHmed N Ko an interval with |y| = |af — 1, which is adjoining to the interval

Jéi+1) mod n. Then we set f(Gg)) — Jéi+1) mod n Gy +1) mod n.

Remark. We denote the above considered interval with ends f(a) and f(b) by
[f(a), f(b)] in both cases f(a) < f(b) and f(h) < f(a).
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For such defined images of the intervals G., we have |f(GQ))| - 0as|a] » oo.
Hence under these conditions the map f can still be continuously extended onto
the whole set P.

Let GY = (a,b) and F(G&) = [a7b]. We have f(a) CT@7bTand f(b) [T,
Let us consider a subdivision of the interval (a,b) by pointsa<c¢; <c, <--- <
Cm—1 < Cm < b, where m = 6 and even, such that points c;,...,ctm—1 divide the
interval [c1, cm] into m —1 equal parts. For each point cx with an odd subscript k,
we set F(ck) = b5 and for each point ¢, with an even subscript k, we set f(ck) = a-
Then we extend the map f onto the whole interval (a, b) by linearity. It remains to
define m and points c; and ¢y such that the map T is expanding on each interval
of its linearity.

Let us suppose that b"—a"=b—a first.D In this case we set m = 6, ¢; =
a+ %(b—a)bb;f;‘?. and cg = b— %(b—a)fébg)_;‘é. For this choice, the absolute value
of the derivative of T is not less than 5 on each interval of its continuity in (a,b).

If b~ a"< b—a, then we set c; = a + £(b"—a") bf}f;@. and ¢m =b— (b
a@fé.b)r:érm and choose m = 55(27_—6‘2 + 1. For this choice, the absolute value of the
derivative of f is not less than 5 on each interval of its continuity in (a,b) also.

On the set Ii\Jéi), i=0,1,...,n—1, the map F is defined in such a way that
FOUNISY) CIF+D ™Y1 if the set is not empty. In order to define the map on the
whole interval I, we can extend f to the components of I\P by linearity.

We are going to prove that for any open interval U [P] there exists K = K(U)
such that K (U) = lo. First we observe that if the interval U contains an interval
G, then the statement is obvious. Let us prove that any open interval will cover
an interval G after a finite number of iterations. Without loss of generality, we
can suppose that U contains no points of S, i.e. U belongs to an interval Gé') =
(a,h). Letcy,...cm be the points, which define the above described subdivision of
the interval (a,b). If U contains at least two of these points, then, obviously, f(U)
contains an interval Gg) where i = (j +1)mod n. If U contains at most one of
these points, then |[F(U)| = g|U|. If in this case the interval f(U) does not cover

some interval of the required kind, then there is an interval G§k), where k = (j +1)
mod n, such that [f(U) n G| = 3[f(U)| = 2|U|. Hence for the subinterval

Up = F(U) n GY of the interval f(U), we have U; CGE® and |Us| = $|U|. By

applying the above used arguments to the interval U;, we prove that either f(U;)

covers a suitable interval or it contains an interval U,, which contains no points

of S and for which we have |U;| = §|Ul|. It is obvious that for some finite K, the

interval T(Uk) will cover an interval GP.

Having established that the map f has this expansion property on P, we can
prove (analogously to the proof of Lemma 4 above) the existence of a point x [P],
the trajectory of which under f has the w-limit set equal to P and the minimal
attraction center is equal to S (a detailed proof of a similar statement for expanding
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maps of the interval is contained in [10]). Thus the “if” part of the theorem is
proved.

[10], the “only if” part of the theorem is trivial and the proof is completed.

10.

Since any o-limit set contains a dense subset consisting of o-recurrent points
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