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MEAN SQUARED ERRORS OF PREDICTION BY
KRIGING IN LINEAR MODELS WITH AR(1) ERRORS

F. STULAJTER

1. Introduction

Kriging, in the scientific literature, is used as a name for the theory of pre-
diction in random processes (random fields) with an unknown mean value and,
possibly, with an unknown covariance function. M. Stein in a series of articles
(1988), (1990a), (1990b) and (1990c) studies the case when the unknown covari-
ance function of the observed process is misspecified, but not estimated from the
data. Limit theory of prediction of time series with estimated parameters has been
studied by many authors including Bhansali (1981), Fuller and Hasza (1981), Ku-
nimoto and Yamamoto (1985) and Toyooka (1982). Some of these authors have
assumed that the mean value of the observed process is zero.

Harville (1985), Harville and Jeske (1992) and Zimmerman and Cressie (1992)
studied properties and approximations of the mean squared error of prediction with
unbiasedly estimated parameters in the case when a covariance function depends
linearly on unknown parameters.

The main aim of this paper is to derive an approximate expression for the mean
square error of a predictor with estimated parameters which is based on a finite
observation of a stochastic process following a linear regression model with AR(1)
errors. In this case the dependence of covariance function on unknown parameters
is nonlinear.

2. Kriging Predictors in a Linear Regression Model

Let X = (X(1),...,X(n))"be a finite observation of Iengtwf a stochastic
process X = {X(t); t [T} with the mean function m(t) = ;_, Bifi(t); t [T
where fy, ..., f are known functions and B = (B1, . .., Bk)™are unknown regression
parameters and with some covariance function R(s, t); s,t [Tl Then we can write

X=FB+e
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with E[€] = 0, E[ee = =, where =5 = R(i,j); i,j = 1,2,...,n. Let us assume
that > is a positive definite n < n matrix.

Let U be a predicted random variable (for example U = X (n+1)) with Eg[U] =
B, where f is a given vector, with a finite variance D[U] and with a known vector
r of covariances between X and U: r = (Cov (X(1);U),...,Cov (X (n); U)Y

Then the kriging predictor U =6f U based on X is given by

€)) USSR+ rE (X —FpY!

where B (FZ71F)7tFZ 71X is the best linear unbiased estimator (BLUE)
for B with the covariance matrix Zgr—= (F'Z7*F)~1. The mean square error of
the predictor U ™s given by

) EUTLUP =D[U] - rE r + B-FE7r g,

where [gTa]l= g'"Ag denotes a norm defined by a positive definite matrix A.

The kriging predictor U s in fact the best linear unbiased predictor (BLUP)
of U based on X (see Harville (1990)).

The practical use of (1) is limited, since we usually do not know the vector r
and the matrix Z.

The properties of the estimator

©) U=FfB+rE(X-Fp),

\Lvhere ﬁz (F'E)7IF X is the least squares estimator (LSE) of B were studied by

Stulajter (1991). It was shown that

(4) E[U—-UP=D[U]-rEr+ [ﬂ—FEz—lrEz%

where X5 = (F'F)™'F "ZF (F'F)™". Since U s the BLUP for U, it is clear that
F-FZriges B-FZris).

Let us assume now that the errors g(t); t = 1,2, ... form an AR(1) process with
parameters 62 and p, |[p| < 1; that means g(t + 1) = pe(t) +e(t) fort =1,2,...,
where E[e(t)] = 0, E[e(s)e(t)] = 6%8st. Then the observed process X is covariance
stationary with the covariance function R(t) = 0213—;2, t=0,1,....

Let U = X(n + 1), then

% 0 .. 0 o o
L1 —d 1+p> —p ... O 0 0
sl =
2 1
“Egl o o0 ... —p 1+p2 —p
o 0 0 .. 0 —p 1

r¥-1=(0,0,...,p)"and the estimator X (n + 1) given by (3) can be rewritten as
(5) X(n+1) = fB +p(X(n) = (FR)n)
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where (FB)n denotes the n-th coordinate of the vector F3. Next we get
(6) E[X(n+1)— X(n+ 1)}’ =0?+ [ﬂ—FEz-lr[QB.

Example 1. Let X be a stationary process with an unknown constant mean
vaEﬁ. Then F = (1,.... )7 f =1, F¥F)! = L FEF = nR) +
2 (1= HR() and we get from (5) and (6) that

X(n+1)=ﬁ+p(X(n)—I@)__I and

1
RO, 2 T
n

E[X(n+1)— X(n+ 1> = 0+ (1 —p)? R(t)

nt:l n

-

where 6 = % =1 X (t) is the LSE of the unknown (constant) mean value 3. It
is easy to prove that

im E[X(n+1)—X(n+ 1> =0? forevery p C(31,1).

Example 2. Let X be a covariance stationary AR(1) process with a linear
trend Eg[X(t)] =B+ Bot;t=1,2,.... Then

C1
Fep = 11 .. 1'£_FI
S 12 ..oon
I:I1 1
f=Ff= N1 and
1 I:I:pl:l

I =fa=FaZal i1 T g

depend on n. Again, X(n+1) =fB +pX(n) — (FP)n), B = (FF)FX and
EX(n+1)—X(n+ 1] =0+ [F) — F Enr IZZZ% . Our aim is to show that,
again, limy . e E[X(n + 1) — X(n + 1)]2 = 62. This result follows from the next
theorem.

Theorem 1. Let X and U fulfil the conditions given in the beginning of this
paragraph and let gn = f)'— F & r,. If g5(FiFn)"tgn = O(1/n) and if

limn_ e =255 0, where [-1Cdenotes the Euclidean matrix norm, then

(7) lim E[U, — U2 = D[U] - lim ris .

Proof. Since ri=,rn; n = 1,2,... is non decreasing and bounded by D[U],
it is enough to prove that limp, _, @.E&n = 0 if the conditions of the theorem
are fulfilled. Using the Schwarz inequality we get [g} I?Z%n < =hGHFSFA) ton,
from which the theorem follows. —1
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Example 2 (continuation). For the linear trend matrix F, givenin the Exartl
2(2n+1) _

ple 2 we get (see Stulajter (1991)) (FFn)~t = 1 LGn, whereGp, = " ";1

_12
n—1 P27

Thus
| ]
2(2n + 1) 1+n(l—0p) 1+n(1—p))?
— A2 —
e ([ M e ol
n“m grlwzbngn =4(1-p)* and
1 — LA

2 |'—_';'|

lim =20t i RO, 2 —— R2(t) =0

N - oo n n - oo n n t=1 n

from which we have that limy, . oo E[X(n + 1) — X(n + 1)]2 = 2.

Remark. The predictor U given by (3) for which the condition (7) holds can
be called adaptive, since the right hand side of (7) is equal to the limit of the mean
square error of the best linear predictor of U based on the random process X with
mean value equal to zero.

3. Kriging Predictors with Estimated Parameters
in a Regression Model with AR(1) Errors

As we can see from (5) the predictor )2(n + 1) depends only on the last obser-
vation X(n) of X and can be written in the form

RA)

R0 XM= FB),

®) X(n+1)=FfP+
since for the AR(1) process % = p. Our aim is now to substitute suitable

estimates IQ(O) and Ii(l) for the unknown R(0) and R(1) respectively and to
consider the predictor

© X(n+1) = R

— (FB)n).

The problem of estimating an unknown covariance function of stationary errors in
a linear regression model was considered in Stulajter (1991), where it was shown
that the estimators

R 1 "FC_1 . .
(10) RO=r-—5~ XE+1)=(FPRs+)(X(S) = (FP)s)

s=1
are consistent estimators of R(t) for every fixed t if limy_ . R(t) =0 and X is a
Gaussian process. The estimates R() can be written in the form R(t) = '€ (t)e,
where C(t); t=0,1,...,n—1 are symmetric n < n matrices (see Stulajter (1989)).
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These estimators are “nonparametric”, while the covariance function R of our
model is “parametric”, it depends nonlinearly on the parameter 8 = (02, p)~
To estimate this parameter let us consider the nonlinear regression model

(11) R(t) = Re(t) + (R(t) —Re(); t=0,1

with the parametric function Rg(t) = ozfj%; t =0,1. Now we prove the following
lemma.
[
RO —-R®)* R@®)
RO) 'R
squares estimator of 8 = (62, p)™in the nonlinear regression model (11).
Proof. We are looking for argming raf(Re(0) — R(0))? + (Re(1) — R(1))?] =
arg ming raK(8). It is easy to show that 6 satisfies the normal equations

0
302 g =0

0
55K®)lg =0

Lemma 1. The estimator § = (62,p)° = is the least

and that k(:) has its minimum at 6. 1

Using this result we can write the predictor X (n + 1) in the form

X(n+1) = F1f + pex () — (FB)n),
R(1)

where p = 20 is the least squares estimator of p.
Now we’ll investigate properties of a predictor which approximate the predictor
)2(n + 1). We shall proceed as follows: the least squares estimator p will be

approximated by some random vgriable p and instead of the estimator )Z(n +1)
we’ll consider its approximation X (n + 1) given by

(12) X(n+1) =B —pexX(n) — (FP)n).

The approximation p of § can be obtained in the following manner. The nonlinear
regression model (11) can be written in the form

R = Rp + (¢'C& — Ry),

where R = (R(0), R(1))"= €€e = (¢/€(0)e, /€ (1)e) Rg = (Ro(0), Re(1))“and
C(0) and C(1) are symmetric n < n matrices.

It was shown in §tulajter (1992) that the LSE 8 can be well approximated by
8 =0+ 0, where

(13) f=AE€Ce—R((O)+ I %)—1%%5 — Re)N ('€ — Rp)
- %J Ke'Ce — Rg)'D(e'€Ce — Re)l,:I
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where J = BQ% is a2 x2 matrix, A = (JJ) 13 and N and D are arrays which
are given in Stulajter (1991).

Remark. Since £€¢ converges, as N - oo, in probability to Rg if € is a

Gaussian AR(1) process, the estimator 6 converges in probability to 8 if € is a
Gaussian AR(1) process.

Thus we can approximate p by p = p + p, where p contains only linear combi-
nations of quadratic forms in € and linear combinations of products of two such
quadratic forms.

Since X(n) — (FP)n = (M€)n, where M = | — F(FE)~1F Bwe can write

(14) X(n+1)=fB+(p+p)(Me)n

and we see that B
Eg[X(n+1)]=fB forall B

if the errors € are such that all the first, the third and the fifth moments are equal
to zero, which is fulfilled if € are e.g. normally distributed.
Since

X(n+1)=fB+FP e+ (+p)(Me)n,

where P; = (F')™1FMand since X(n+ 1) = f'B + £,+1, we can write
E[X(n+1) — X(n+ 1)? = E[en+1 — FP £ — (p + p)(Me)n]?

= E[X(n+1) — X(n+ 1) — 2E[p(M&)n(En+1
—fP e — p(Me)n)IEP(Me)n]°.

We can see from (13) that 8 can be written in the form

0 =0+ ABS(0) + QUAD(B) + QUAR(D), where
ABS(®) = —ARg + (JJ) 1 (RENRg — %J "RgDRy)
QUAD(®) = Ae'Ce — (I9) 1 (2RgNE'Ce — I'RyDeCe)
QUAR(®) = (3) 1(e'CeNeCe — %J EEeDe€Ce).
We’ll use only the terms ABS(p) and QUAD(p) in the sequal, and we’ll neglect

the terms of higher power then four by computing the mean square error. Then
we can write:

(15) E[P(Me)n(en+1 — FP & — p(Me)n)]
= ABS(P)E[(M&)n(en+1 — TP e — p(Me)n)]
+ E[(QUAD(P)(M&)n(en+1 — TP e — p(Me)n)]
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where ABS(p) depends only on 8 and QUAD(p) = ap(0)e'€ (0)e + a;(8)e' € (1)e.
It is easy to show that

E[(M&)ngn+1] = My, where r = (Rg(n), ... ,Re(1)"
and m{/is the n-th row of the matrix M,
E[(Me) fP,el=miZPf  and  E[p(Meg)2] = pmiEm,,.
For computing the second expectation in (15) we need to compute
E[e'€(T)e(Me)n(en+1 — TP £ — p(Me)y)],

where C(t) is a symmetric n><n matrix. This can be done as follows. We can write:
e'C(t)e = e'fp+ 1)GfDyp+18(n+ 1), where C(t)n+1 is the (n+1) x (n+ 1) matrix,
) . C o

n+1 — 0 0
efn + 1)Bpr18(n+ 1), where mY' denotes trﬁrth rowleit]he matrix M and Bp41

0 m
: D O” . Thus e€e(Me)nens1 =
e¥n+1)Cha1e(n+ 1e¥n + 1)Bps16(n+ 1), where Cph+1 and Bpyq are symmetric
(n + 1) x (n + 1) matrices.

By analogy every other product of two linear (in €) forms can be written as a
quadratic form B¢ with some symmetric matrix B and we can use the expression

L €E(N+1) = (e1,... ,&n+1)5 (ME)ne(N + 1) = mpgens1 =

is the (n + 1) x< (n + 1) matrix, Bh+1 =

E[e'€Cec'Beg] = 2tr (CZBX) + tr (CX) tr (BX)

which holds (see §tu|ajter (1989)) for every random vector € which is N (0, X)
distributed.
It remains to express E[p(Mg),]? as

E[p(Me)n]* = ABS(P)E[(Me)A] + 2ABS (P)E[QUAD(P)(Me)2]

and to compute the expectations by the same manner as before.

Thus we are able to write an approximate expression for the mean square error
E[)?(n + 1) — X(n + 1)]? for the case when the AR(1) process is Gaussian. A
closed form of this expression is rather complicated and we’ll notAwrite it.

Since 8 is a good approximation for 8 (see Stulajter (1992)) E[X(n+1)—X (n+
1)]J? can be well approximated by the same expression as E[)Z (n+1)—X(n+1)J2

Remark. The approach described can be used also for covariance functions
which we get after a reparametrization of AR(1) model. For example if the errors
have covariance function Rg(t) = 02e~°t then the predictor given by (8) can
be regarded as one in which the residual correction term is based only on the
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last observation. In this case R(1)/R(0) = e~ , wbere a is the orlly unknown
parameter. This parameter can be estimated from R = (R(0), ... , R(m))"using
the nonlinear regression model

R =Rg+ (R—Rp)

where Rg = (Rg(0),...,Rg(m))”and m is a number, m < n. The problem of
choosing m is open (usuaIIy m < n/2). The approximation & for for a is given by
(13) and and R(l)/R(O) = e~% can be approximated using & and the Taylor series
axpansion of the function et at the point a, the true value of the parameter.
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