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A CHOICE OF CRITERION PARAMETERS IN A
LINEARIZATION OF REGRESSION MODELS

A. JENCOVA

Introduction

There are many results which are obtained in the theory of nonlinear regression
models; nevertheless much more and simpler inferences may be made in linear mod-
els. Thus it is of some importance to analyze situations where a nonlinear model
can be substituted by a linear one. Some rules how to proceed in a linearization
of regression models are given in [K1], [K2]. Several parameters (criterion pa-
rameters) have to be chosen in the mentioned procedures. In the following it is
shown that some relations among these parameters and some natural restrictions
on them exist.

1. Notations and Preliminaries

LetY [CNKL[f(B),X], whereY is an n-dimensional normally distributed random
vector with mean value Eg[Y ] = f([3) and a known positively definite covariance
matrix Var[Y] = =. Here B [CRX is an unknown k-dimensional parameter and
f(): R -~ R" is a known function with continuous second derivatives. According
to [K1], the model is investigated only on a neighbourhood O(Bo) (which will be
specified in the following) of a chosen point Bg [CRK. It is assumed that:

(i) it is known that the true value E lies in O(Bo)

(i) the terms 58&8&8%53@%%:% l=1,...,nand i,jjm=1,...,k

can be neglected if Bo + 3 [CQA(Bo), so that f has the form
1
fR)=Ffo+Fop+ 5 Kep

for Bo + 8B CO(Bo). Here fo = F(Bo), F = 20®|o_g, is a full rank
matrix, (ksp)i = 3B Hidp, Hi = S0 i=1,...n.
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We will use the following notations:
C=FZ7'F,

A=

(B
1
ei 1
HEE E El i=1,...,k,
ebin -
s
kM=H e =

hiG—11 (R,

iy
2=-h"'"1
1
k=H K Gan wenetrs
LpH =

WO = KWz - FCEYHKM) 2 kKWC LK)
Here e; [CRX, e; = (0q,...,0i—1,1,0i+,...,04)" Further, K("® and K®an are
the intrinsic and parameter e [edt curvatures of Bates and Watts at the point (o,
respectively (see [BW]).

The problem is how to decide if, under the given assumptions, it is possible to
use the linear estimator hIB—=-t(y — f,) for estimation of the linear function
h(B) = h'B of the parameter. All the following criteria and regions of linearization
can be found in [K1], resp. [K2].

Let B(Y,dB) = Bo+[(F +A)ZTL(F +A)] L(F +A)Z1(Y —f,) be the BLUE
of the parameter B in the model Y — fy CNL[(F + A)3B,Z]. The linearization
criteria are based on the adequacy of the model to the measured data and the
di [erence between the estimators hA% and h@(Y,éB) and the dilerence between
their variances.

Definition 1.1. The model is (with respect to the function h(B) = h'B)
(i) co-linearizable in the domain O™ (Bo) if

v
|Eg[h'B(Y, 5B) — h'B]| = [hBEP)| = LEK&S@ ¢ hi€-1lh

for B = Bo + 88 CO" (Bo),
(i) cd—linerizable in the domain Og(Bo) if

- a(Var [hB(Y,3B)] — Var [NB]) @ _
B 5B Eﬁ:o Gh'C*h

for Bo + 6B [Q4(Bo),
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(iii) cy-linearizable in the domain Oy (Bo) if

1
h é Y,éB —h é —
\ar 6Bd)( ( ) )@B , CZ h% 1h

for Bo + 3B Ay (Bo),
(iv) the model is (y, a)-linearizable with respect to its adequacy to the mea-
sured data in the domain O q)(Bo) if

1
Z(KEB)QMF M) Kep < 3¢

for Bo + 3B [Qyay(Bo), where (Mg EMg)* =371 =S FCIFE 1 is
the Moore-Penrose inverse of the matrix Mg >Mg and & is the threshold
value of the noncentrality parameter for which

P{Xh-k(®) = X7—(0,1— )} = y(>0)

where X2_,(3¢) is a random variable with noncentral chi-square distribu-
tion with n—k degrees of freedom and with the parameter of noncentrality
equal to &; X2_,(0,1— ) is the (1 — o)-quantile of the central chi-square
distribution with n — k degrees of freedom.

The linearization domains are determined as follows:

Proposition 1.1.

N2
(i) (@) oM Bo) = Bo+3B : |BKMEB|<c, h€—1h for one function
h(B) = hB -
(b) Op(Bo) = PBo+3P : BECP < % for every function h() =
h% 1 v_ [

(1) Oty.cp(Bo) = Bo+ 3P L 3BICIP < 20y -

(iii) O4(Bo) = Po~+0p : BBCE %:. (here [=ICk the Euclidean
norm) .

(iv) Ou(Bo) = PBo+3p : SBWMEB <cih€~'h

According to [K2], the domain Oy jp Proposition 1.1(i)(a) is r; ed by the
ellipsoid + 8B : BIKMIB < ¢, h'€~Ih}, where KM = 5 "nilpip} if
Kz(h) = _ nipipi’is the spectral decomposition of the matrix Kéh). All the
ellipsoids resulting from Proposition 1.1 are written in the form {center, a;, fi,
..., ak, T}, where a; and f; are the length and the direction vector of the i-th
semi-axis, respectively, or in the form {center, radius} in the case of a ball.




230 A. JENCOVA

In the case when O(Bo) is given, the use of the linear estimator is appropriate
if O(Bo) is contained in all the linearization domains, with the constants cy, Cqg,
cy and (y, a) chosen according to the requirements of the user. However, in the
examples mentioned in [K1], [K2] or [P], another problem is described: the aim
is to find a region O = O(pBo) for given model and point Bo [CRX, such that if
we know that the true value B [CQ, then the model can be linearized in Bo. This
problem is solved by putting O = Oy n Og N Oy n Oy,o) for some values of the
constants. As will be shown below, the values of the constants cannot be chosen
arbitrarily.

2. The Choice of the Constants

We can see that Proposition 1.1 allows us to find the corresponding linearization
domains for any values of the criterion parameters. But if, for example, the chosen
value of the parameter c, is large, then the possible bias can make the probability
that the estimate ﬁ lies inside the domain O (o) quite small. On the other hand,
if the value of c, is very small, then the situation may occur that the confidence
region of ﬁ is greater than O(o). Regarding the assumption (i) from Section 1,
it is convenient to exclude both of these cases. Now we will put it more precisely.

The assumption (i) from Section 1 means that we have some a priori information
about the position of the parameter in the parameter space, given by the domain
[O](Bo), and that we can regard o as an estimate of the true value 3. The
information we get using the estimator ﬁ is given by its confidence region. The
question is if the estimation shows the position of the parameter more precisely
than (o.

First, let O = Oy, for every function h(B) = h'B. Without any loss of generality,
we put Bo =0. LetE={B: (B—B)CPE—B) =Xx2(L—a1)} ThenE isa (1—a)
confidence region for Eg[ﬁ] = B +b(B). According to the proof of Theorem 2.9.
in [K1], we have:

Proposition 2.1. For each B Ok, bXB)Ch(B) < ¢c?, i.e.

= ~ ~ 1
B LCB:(B—EBDCE—EzB)=ch
1 1 1
Thus the ellipsoid C = (; ~&= + XCZ9) f; =1,k , where C =

ii;:l Aififis the spectral decomposition of C, contains t&truq__v;alijej with

probability at least 1 — a;. On the other hand, B CQp = Bo; we2— , fi;

] |:2!|i_; Dl s M
i =1,....k . Hence if C is larger than Op, i.e. ¥ + X(oow) > 2o
for i = 1,...,k, then the a priori estimate 3o is more precise than ﬁ and the

estimation has no sense.
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The aim is to find such value of the criterion parameter c, that

— 1

2Cy
2(1 —
(1) Cp + Xk(l al) < K(par) .

Proposition 2.2. Condition (1) can be satisfied i ]

—
62 =2K®PaN 21 —qy) <1

i.e.
K (Pan) < _
2 Xi(@—ay)
v
The needed ¢, [(h1, Cr2), Where Co1 2 = seian [l 1— 822
Proof.
S e I L1
(1) = ¢t +2c Xﬁ(l—dl)—m +Xg(1—o0y) <0.
The rest of the proof is obvious. 1

Remark 2.1. Here the question may arise of how more accurate than 3y the
estimate ﬁ may possibly be, i.e. what is the smallest ratio of the lengths of the
semi-axes of C to that ﬁ‘ﬂ As can be easily verified, the smallest ratio is ¢ and
it is attained for ¢, =  XZ(1 — ay).

Now, let O = Op n Oy ). Similarly as for O, we get a condition

. 2%
©)) e+ Xg(l—op) < Kano

where ¢, [(dy1, Cp2).

Proposition 2.3. Condition (3) can be satisfied i (1

vV_ V_
@ oo KOS g

Co1 Co12  Xi(1—0n)

Proof. The condition in question can be satisfied i [ifi is satisfied for the smallest
possible ¢, = cpy, i.e. i1

;1 O 1 255;
1-— 1-3 + x2(1—oap)<

2K (par) K Gnt)
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Using the equality K®an = we get, after some rearrangements

o
2 x2(1—aq)

—1 Y552
KD < af —p %
2 XeA—oll— 1-8]

which yields the inequality (4). 1

In the case when only one function h(B) = h'® is estimated, we consider the
interval I, = [ming rosh'B, maxg rash'B]. Obviously ) CI4. This interval deter-
mines the a priori information about the true value of h% contained in O. For
reasons described in the beginning of this section, the length of I, will be compared
totéthe length of the (1 — ay) confidence interval for h', given by the estimator
h'.

Let O = Oy, for h(B). We suppose that h CIM(K ™), because if h (K ®™)
then I, = (—oo0, 00) and O contains no information about the value of h'f.

Proposition 2.4. Under the above assumptions,
L1 —} 1
Ih= Xx:[x|< ¢ h€-ThhfKM]+h
L1,

where [K((M]* = 7 Tn;Pipfis the Moore- Penrose inverse of the matrix KM =
[nilpip (the spectral decomposition of K (M),

Proof. It is obvious, that mingrog ' = ming s amp—c, Vae=m N'B- (The
same holds for maximum). By the use of the Lagrallge multipliers:

() =hB - ABKM™B~c, hiC-th)
09(B)
o]
Py
BKMB =¢, hic-1h,
Using the supposition h CIW(K M) we easily get the statement of the proposi-
tion. —1
The (1 — a7) confidence interval for EB[hEé] is Eh = {x: |x— hfé| <u(l-

01/2) h@: th}; here u(l — a1/2) is the (1 — a1/2) quantile of the normal distri-
bu\yon NI0, 1]. Moreover, for B [Q, h'B |I\9S in the interval {x: |x — EB[hEé]| <
¢, h'I€—Ih}. It follows that |n8 —hB| <  hI€—Th(c, + u(l — a1/2)) with prob-
ability at least 1 — a;. This leads to the condition

~_ v 3/ —i1
5) ¢y, h'®C~th+u(l—0;/2) hfC—1h < hi€C—1h h{K®M]*h.

Let us denote
1
h?g)];; for h CI(K ™)

otherwise.

=h—-2AKMp =0
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Proposition 2.5. Condition (5) can be fulfilled i C8F = 2Chu(l — 01/2) < 1,
i.e.

1

©) Ch < A=/

'\I;he constant ¢, must then lie in the interval (co1,Cb2), Where co12 = 55-[1 +
1—582)°.
Proof. The same as Proposition 2.2. 1
Remark 2.2. As can be seen, the value Cy plays a similar role here as the
parametric curvature K®a" in Proposition 2.2. For a one-parameter model, i.e.

for k = 1, these values are equal (for h [CR). The value 6 has the same
interpretation for ¢, = u(1 — a1/2) (= x%(1—ay)) as in Remark 2.1.

If O = Oy n Oq for the function h'B, then according to Proposition 1.1, |h@| <

cih'€~1h d th ition f .
hI >4 ——— and the condition for ¢, and cq is
2KV C—th ]

Me-1
(7 C§>L2 2 C N Co + u(l — 01/2)).

ht€—1h
Proposition 2.6. Condition (7) can be satisfied i (1

(I I i (h)~—1
® 2= LG R e o
Ch ht€C—1h[h1 ]

Proof. It can be easily verified, taking into account that ¢, [(dy1, Cp2). 1
If O = Op n Og n Oy for the function h'B, similar arguments as in the proof of
Proposition 2.5 give

1 1 1
In= Xx:[x|<cy hIC~thhfwM]+h

and the condition is

©) oL > Ch+ Ul — 01 /2)
B i R e
hBw® " h

for h CII(W M) and ¢, (@1, Ch2).
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Proposition 2.7. Condition (9) can be satisfied i ]

v
(10) TR .

Ch howm

Proof. Exactly the same as before. 1

We can conclude that (2) resp. (6) gives a necessary condition for a model to
be linearized with respect to the bias, while (4) gives a necessary condition for
linearization with respect to the adequacy of the model. Further, the conditions
(8) and (10) give the lower bounds for c5 and cy, respectively. If the necessary
conditions for bias and adequacy are fulfilled and the values of c3 and cy satisfying
(8) and (10) are acceptable for the users, then the values of the criterion parameters
that will be used in the procedure of finding the linearization domains may be
found using (1) resp. (5), (3), (7) and (9).

The values of the parameters obtained in the described way determine neigh-
bourhoods of the point (3 with the following properties:

(i) the linear estimator and its characteristics linked with any point of this
neighbourhood diler from the best estimator and its characteristics in
bounds which are admissible for the user;

(i) the used linear estimators give better value of B that (o (the a priori
information on 3, given by B, is smaller than the information given by Y .
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