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THE PLANAR MOTION WITH BOUNDED DERIVATIVE
OF THE CURVATURE AND ITS SUBOPTIMAL PATHS™

V. P. KOSTOV and E. V. DEGTIARIOVA-KOSTOVA

Abstract. We describe the construction of suboptimal trajectories of the problem
of a planar motion with bounded derivative of the curvature and we prove their
suboptimality. ‘Suboptimal’ means longer than the optimal by no more than a
constant depending only on the bound B for the curvature’s derivative. The initial
and final coordinates, curvatures and tangent angles are given. The tangent angle
and the curvature of the path are assumed to be continuous. The bound B and
the distgnce d between the initial and final points satisfy an inequality of the kind
d CI4 B.

1. Introduction

We consider the problem of finding the shortest path connecting two given
points of the Euclidian plane which has given initial and final tangent angles and
initial and final curvatures, whose tangent angle and curvature vary continuously,
the speed of changing the curvature being bounded by some constant B. \We
consider paths which contain no cusps.

The problem has a real background — this is the problem to find a (the) shortest
path(s) for a car to go from one given point to another with the above mentioned
initial and final conditions. One can turn the wheels of a car with a bounded
speed. Hence, the speed of changing the curvature of the path of a real car is
bounded.

This and similar problems have been the object of several e [ants recently. Du-
bins (1957, see [7]) considers the problem of constructing the optimal trajectory
between two given points with given tangent angles and with bounded curvature
(cusps are not allowed). He proves that there exists a unique optimal trajectory
which is a concatenation of at most three pieces: every piece is either a straight
line segment or an arc of a circle of fixed radius. The same model is considered by
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Cockayne and Hall (1975, see [6]) but from another point of view: they provide
the classes of trajectories by which a moving “oriented point” can reach a given
point in a given direction and they obtain the set of all the points reachable at a
fixed time.

Reeds and Shepp (1990, see [14]) solve a similar problem, when cusps are al-
lowed. They obtain the list of all possible optimal trajectories. This list contains
forty eight types of trajectories. Each of them is a finite concatenation of pieces
each of which is either a straight line or an arc of a circle.

Laumond and Soueres (1992, see [11]) obtain a complete synthesis for the Reeds-
Shepp model in the case without obstacles.

A complete synthesis for the Dubins model in the case without obstacles is
obtained by Boissonnat, Bui, Laumond and Souéres (1994, see [3] and [4]).

All these authors use very particular methods in their proofs. It seems very
di Ccult to generalize them. That is why the same problem is solved by Sussman
and Tang (1991, see [15]) and by Boissonnat, Cérézo and Leblond (1991, see [1])
by means of simpler arguments based on the Maximum Principle of Pontryagin.

Using these arguments allows to treat more di Cculit models as the one consid-
ered in this paper. Here we consider a similar problem but now with a bounded
derivative of the curvature (cusps are not allowed). The same problem is con-
sidered by Boissonnat, Cerezo and Leblond (1994, see [2]). After applying the
Maximum Principle of Pontryagin they obtain the following result: any extremal
path is the C? concatenation of line segments in one and the same direction and of
arcs of clothoids with the same value of the parameter B (all of finite length). They
study the possible variants of concatenation of arcs of clothoid and line segments
and obtain that if an extremal path contains but is not reduced to a line segment,
then it contains an infinite number of concatenated arcs of clothoids which accu-
mulate towards each endpoint of the segment which is a switching point. Thus, in
the generic case, an optimal path can have at most a finite number of switching
points only if it is a finite concatenation of arcs of clothoids with the same value
of the parameter B.

The readers familiar with chattering control theory can remark after examining
Section 2 that the singular trajectories of our problem (i.e. the line segments in
one and the same direction) have intrinsic order 2 (see the definition in [12]). The
complete theory of such chattering controls known to the present day is exposed
in the monograph of Zelikin and Borisov (1994, see [16]).

We solve the problem of the irregularity of optimal paths in the generic case (see
[10]) and we obtain the following result: if the distance between the initial and the
final points is greater than some constant C depending only on the parameter B
of the clothoid, then, in the generic case, optimal paths have an infinite number of
switching points. We prove this by showing that a path which is a finite concate-
nation of arcs of clothoids can be shortened while preserving the initial and final
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conditions, the continuity of the tangent angle and curvature and the boundedness
of the curvature’s derivative.

That is why in this paper we concentrate our attention on the explicit descrip-
tion of suboptimal trajectories (i.e. not more than a constant longer than the
optimal one) and of their construction. Two students — A. Casta and Ph. Cohen
— wrote a programme in MAPLE which draws such suboptimal paths.

We consider the same problem in the case when cusps are allowed in [8] (1993).

In 82 we consider the theoretical aspect of the problem, using the Maximum
Principle of Pontryagin. We obtain that if an optimal trajectory is piecewise
regular then it must be a concatenation of arcs of clothoids and of straight line
segments. We construct suboptimal paths from such pieces in §4. We prove the
suboptimality of the constructed path in 85 by means of some geometric properties
of clothoids which are exposed in §3.

2. Statement of the Problem, Existence of an Optimal
Solution and Application of the Maximum
Principle of Pontryagin to This Problem

We study the shortest C2 path on the plane joining two given points with
given tangent angles and curvatures along which the derivative of the curvature
remains bounded. The tangent angle a(t) between the axis Ox and the tangent-
vector to the path is a continuous and piecewise C* function, the curvature u(t)
is continuous.

We have the following system (from now on we denote “d/dt” by “™):

ét) = cosa(t)
) = sina(t)
B =u0o
u(t) = w(t) w(t)| =B
with initial and final conditions:

@ X(0) = (x%y%a%u%,  XT)=(x",y",a’,u")

1) X(t) =

We control the derivative of the curvature by the control function w. The
control function w is a measurable, real-valued function and w W, where W =
[-B,+B]. We want to find such X (t) that the associated control function w(t)
should minimize the length of the path

(-
?3) Jw)=T= dt
0

Here the variable t is the arc length but it will be called the time because the
point moves with a constant speed 1, that is why this “minimum length problem”
is also a “minimum time problem”.
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Of special interest are paths which are piecewise C3 (whose tangent angle is
piecewise C? and whose curvature is piecewise C'). They are obtained for a piece-
wise continuous control w. At a point where the control function w is continuous
the path is called regular. However as it was mentioned in the introduction
optimal paths have, in general, infinitely many points of irregularity.

On the other hand-side, one can construct in practice a path with only finitely
many points of irregularity.

We use the same ideas as the ones developed by Boissonnat et al. (1994, see [2])
to prove the existence of an optimal solution to system (1); as in [2] we apply the
Maximum Principle of Pontryagin to obtain necessary conditions upon the control
function in order the solution to be optimal.

Prove at first the controllabilitygf_system (2).

If dist((x°,y°),(x",y")) [IA B (see exact definition in Section 4), then
one can construct a suboptimal path from (x%,y°, a® u®) to (x",y",a",u") (see
Section 4). If not, then one can construct a suboptimal path from (x°,y°, a®, u%)
to a point (x5 500, u®) such that

_ V_
dist (X%, y9), x5yD) C1Z1 B and dist((x",y"), x5¥yH) 171 B,

then a suboptimal path from (x5 5060, u®) to (x7,y",a’,u™). Both suboptimal
paths belong to the class of paths under consideration. So, the controllability of
system (1) is proved.

In order to prove the existence of an optimal solution we can use Filippov’s
existence theorem, see [5, Th. 5.1ii]. So, rewrite system (1) in the form

X =F(X,w), X() CRY wI[W.

All requirements of the theorem of Filippov are satisfied: all functions F (X, w)
are continuous together with their partial derivatives; the function under the sign
of the integral in (3) is continuous; the control function w is bounded and the
range of control is convex; X (t) [CR* (R* is closed); the initial and final points
(X (0), X(T)) are fixed; one can verify that there exists a constant C > 0 such that
for every X(t) CR* and w the following inequality is satisfied: XF(X) <
C(]X]? +1). Thus we can assume the existence of an optimal solution and an
optimal control for problem (1), (2), (3).

We are going to apply the Maximum Principle of Pontryagin to obtain necessary
conditions for the control function w(t) and for the trajectory (x(t), y(t), a(t), u(t))
to be optimal. Rewrite system (1), (2) and integral (3) as the following system:

]

() =cosa(t) x(0)=x" x(T)=x"

) =sina@®) y©0) =y’ yT)=y’

t) = u(t) a0 =o® a(T) =o'

&lt) = w(t) u@=u u)=u" |wt)=<B
Xo(t) =1 Xo(0) =0

X

]

Q.
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If we denote by W(t) = (p,q,B,r,e) the vector of “dual” variables then the
Hamiltonian H would be defined by

H (X, W, w) = p(t) cos a(t) + q(t) sina(t) + B(u(t)
(4) +r(tyw(t) +e, foreveryt C[Q,T].

So we have the adjoint system (for every t [IQ, T]):

Eath =0
g) =0
®) W) = BE) = p(t)sina(t) —q(t) cosa(t)
=) = —B(Y)
é) =0

Thus—py g, e, are constant on [0, T]. Setting p = Acos¢, g = Asing (here
A= p2+0g2, A= 0, tand = g/p) we can rewrite the adjoint system (5) and the
Hamiltonian (4) as follows:

I%) = Acos¢
Fq) = Asing
6) B@) = Asin(a(®) — )
5 = —B(®
e(t) = ¢
@) H(X,W,w) = Acos(a(t) — ¢) + B(u(t) + r(t)w(t) + eo.

Define
MX,¥)= min HCX, WY,
( ) wan';,Hs] ( w)

where (p,q,B,r,e), (X,y,q,u), w are considered as independent variables.

We shall use the Maximum Principle of Pontryagin as it is formulated in
[5, Th. 5.1i] and [13, Chapter 1, Th. 1]. It asserts that if wis an optimal control,
then

(a) there exists a non-zero absolutely continuous vector-function W (t) which is
a continuous solution to (5);

(b) for almost every fixed t []0, T] the function H(X, W, w) (considered as a
function of the variable w [J+B, +B] only) attains its minimum at the point
W = Wro

M(X (D), ¥(1)) = HOX (D), ¥(1), with)), t L]0, T];
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(c) the function M (t) = M (X (t), Y (1)) is absolutely continuous in [0, T] and
dM _OH .
—r X, W) = Z2 (X, (), w(D);

(d) at any time t []D, T] the relations eg = 0 and M (X (t),WY(t)) = 0 are
satisfied.

From condition (b) with respect to w(t) we obtain two cases:

1) oH/0ow =0 for t i}, t;] CIQJT],

2) oH/ow B0 for t [(H,t;) CJOIT].

Hence in case 1) r(t) = 0 from (7), then from (6) we obtain that B(t) = 0,
hence B(t) = 0 and a(t) = ¢(modm) for every t iy, to] (we don’t consider the
case A = 0 because it contradicts (a)). So a(t) =0, u(t) =0 and w(t) = 0 for all
t [T, to].

The corresponding path is a line segment in the direction ¢.

In case 2) w = —B sgn (r(t)) (it follows from (7)). The corresponding path is a
clothoid. A clothoid is a curve along which the curvature u(t) depends linearly on
the arc length t and varies continuously from —oo to +oo. That is why w(t) = =B
determines a single clothoid (modulo the group of symmetries of the plane).

We can define the clothoid as the curve satisfying the following equation

u(t) = xBt, t [(Foo,+00).

We can also define the clothoid by its parametrized form (setting x(0) = y(0) =
0, a(0) =0, u(0) =0)

1 Ijt—l\/ﬁ
<) = 2/B cos(t2) dt
0
—— GVer
=+ 2/B sin(t?)dt

0

The two possible choices of the sign correspond to the two possible orientations
of the clothoid.

Call B the parameter of the clothoid. The sign % defines the orientation
of the clothoid, the variable t is the natural parameter and the curvature equals
+Bt. For t = 0 the clothoid has a (unique) inflexion point which is its centre
of symmetry. Call half-clothoid its part corresponding to t []D, +o0) or to
t [((Fo0,0].

A measurable control function w and its associated trajectory of (1) satisfying
all conditions of the Maximum Principle of Pontryagin will be called extremal
control and extremal trajectory. A point X(t,) of an extremal trajectory
will be called a switching point if at t = t, the control function w(t) has a
discontinuity.

From the preceding reasonings we can deduce
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Lemma 2.1. Any extremal path is the C? concatenation of the line segments
in one and the same direction (w = 0) and of arcs of clothoids (w = £B), all of
finite length.

In [10] we prove the following theorem:

Theorem 2.2. If the distance between the initial and the final point is greater
than the constant C which depends only on the value of the parameter B, then, in
the generic case, optimal paths have an infinite number of switching points.

That is why in the present paper we construct (in §4) regular suboptimal paths
in the case when the distance between the initial and the final point is much greater
than 1/ B (the exact definition is given in §4).

The suboptimal path consists of a line segment and of four pieces of clothoids, its
curvature and tangent angle are continuous, it has four switching points, see §4.
One needs at least 4 switching points in order to be able to attain the 4 final
conditions — coordinates, tangent angle and curvature. Using more switching
points could lead to shortening of the path but it must certainly be connected
with formulas more di [Ccullt to deal with. Therefore we have chosen the simplest
possible way to construct suboptimal paths.

In order to prove the suboptimality of the path constructed in 84, i.e. that it
is no more than a fixed constant (depending only on B) longer than the optimal
one, we prove some geometric properties of clothoids in §3. Its suboptimality is
proved in §5.

3. Geometric Properties of the Clothoid
Consider a half-clothoid

1
x(t) = cos(Bt?/2) x(0)=0 t=0

) Y — cin(R 2 —
y(t) =sin(Bt°/2) y(0)=0 B=>0.

Define as the centre of the half-clothoid the point O with coordinates (Xo,,
Yo.) defined as follows:

e — —iv__

.= cos(Bt2/2)dt = 2/B cosvidv = 2/B 2n/4
N 0

= T/ B)

©)

L — v

.= sin(Bt?/2)dt = 2/B sinvldv = 2/B 2m/4
N °

= T/ B).



192 V. P. KOSTOV and E. V. DEGTIARIOVA-KOSTOVA

Consider the circle with centre at the centre of the half-clothoid (8) and take
the radius of this circle (denote it by rg) to be equal to the distance between the
centre of the half-clothoid (8) and its point with zero curvature. Then, from (9)
we obtain (see Figure 1)

—, 1 [
(120) re =|00|= x%_+y3 = m/(2B).

Remark 3.1. A half-clothoid of the opposite orientation is defined by equa-

tions 1
x(t) = cos(Bt?/2) x(0)=0 t=0

y(t) =sin(—Bt?/2) y(0)=0 B =>0.

S

Figure 1. A half-clothoid and its corresponding polar coordinate system.

Further in the text we set B = 2 in the proofs of these statements whose
formulations don’t depend on the concrete value of the parameter B. If on the
contrary, a statement or an estimation depends essentially on B, then we say this
explicitely.

For B = 2 we consider the half-clothoid

x=cost? x(0)=0 t=0

(1) y=sint?> y(0)=0.
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3.1 Fundamental Properties of an Individual Clothoid

. denote the

Fix a direction a—(modm, not mod2m in R? and let Py, Py,
consecutive points on the half-clothoid with a tangent line at them of the chosen

direction (with t; < t, < ...). Set Pi = (Xi,Vi), Xi = x(ti), Vi = y(ti) (see

Figure 2).
PP

YA

>
>
xr

0
Figure 2. Consecutive tangent lines to a half-clothoid.

Proposition 3.2. P#P-—is-thd longest among the arcs PIPrIts length de-
pends continuously and monotonously on the choice of the direction o

Proof.
PlPE v cos?t2 +sin®t2dt= a +in— o+ (i—1n
oaH(i—1)mn
— -/ £

O im+ at(-On
The proposition is

Both statements follow directly from these equalities.
proved. 1
For B = 2 the coordinates (Xo., Yo.) is defined as follows:
C1 L
= cost?dt

1
%C = sint?dt

0
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Consider the coordinate system with the centre at the centre O. of the half-

clothoid and with the axes OcX., OcYyc parallel to the corresponding axes of the
coordinate system Oxy (see Figure 1). In the coordinate system OcX.Yy. the coor-
dinates of the point (Xc, yc) of the half-clothoid (11) are defined by the formulas:

(- 1
%t) = x(t) — Xo, = — cost?dt
t

; 4
%ft) =y() —Yo. = —

t

(12)

sint?dt

Denote by pthe radius-vector of a point of the half-clothoid in the coordinate
system O¢XcYe.
Then

2_ 2 2
P = X"+ Ye
and

. ] 1 -
p(t) = B(XC)'(C +yeye) = 5 cos t? cost? dt —sint? sint?dt
= 1 t

d
_$2
=—= cos(rz—tz)dT:—E cos(n 5 dn _ 1 vy

Pt P ¢ 2N P o 2 v+t

Thus
(R
. 1 COST dt
(13) PO =~ .
P o T+t

Lemma 3.3. The length of the radius-vector @) of a half-clothoid is a mono-
tonously decreasing function of t:

p<o0.
Proof. Set
Ld
t? =a, 29ST—dT =1(a).
0 T+a
The function cost is periodic with period 2. So using the property of the
symmetry of the function cost (cos(m — 1) = cos(Tt + 1) = —c0sT, cos(2M — 1) =
cosT) we can consider instead of the integral 1 (a) the following integral:
LA/2

> costdt,
0
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where
> = / ! - !
keo A+ TH2km mT—T+a+2kn
1
_'\/ 1 + '\/ 1

‘M+t+a+2kn 2n—tT+a+2kn

This series is convergent because

1 [
VR _ 1 o
a+ 1+ 2km nm—T1+a+2kn k k
and 1 [
—a/f ! + 3/ L =0 —\Ll_
m+ T+ a+ 2kn 2n—T1 +a+ 2kn k k

Consider the first four terms of the series. The function f(§) = 1/ & is convex
and monotonously decreasing, see Figure 3.

f&) A

V_
Figure 3. Application of the convexity of the function 1/ §.

For the middle lines KM and LM of the trapezoids EABF and GCDH re-
spectively we have LM [CKIM. We have the followings formulas:

ql + / 1
T+a 2Zn—T1+a
1 1
4 + a3/
m—T+a m+T+a

ILM| < [KM].

= 2|KM|,

=2|LM|,
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Hence

_ L _ gt + af 1

A
T+a mnm—1+a n+t1+a 2Zm—1+a

>0.

Every following sum of four terms in the series can be considered analogously.
This proves that the sum of the series under consideration is positive. The function
cosT, T [0,m/2] is non-negative. Hence, the integral 1(a) is positive and the
derivative of the length of the radius-vector a(fl) is negative.

The lemma is proved. 1

Lemma 3.4. The derivative of the length of the radius-vector a(f) of a half-
clothoid is a monotonously increasing function of t, i.e.

(14) p=>0.

The lemma is proved in Appendix A.

We give a geometric interpretation of the inequality p > 0. Denote by y(t) the
angle between the radius-vector a(fl) and the tangent vector t(#) of the point of
the clothoid (11). We have

(15) p =cosy

The angle y is in the interval (1/2, m)( mod 2m) (because p < 0, see Lemma 3.3).
Hence, the function siny is positive. We have

(16) p=-—ysiny
and obtain, from (14), that
17 y <0.

So we obtain the geometric interpretation of Lemma 3.4:

Remark 3.5. The angle y(t) between the radius-vector p(f) and the tangent
vector £(#l) is a monotonously decreasing function of t; y(t) - 3n/4 for t - 0,
y() -» /2 fort — +oo,

Corollary 3.6. If we have an “unwinding” half-clothoid (i.e. half-clothoid with
decreasing absolute value of the curvature) defined by the equations:
1 (|

<) = cos(‘[2+uoT+Go)dT X(0) =X UuUp<O0
0

L4
Y= sin(t?+ugT +ag)dt y(0) =y, t=0
0

then for such a clothoid we have the following conditions:

LV3
Yy

P~

p>0,
5>0.
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Corollary 3.7. If two half-clothoids clA and cIB have the same centre O, the
same orientation and the same parameter B then either they coincide or they have
no common point.

Consider the circle C with centre at the centre O; of clA and with radius equal
to the distance between the centre of clA and its point of zero curvature. Denote by
dC the circumference with centre at O; and with the same radius. Then C\ O is
the union of non-intersecting half-clothoids. The mapping which maps each half-
clothoid on its point of zero curvature (lying on 0C) is a bijection from the set of
half-clothoids onto oC.

Proof. If clA and cIB intersect, then at the intersection point they have equal
radius-vectors, hence, equal curvatures (see Lemma 3.3), hence, equal values of
p (see Lemma 3.4), hence, they must coincide, because they are obtained by in-
tegrating the equations x = cos (t — to)%, y = sin (t — to)® with equal initial data
(Xo, Yo, to).

The corollary is proved. 1

Estimate now the maximal possible distance between two points of the half-
clothoid (8). Consider some point E belonging to the half-clothoid (8) (see Fig-
ure 4). The length of the chord OE is defined as follows:

(18) T
L ) 21 L 21
[OE| = x2(t) +y2(t) = cos(Bt2/2) dt  + sin(Bt2/2) dt
0 0

Denote by K the point of a half-clothoid where the chord has maximal length.

Proposition 3.8. The tangent angle a at the point K belongs to the interval
(n/2,3n/4).

Proof. At the point K the tangent vector t_ik perpendicular to the chord OK
(because at K the derivative of the length of the chord is equal to zero). Denote
by W the point of the half-clothoid where the tangent angle is equal to /2 (see
Figure 4). Evidently, ax > 1/2, because 29Vl = cosy, and y [(0,1/2) at the
point W, hence, 49%1 > o,

The angle OKL is equal to m/2. The angle OcKL is smaller than n/2 (because
OcKL =m—vyandy [C(/2,m)). Hence, the angle MOK is smaller than the
angle MOO.. But the angle MOO. is equal to /4, hence, the angle MOK is
smaller than 1/4 and the angle OMK is greater than 1/4, i.e. the tangent angle
dk at the point K is smaller than 3mn/4.

The proposition is proved. 1

In two following propositions (Proposition 3.9 and 3.10) we consider arbitrary B.

Proposition 3.9. The maximal possible length of the chord |OK] is smaller
than 3rg/2.
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K

o) F M
Figure 4. A half-clothoid and its point K where the chord has

a maximal length.

Proof. From Lemma 3.3 we know that the length of the radius-vector p(f) of a
half-clothoid is a monotonously decreasing function of t. Hence (see Figure 4),

[OcK] < |OcW|, . ]OK]| < |OOc| + [OW| = rg + |OcW|.

But for |OcW| we have the following formulas (see (18)):

/B | ] v_ W %I

|o.w|= 1 cos Bt?/2 dt— n1 2 B
0
B | | va |:|:W_|WLI
+ sin Bt?/2 dt— @ 2 B L1

0
AT
= 2/B cost?’dt— n1 2 B
1

0

L1 dﬁ v_ I:I:RI/_IWL|

+ 2/B sint?dt— m 2 B L1
0
, TR, =
=2rg/ m L1 cost?dt— m 2 2
0
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'E{m v [y l@l

+ sint?dt— m 2 2 1
0

Vv_ I 1 v____V_
=2rg/ m (0.98—0.62)2+ (0.55—0.62)2=2rg 0.14/ m
=0.42rg <rg/2.

Hence, we obtain the desired inequality:
IOKl <rg+rg/2=3rg/2.

The proposition is proved. 1

Proposition 3.10. The maximal possible distance between two points of a half-
clothoid is smaller than 3rg/2.

Proof. Consider two points P and Q of a half-clothoid (8) (see Figure 5). We
prove that for any points P and Q

|PQI < |OK],
where K is defined before Proposition 3.8.

A e

Y

Figure 5. A half-clothoid and an arbitrary chord P Q.
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Evidently, we must consider the case when if only one point (P or Q) belongs
to the arc J—theltangent line at the point L passes through the point O). If the
chord P Q has the maximal possible length then the tangent lines at the points P,
Q (denote them by mp, mg respectively) are perpendicular to the chord P Q.

Consider a point E CQP—Dehote by ag the tangent angle at the point Q, by
o — the tangent angle at the point E. The line EE-i$ parallel to the lines mp

and mq.
The length of the straight line segment EE—dan be defined by the following
formula:
Ij/ZC(E/B 1 1
[EEE cos Bt?/2—aq dt

ZC(Q/B

(because ag = Bt2/2).
Assume that the point E coincides with the point P, i.e. ag = 0g + 1. Hence,
we have the following equality:

Ij/(20(Q+2n)/|3

O, (|
(19) 0= v cos Bt“/2—aqg dt.
ZGQ/B
We can rewrite equality (19) as follows:
0= _— Tdt
o 2B(og+T1)
But ]

Tdt
>0,
0 2B(0g + 1)

because cosT = cos(m — 1) for any T []0, m/2) and

1 1

| ] > | ] .
2B(0g + 1) 2B(ag +m—1)

Hence, equality (19) isn’t correct and, hence, the chord PQ can’t have the
maximal possible length, i.e.
|PQ| < |OK].

From Proposition 3.9 we have
[OK] < 3rg/2.

Hence, the maximal possible distance between two points of a half-clothoid is
smaller than 3rg/2.
The proposition is proved. 1
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3.2 Properties of two arcs of clothoids at their concatenation point

Consider two clothoids cl1 and cl2 (see Figure 6) which for t = 0 have the same
initial conditions (Xg, Yo, 0o, Up), Up < 0, the absolute value of the curvature of cl1
is decreasing with t, the one of cl2 increasing with t; cl1 and cl2 are defined by

equations:

1
xd) =  cos (T2 + UgT + 0p) dT + Xg
0
20 cll:
(20) [
vd) =  sin(t? + ugT + ap) dT + Yo
1
xf) =  cos(—T? + UpT + 0p) dT + X
0
21 cl2:
(21) -
vd) =  sin(—T1? + UpT + 0p) dT + o

v A

0 >
Figure 6. Two arcs of clothoids (with decreasing and with increasing
curvatures) with equal curvatures and tangent angles at their common endpoint.

Consider clothoids cl1 and cl2 on a small interval t []Q, s] (see Figure 7).
On this figure the point O is the centre of cl1, the point A is the initial point,
the points B and C belong to the clothoids cl1 and cl2 respectively and |AlB}=—1
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Figure 7. The pieces of half-clothoids cl1 and cl2 with denoted angles 6o,
81, 62, &1, d2, Y1, Yo and radius-vectors pal psl ficl

|Alct=-+ The angle between the tangent vector to cl1 and cI2 at point A and the
vector equal to (—@a) ( palis the radius-vector at point A) is denoted by 8y. The
angles between the tangent vectors to cll and cl2 at the points B and C and the
vector equal to (—fa) are denoted 8, and 6, respectively. The angles between the
tangent vector at the point A and the vectors AB and AC are denoted @, and Y,
respectively. And the angles between the radius-vector fialand the radius-vectors
peland pclat the points B and C are denoted ¢1 and ¢, respectively. Denote by
0i (i = 1,2) the angles between the tangent lines at the points B and C and their
radius-vectors (8; = 6; + ¢;, i =1, 2).

Lemma 3.11. For the clothoids cl1 and cl2 on a small interval t []0Q,s] the
following equalities hold:

(22) p3 —p2 = gpA sinBps® + O(s?),

(23) 51— 8p = 252 + 230759033

+ 0O(sh).

See the proof of the lemma in Appendix B.

Corollary 3.12. Denote by C. the point of the clothoid cll with the same
curvature as the point C belonging to clothoid cl2. Denote by C, the point of the
clothoid cl1 with the same length of the radius-vector ficl as the point C of the
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clothoid cl2; and denote by C, the point of the clothoid cl1 with the same angle y
between the radius-vector and the tangent vector as the point C of cl2. Denote by
YA, YB, Yc the angles y at the points A, B, C. Then the points Cc, A, Cy, C,,
B on a small interval [0, s] are encountered in their order along cl1.

This corollary is proved in Appendix B.

3.3 A property of a concatenation of several arcs of clothoids

Consider two paths with the same initial conditions (Xg, Yo, Og, Ug) and whose
graphs of the curvature as a function of the path length are shown on Figure 8.

wA

pcl

20

“Y

0O u0/2

Figure 8. The graphs of the curvature of a piece of a half-clothoid (cl) and of
a concatenation of several arcs of clothoids (pcl) with equal initial curvatures.

The path cl is a piece of a half-clothoid whose curvature is defined by the
equation u = —2s + ug (Uug > 0). The path pcl consists of several pieces of
clothoids whose curvatures are defined by equations of the kind u = —2s + Ti° or
u= 2s+ﬁ0 (@° > 0 and ﬁo > 0), the sum of their lengths is equal to ug/2. Denote
by O the centre of cl, by fie(t) the radius-vector of a point of cl in the coordinate
system with centre at O¢. Denote by f,di(t) the radius-vector of a point of the
path pcl in this coordinate system. For t = 0 we have {ic0) = fdi(0).

Lemma 3.13. For any path pcl (defined as above) and for the path cl (both
paths are defined on the interval s [0, ug/2]) we have the following inequality:

(24) Pci(S) = ppci(S), for every s (D, up/2].

See the proof of the lemma in Appendix C.
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Denote by D the class of the paths with initial conditions (Xo, Yo, 0o, Ug), of
length up/2 and whose graphs of the curvature u as a function of the path length
s belong to the class Lip (2). Denote by @,{t) the radius-vector of the point of
some path L from the class D in the coordinate system with centre at O¢. Then
we have

Corollary 3.14. For any path L from the class D and for the path cl from
Lemma 3.13 (both paths are defined on the interval s [0, up/2]) we have the
following inequality:

Pci(s) > pL(s), for every s [(0,uo/2]

Really, the class of paths L belongs to the closure of the class of all paths pcl
defined at the beginning of the subsection.

4. Construction of a Suboptimal Path

V_
We construct a suboptimal path when dist ((x°,y%), (x",y")) [IA B (i.e.
there exist constants a > 1, ¢ = 0 such that the following inequality holds:

V_
dist (X%, y°), (x",y")) =a/ B +c).

In the section we consider arbitrary B in Propositions 4.1 and 4.2 and we set
B = 2 throughout the rest of the section.

We show that one can construct a path from the initial point X° with coordi-
nates (x°,y°) to the final point XT with coordinates (x",yT) with four switching
points which is a concatenation of four arcs of clothoids and a line segment (along
the path the tangent angle and the curvature are continuous, their initial and final
values are respectively a®, a” and u®,u™).

Construct the path from X° to XT by means of the graph of the curvature as
a function of the path length. Construct at first a part of the path which is a
concatenation of two arcs of clothoids only, from the point X° to some point X5.
For this purpose consider the graph of the curvature as a function of the path
length, which is a piecewise linear and continuous function (the absolute values of
the angular coe Lciehts of these pieces are the same, i.e. every piece is of the kind
u= =2t + umy

This graph is shown on Figure 9. It is linear on [0, &7 and on [E5n™+ 2&7, zero
at the point (n™+ 2&5. Here £~ and n™are the path lengths, the number n"is
defined by u® (n"= u®/2), ¢“can be considered as a parameter.

Construct the path corresponding to this graph from X° to some point X5 (the
point X' of the path corresponds to the point D of the graph of the curvature).

Increasing €~'monotonously leads to increasing of the absolute value of the
tangent angle a at the point X' (denote it by aY, because the curvature doesn’t
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u

Y

t

Figure 9. The graph of the curvature of the suboptimal path from 0 to n™+ 2&-

change sign on [0, n"+ 2& and the angle a™— a® is the integral of the curvature
on this interval:
|rﬂ|q_2£:|

at—a® = u(t) dt.
0

Hence, there exist d™> 0 such that if €"varies in [0, dJ, then the tangent angle
atat the point X assumes continuously all the values from some interval of the
kind [Ko, Ko + 21] or [Ko, Ko — 211], Ko [CR, depending on the sign of u®.

In conformity with Proposition 3.2 we can take for d“the maximal length of an
arc of half-clothoid on which the tangent angle makes a full turn (i.e. 2m).

Estimate the area where the point X5 can be if £~ [0, d".

Proposition 4.1. If §2]0, d¥ the point X will be within some disc EX' For
x%, a° fixed the coordinates of its centre (which we assume to be the point X[ for
&M= 0) depend only on u®; its radius doesn’t depend on any of the constants x°,
a, u® and when B is not fixed then the radius and the coordinates of the centre
depend only on the parameter B.

Proof. Consider the circle with centre at the centre of the half-clothoid whose
curvature is defined by the part AF of the graph of u as a function of t (see
Figure 9). Denote this clothoid by cljn. We take the radius of this circle to equal
rs (see (10)). Denote the point of clj, corresponding to the point F of the graph
shown on Figure 9 by X£. If we change €210, d, then the point X will remain
within this circle. The point X5 will be within the circle with centre at the point
Xg£ and with radius rg. Thus, the point X5 will be within the circle EPwith
centre at the centre of clj, and with radius 2rg.

The proposition is proved. 1
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We can use the same method for constructing the path from X to some point
X2 (from the right to the left). For this path we have a parameter £™ the interval
[0,d and the disc E™respectively. v

Remind that we consider the case when dist ((x°,y°), (x",y")) [I71 B. That
iswhy EFn EM= ]

In order to construct the path from X° to XT vary §Yand &§™so that the
tangent lines at the points X5 and XZshould be parallel (i.e. £™is a function
of £€5. For a™=n/2, a™= —n/2 and for a“= —n/2, a™= /2 the angles between

the tangent vector to the path at X5 and the vector XSXE:D have di Lerknt signs.
Hence, thus varying £~and &™in the interval [0, d'J, we obtain that for some values
&L ¢ Mthis angle equals 0. So, we obtain the desired path from X° to XT. The
thus constructed path satisfies all the initial requirements.

Proposition 4.2. There are the following inequalities between the radius rg
and the parameters &1 £
V_
tH<2 2rg,
E‘IDSZ EI"B.

Proof. Remember that (from (10))
—1
rse = 1/(2B),

and £ ], dJ where d"is the maximal length of an arc of a half-clothoid on which
the tangent angle to the half-clothoid makes a full turn. To compute d"let the
point P; coincide with the point O and let a—be equal to zero (see Figure 2).
Then

s e E—ELE L ]

Bt Bt2 4 i
d"=P 2 +sin? — dt= — =2 —.
Pg?ol cos? = sin® — 5 5
Hence —1
wy To,Y5
= — = rs.
3 B B
o V_
Similarly, < 2 2rg.
The proposition is proved. 1

Remark 4.3. The initial and final values of the curvature may be positive or
negative. That is why the path constructed from X° to XT may be of one of the
forms shown on Figures 10a)-d). Figure 10 a) corresponds to u® > 0, u™ < 0;
Figure 10b) — tou® > 0, u™ > 0; Figure 10c) —to u® < 0, u™ > 0 and Figure 10d)
—tou® <0, u’ <0. The points X5, XZare the points of zero curvature.
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Y
- X/r/)
w0 >0 /@ uT <0
s —— »
H x
X!
u? >0 71,T>0
o) ) ﬁ b)
X! X4 ’
0 i -
u <0 XD uT >0

" T
wd <0 X’D XD u

. ol D ¥

Figure 10. The four possible types of suboptimal paths.

It is practically impossible to feel the presence of a switching point between
two clothoids on the path (Figures 10 a)-d)), because the first and the second
derivatives are continuous there. On Figure 11 we show such a switching point —
the path MKL contains an arc (M K) of the clothoid C; and an arc (KL) of the
clothoid C,.

Remark 4.4. Consider a path beginning at X° whose graph of the curvature
as a function of the path length has the form shown on Figure 12 (¢ > 0 is a
parameter). Such a path will be longer than the path with { = 0 (if the tangent
angles at X are equal for both paths, the initial angles and curvatures — t00).

Really, the surfaces under both graphs of the curvature must be equal (because
the tangent angle is the integral of the curvature). Hence, & is minimal when uis
maximal, i.e. { = 0. This observation makes us choose { = 0 for the construction
of the suboptimal path. v

The condition dist ((x°,y°), (x",y")) [IZ1 B implies that the line segment
between the points X5 and XIis almost horizontal. Hence, if we change { the
change of the length A, of this segment is approximately equal to the change of
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K

Cq

Ca

Figure 11. A switching point between two arcs of clothoids (represented
together with their analytic continuations).

i

Figure 12. The graph of the curvature of the path from Remark 4.4.
the length of its projection A, on Ox. Denote by A the change of the total
length of the four arcs of clothoid. Denote by Ag, the change of the total length

of their projections on Ox. Then we have

AS = ASX = _A|X = A|.
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Therefore one expects to have, in general, shorter paths for smaller values of ¢,
because, in general, the left inequality should be strict.

Two students — A. Casta and Ph. Cohen — constructed suboptimal paths
explicitly by means of MAPLE.

To construct a suboptimal path one has to express the coordinates and the
tangent angles at the points X5 and X as functions, respectively, of £~and &™
One imposes the condition the tangent angles at X5 and XX to be equal; this
allows to express §™by &Y After this one expresses the distance between the
tangent lines at the points X5 and X as a function of &~ The necessary value
of &Yis a zero of this function. This zero can be found by means of MAPLE. A
better result is obtained when the method of dichotomy is used, not Newton’s one
(it is not clear whether the latter is applicable or not).

5. Proof of the Suboptimality of the Path Constructed in §4

In the section we consider arbitrary B.

Theorem 5.1. The optimal path for problem (})—(3) is shorter than the subop-
timal path constructed in §4 by no more than (10 2+ 10)rg (here rg denotes the
distance between the centre of the half-clothoid (8) and its point of zero curvature).

Proof.

1°. Consider the suboptimal path as consisting of five pieces: the first piece is
from the initial point X° to the point X& corresponding to the point C on the
graph of the curvature u as a function of s (see Figure 9); the second piece is
from the point X&' to the point XJ (remember that the point X5 of the path
corresponds to the point D on the graph of the curvature u); the third piece is a
line segment between the points X5 and XZ! the forth and the fifth pieces are
defined in the same way as the second and the first pieces respectively (the point
X&corresponds to the point X5).

Consider the initial point X° with the initial values of the tangent angle and
the curvature a® and u® as belonging to the unwinding half-clothoid. Then we
can correctly define the centre of this half-clothoid, denoted by Oxo. For the final
point XT with a™, u™ we can define the unwinding half-clothoid with centre at
the point Oxr respectively.

Then we can consider the optimal path as consisting of three pieces: the first
piece is the piece within the circle Dxo with centre at the point Oxo and with
radius rg (more precisely, the piece ends with the first point P which is out of
the circle Dxo; if the optimal path leaves Dxo and then enters it again, its part
after the point P belongs to the second piece). The third piece is the piece within
the circle Dx+ with centre at the point Ox+ and with radius rg (more precisely,
from the last point belonging to Dx+ to the point XT). The second piece is what
is left between the first and the third one.
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20. Remember that we use the folowing notations: we denoted by X[ the point
of the suboptimal path corresponding to the point F on the graph u as a function
of t (see Figure 9), by X — the point corresponding to the point C, by X5 — the
point corresponding to the point D and by X X& XZPwe denoted the points
belonging to the corresponding part of the path from the final point.

The point X& with @, ug belongs to the unwinding half-clothoid whose centre
is correctly defined. Denote it by Oxp. Denote by Dxp the circle with centre at
the point Oxg and with radius rg.

For the point X&' we define similarly the point Oxmand the circle Dxm

3°. Plan of the proof of the suboptimality of the path constructed in
84 (the suboptimal path).

We compare the length of the optimal path and the one constructed in §4. We
can estimate the maximal possible di [erence of their lengths (denote it by ). For
this purpose we prove that the second (the forth) piece of the suboptimal path is
no longer than the first (the third) piece of the optimal one (see 4°).

Then we estimate the maximal possible length of the pieces X #xCland xMxIL—1
of the suboptimal path (see 5°). Their lengths are, respectively, 2&“and 2&™

In 6° we estimate the maximal possible di [erence between the distance between
the circles defining the second and the forth pieces of the suboptimal one and the
distance between the circles defining the first and the third pieces of the optimal
one.

And then in 7° we estimate the di [erence between the shortest and the longest
possible length of the line segment of the suboptimal path.

We summarise these results and obtain ¢ in 8°.

49, The first and the third pieces of the optimal path belong to the class D (see
the definition in Subsection 3.3). Hence, we obtain from Corollary 3.14 that the
second (the forth) piece of the suboptimal path is no longer than the first (the
third) piece of the optimal one.

V_ V-
50, We obtain from Proposition 4.2 that "< 2 2rg and €< 2 2rg. Hence,

adding the pieces X 8L and-xMxTwe-aedl no more than 284+ 28T< 8 2rg to
the length of the suboptimal path.

6°. The maximal possible distance between the points X° and X¢'is equal to

3rg, because X #x-and>8BxLare—tdb arcs of two half-clothoids, hence, the
distance between the points X° and X[ (the points X£ and X respectively) is
smaller than 3/2rg (see Proposition 3.10). Similarly for the point XT and X"
Hence, the maximal possible distance between the points Oxo and Oxg is equal
to 3rg + rg + rg = 5rg (see Figure 13). In the same way the maximal possible
distance between the points Oxr and Oxmis equal to 5rg.




PLANAR MOTION WITH BOUNDED DERIVATIVE OF CURVATURE 211

Figure 13. The circles of radius rg with centres at the points Oxo and Oxp.

Thus the distance between the circles defining the second and the forth pieces
of the suboptimal path is no greater than the distance between the circles defining
the first and the third pieces of the optimal one by no more than 5rg +5rg = 10rg.

70. Estimate the di [erence between the shortest and the longest possible length
of the line segment of the suboptimal path. Denote by RQ the line segment of
the shortest possible length and by EW the one of the longest possible length (see
Figure 14). Denote by G the point belonging to the border of the circle Dxg and
the segment OxcG is perpendicular to the line OxOxm For the circle Dxmwe
have the point V respectively.

G

v

Figure 14. The circles of radius rg with centres at the points Oxo and Oxm

Compute the angle OxcEK. It is equal to the angle between the vectors O_CTC

and t(see Figure 1). The vector O_CTC is the radius-vector of the centre O, of the
half-clothoid (11), the vector Tis the tangent vector to this half-clothoid at the
point O. The line | is perpendicular to the vector OO and the angle B is the angle
between the line | and the tangent vector T1From (9) we obtain that Xo, = Yo,
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hence, the angle between the axis Ox and the vector 00, is equal to /4 and the
angle B is equal to /4, too. Thus the angle OxoEK is equal to %n.
Hence
v IKE| < |KGJ.

But |GR| = 2rg (because |OxoG| = |OxcR| = rg and OxoG [OKcR).
Hence, V.
|IKE| < |KG| < |GR|+ |RK| = 2rg +|RK].
Analogously for the segment |[KW | we have the following inequality:

V_
IKW| < 2rg +|KQ|.

Thus v
|[EW]| < |RQ|+2 2rg,

i.e. we obtain that the least possible length of the line segment of to suboptimal
path is shorter than the greatest possible length by no more than 2 2rg.

8%. Summarising the results obtained in 4°——79, we can estimate the maximal
possible di[Lerence of the lengths of the suboptimal and the optimal paths:

V_ V_ V_
6=8 2rg +10rg +2 2rg = (10 2+ 10)rg.

The theorem is proved. 1

A Appendix: Proof of Lemma 3.4

An arbitrary point A of the clothoid (11) has a tangent vector t(i) with coor-
dinates (cost?, sint?) (see Figure 15).

Consider a point D of the clothoid (11) with tangent vector T,1= (0,1). The
point A is mapped onto the point D by means of the rotation on angle 8 defined
by the rotation matrix

sint?> —cost?
cost?  sint?

Hence, the radius-vector h = (—
mapped into the radius-vector

L 1,
fal= —sint? cos T2 dt + cos t? sint?dr,
] ] 1
—cost? cost2dt —sint? sint?dt
Emil t 1 ° 1
= sin(t? —t?) dt, — cos(1?2 — t?) dt

[T, Cd !

sinv dv _ cosv dv
0 2 v+t2 o 2 v+t2

. cosrzdr,—?’sinrzdr) (see (12)) is
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Figure 15. A piece of a clothoid with denoted raduis-vector fand
angles y(t), B(t).

We want to investigate the function dp/dt. Instead of it we can investigate the
function dy/dt (see (15)). Denote by B the angle between the vector pnland the
axis OcXc. At the point D we have the following relations between the angles v,
B and the coordinates X, yn of the vector pga]

[y I |
coty:—tanB:—y—”: co§vdv SIEVdV .
Xn o 2 v+t? 0 2 v+t
Compute the derivative d(tan 3)/dt:
d(tanB) _ t - gosrdr _ ‘s)n Tdt
dt  4xn2 (me)3 o T+
1 -
_ sin Tdt Cps Tdt
0 EVT+t2)3 0 v'[+t2
t 3 sinT dt sint E tL’ s'!n Tdt
J— — / J—
4xn2 2 v s o T+t

o (TP )
t slinr dt Ld s}nr dt sinT dt ]
== ZIEI V—— 5 v 2_ —F5.3
8Xn o (T+t) o T+t 0o ( T+t
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(we use integration by parts).

Denote the expression in the brackets as J(t%). Consider J(t?) with co changed
to 2mp (p [N, p > 1). Consider the corresponding Riemann sums with step
A = 1t/n instead of the integrals:

Cop 2
(25) sntdr sh A+0(D), T=mk/n, i={L35}

0 (1+0) o ( WP

The function sin T is periodic with period 2r and sin(mm + 1) = —sinT.
Denote the three Riemann sums (corresponding to the three integrals) by

d1""""'dnpa gl+"'+gnp' h1""""'hnp,

where if j=s+vn,s=1,... ,n,v=0,...,p—1, then
& = L SinTs _ sinTs '
] Ts + 2vT + t2 Ts + 2V + T + 2
sinTg SinTg
0j= V————3 — V¥ 3
( Ts+2vm +12) ( Ts+2vm+Tm+12)
sinT. sinT.
hj= v——g— ° 5 -
( Ts+2vm+12) ( Ts+2vm+Tm+12)
Show that
(26) I =3djh; —gj2=0.
Set T + 2vit = a. Then rewrite | as follows:
sina sina sina , sina
3 / - Y —
V——2=5 V———\5 2 2
( a+t2) ( a+n+t2) a+t at+mn+t
1 1
_ ,SSina sina

V— 3 v— 3
( a+t?) ( a+mn+1t2)

v v
Denote a+t2bya, a+m+t2byp. Then

g L 1T 1T 1P @ -a)@-o) @ -0
®F o« B w T o s
_ 3(B = o)’(B* + Ba+p?a? + Bo’ + a*) — (B — o)’ (B + B + o)
- abpsé
_ (B2 — 0?)’[3(B* + Bo + B20 + ol + at) — (B2 + Ba + a?)]
adBO(B + )

_ m(2p* + 20 + BRa+Bad) _
B aBRS(B + 0)? '
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Thus we prove (26). Show that

(27) K= 3(dihj +djhi)—Zgigj =0.
Set
Tg + 2VT = a;, Ty + 2VT = aj,
L1 C—1
aj +t2=q, aj +m+t2 =,
1 —1
aj +t2 =y, aj +m+1t2 =4

Rewrite K as follows:

. 111 .
sina;  sina; sinaj  singj

K=3
ina; sina; sina; sina; sina; sina; sing;  sing;
+ - — -2 — -
_ m?sina;jsingj
® +I%}(v +0)apyd
3(B* + Bia + B2a? + o + o) 3(5* + 8% +8%y2 + 5y +y*)
= o4p4 + y454
(28) -
2(B?0° + B0y + B?y? + 8%Ba + Bady + y?Bo + a?8? + ody + oy?)
- a2p2y232 :
Estimate the expression in the brackets (denote it by L).
(29) L=L;+Ly+ L3+ Ly,
where
_ I:GAI + 202[32 + [34 y4 + 2y262 + 54 2([3262 + 0262 + BZVZ + [3252) L1
L= B + V454 - a2p2y252
1 1 1 111
1 1 f2-] 1 1 II_I 1 1 1 1

§+B_2 + \F+5—2 ¥+f3—2 F+6—2 >0

(due to the inequality between the mean arithmetic and the mean geometric),

C_ 1] 1 1
L, = 1 1 . 1 . 1 . 12 -0
27 2 B afd®  y3B  ydl apyd
(for the same reason),
1 —l 1 1
1 1 1 1 1 1 1
Ly = — + >0

B2 2 BB B Ty e Ty
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(because a >0, >0,y >0,0>0) and

I 1 1 1I:I 1
L3= 2 a+§+w+6—4 -M
M = 2(B%3y +82Ba+ y2Ba + o*dy)
- o2B2y252 '
One has
1 1, 1 1 1 11 1
M_Z 1+1+2 1+1 <21+ 1+1
Ty o2 P2 o y2 32 o2 P2 y2 82
1 L1 ] 1 1
1 1 1 1 1 1 1 1
SetpE Tvte TP aTE Ty Tw

(due to the inequality between the mean arithmetic and the mean geometric).
Hence, L3z > 0.

So L (see (29)) is positive and then the expression K (see (28)) is positive
because the points aj, a; belong to the interval (0, ] and, hence, the functions
sina;, sina; are non-negative. So we prove (27).

From (26) and (27) when n - oo it follows that

I% 1

e sinT dt e sint dt P sintdrt

3 — ol ~— =>0.
0 ( T+t2) o T+t 0 ( T+12)

If 2mp - oo and n — oo we obtain that J(t?) > 0 and, hence, d(tan 3)/dt < 0.
Remember that tan3 = —coty and p = —ysiny (see (16)). Hence,

d(coty) _ _ Y -0 y<o
dt sin“y
and
p=0.
The lemma is proved. 1

B Appendix: Proofs of Lemma 3.11 and of Corollary 3.12

B.1 Proof of Lemma 3.11

Consider a coordinate system A&n (see Figure 16), the axis n coincides with the
tangent vector to cl1 and cl2 at the point A, the axis & is a perpendicular to the
axis n.
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dl

d2

Figure 16. The coordinate system AZ&n.

In this coordinate system cl1 and cl2 are defined by the following equations:

1
Fq) =  cos(t? + upt + 1/2) dt
0
cll: =
ad) =  sin(12 + uoT + /2)dt
1
T) =  cos(—12 + upT + m/2) dt
cl2: &‘
ad) =  sin(—T2 + upt + n/2) dt

0

So for the coordinates of the points B and C we have the following formulas:
- -
ta(s)=— sin(t?2+upt)dt, ne(s)=  cos(T? + ugT)dT,
c(s)=— sin(—t2+upt)dt, nc(s)=  cos(—T?+ugT)dT.
0 0
Then, using the Taylor series at 0 for the functions sin x, cosx we obtain:
__U o 1.3 4 _ ug 3 4
() =—5s —35 +0(),  ne(s) =s— s +0(sY),

2
fo(9) =~ 4 22 10", Mc(s) =5 05+ O(s").
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But tany; = &g(s)/ne(s) and tan Y, = &c(s)/nc(s). Now we use Taylor series
again and obtain the following formulas for tan 1 and tan y,:
1 1
tany; = _Yog 22y 0@s?), tany, = ~Hog 224 o(sd).
2 3 2 3
Since we consider the clothoids cl1 and cl2 on a small interval [0, s], we can use
for the angles Y1 and Y, the following formulas:

(30) Py = —L;—Os - %sz +0(%, U= —%s + %32 +0(s%).

Compute the values of p3 and pZ. For this purpose we use the cosine theorem,
the Taylor series and formulas (30):

Pg = pa+s°— 2pA500|:s|(90 - tIJJI):I

u 1 ]
= Pi\ + 52 —2pas cosBgcos —705 - §52 +0(s?)
L1, L1
- . u 1, 3
+5sin 6o sin —5 ST 35S +0(s”)

L1 L1 L | =

1 u 1 u 1
— 02 +a2 — _2 U ., 1 i Yo ., 12
pa +S°—2pas cosfp 1 5 23 35 sin By 2s 3s
=pa —Ig—% c0s Bos + (1 + palp sin Bg)s?
U% 2 . 3 4
+ pAZcoseo+§pAsmeo s® + O(s"),
2 =pa +s%—2pascos (8 —
pPc = Pa PA I:I(o llJi):llJ ) —
= pa + % —2paS C0sBpcCos —703 + és2 +0(s®)
I:lIJ 1 (||
+sin B sin —703 + 532 +0(s®)
L1 L1 ! 1 =
=pa +s>—2pas cosH 1-1 Ul +sinBy —0g 4 1g2
A A 0 2 273 °© 2773

— A2 H 2
= pa —2pa c0sBps + (1 + paUpsinBp)s
4

+ pAle—Ocoseo—gpASineo s*+0(sh).

Thus we obtain (22):

2

p% — p2 = —pasinBes® + O(s?).

wl
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Figure 17. The clothoids cl1 and cl2 with the additional constructions (line
segments BK; and CKj;) and with the angles 6p — Y1, 80 — Y2, b1, bo.

Compute the values of the angles 6, and 6,. From (20) and (21) we obtain:

6. =8 2
(3) 1 0 0
62—90+U08_S

To compute the angles ¢1 and ¢, make the additional construction (see Fig-
ure 17): the segments BK; and CK; are perpendicular to the line OA.
We have

|K1B| = |AB|sin(8o — Y1) = |OK 1| tan ¢1 ,
[K>C| = |AC]|sin(8 — Y2) = |OK3| tan ¢ .

Hence
|AB| . |AC| .
tand, = sin(6g — , tan ¢, = sin(6g —
¢1 0Ky (6o — 1) ¢2 0Ks| 6o —W2)
But
|AB| = s + O(s?), |AC| = s+ O(5?),

[OK1| = |OA| = |AK | = pa — [AB]| cos(Bo — Y1) = pa —scos(bp — Y1),
|[OKz| = |OA| = |AKz| = pa — |AC| cos(8p — W2) = pa — scos(bo — W2).
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Thus we have that

ssin(Bo — Y1)
PA —scos(Bo — Y1)’

ssin(8o — Y2)

tane. = pa —scos(Bo — Y2)

tan ¢2 =

Now using (31) and Taylor series for the functions cosx, sinx and f(x) =
1/(1 + x) at 0 we obtain the following expressions:

sin(Bp — Y1) = sin By cos Yy — cos By sin Py
1 ! 1 1

=sinBp 1—- —s+=s ++cosByp —s+ =s
n%o 2 2°73 0 7573
u cosfy U2
=sin90+7ocoseos+ 3 0 —%’sineo s2 + 0(s%),

cos(Bp — Y1) = cos By c%l +sinBp sin Y,
1 ! 1 1

=cosfp 1 5 2s+3s sin By 2s+33
u I%!16 u? -
= cosfy — ?O sinBgs — ° 4+ §° cosBy s%+ O(s®),
tan g, = Ssm(io — 1—= 001(9 1)
A N 0~ WY1
™ 1

2
= > sin(Bo — 1) 1+ — cos(B — Y1) + — cos(8o — Y1)
PA PA pPA

Hence after this series of transformations we obtain the formula for tan ¢s:

1
sinBg + I?ﬁlmeo + Ug €0s B9 $2

tan 1 =
b PA 1 203 2pa
5 .
(32) cosBp  ugsinbo 4 Yo 0032290 sin 26 gos Bo s3 +0(s).
3pA 8pA 2pA 2pA

After analogous transformations we obtain the formula for tan ¢,:

1 1
sinBg sin28p = upgcosBy
s+ — + s
2pA 2pa
—cosBy _ ugsinby . Yocos 280 . sin26q cos Bg
3pa 8pa 2p; 2p

tan¢, =

(33) s® + 0(sY).

In a small neighbourhood of the initial point A tan¢; = ¢i + O(¢?) (i = 1,2).
Hence, from the definitions of the angles §; and 6, and from (32)—(33) we obtain
equality (23):

51—, = 28 + 258%0 3 ogt)
3pa
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The lemma is proved. 1

B.2 Proof of Corollary 3.12

It follows from (21) that the absolute value of the curvature at the point C is
greater than the one at the point A. That is why the point C. is located before
the point A.

Note that the angles y; and d; are connected by the following equations: y; =
m—9; (i =1,2). Hence from (31) and (32) we obtain that

sinBg 1+ sin 26q . Up €0s B9

s? + 0O(sd).
PA 2pa 2pa )

YAa—Ye =01—0p= ug+

From Remark 3.5 we obtain that the angle y is a monotonously decreasing
function, hence

YB <VYA.

From (23) we have

2cosb
£-° %043

Yo —YB =01 — & = 25% + +0(s%).

So, Y < Yc and yg < ya. But the di[erknce between yg and ya is of order s,
and the di [erence between yg and yc is of order s?. Hence, we obtain the following
inequalities

YA = Yc = VB,

and the point C, is located between the points A and B.

The diletence between p3 and pZ is of order s® (see (22)). The dilerence
between yc and yg is of order s2. Hence, the point C, is located between the
points Cy and B.

The corollary is proved. 1

C Appendix: Proof of Lemma 3.13

a) Consider the path cl. We parametrise it by the natural parameter s, setting
s = 0 for the point (X, Yo, 0o, Ug). Hence, the graph of the curvature u as a
function of the path length s looks like the one shown on Figure 8 (for s < 0
it is given by the dotted line). In the proof we consider the path cl only on
[—U0/2, Uo/Z].

Denote by O the point of the path cl with zero curvature (i.e. s = up/2), by A
— the point with curvature 2ug (i.e. s = —up/2), by S — the point with curvature
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A

Figure 18. The piece of the path cl from the point with zero
curvature to the point with curvature 2up.

Uo (i.e. s =0) and by P — an arbitrary point corresponding to some value of the
parameter s [(+uo/2,up/2) (up (s) (0, 2up)), see Figure 18.

Consider a small 8-half-neighbourhood (s, s + 9) of the point P and consider
a path beginning at the point P which is piecewise clothoid (u = —2s + T° or
u=2s+ ﬁo, a° >0, ﬁo > 0), of length & and with the same values of X, y, a,u at
the point P as the ones of the point P of cl. Denote the final point of this path by
N, the final point of the corresponding piece of the clothoid cl by M (the lengths
of the arcs PM-andlPIN-are-bqual to 8, the curvature of cl is decreasing from P to
M). Denote by N; the point of the clothoid cl with the same curvature as the point
N, by Ny, — the point of the clothoid cl with the same length of the radius-vector
() as the point N, by Ny — the point of the clothoid cl with the same angle y(t)
between the radius-vector a(fl) and the tangent vector £(f) as the point N. Then
for every point P there exists a small d-half-neighbourhood where the points N,
P, Ny, Np, M are encountered in this order along cl (see Corollary 3.12). Denote
this disposition of the points N¢, P, Ny, Np, M by disposition(D. The number &
can be chosen the same for all values of s [[3up/2, ug/2]; assume that § is fixed.

b) Consider some path P of the class A of all paths beginning at the point P,
piecewise clothoid (U = —2s + @ or u = 25+ ., T > 0, & > 0), of length
= v(s) = up/2—|s| and consisting of n pieces (n > 1/9, each piece being of length
1/n except the first one which is of length < 1/n).

We prove the lemma for paths P [CA first, by induction on n. For paths pcl
defined at the beginning of the subsection the lemma will be proved in c).

For the first piece of the path P we have disposition([DJ(because the length
of this piece is < & and for the &-half-neighbourhood of the point P we have this
disposition). Suppose that disposition(DXoesn’t hold at some moment s=' If sP
is the very first moment when it happens, then 3 cases can occur:



PLANAR MOTION WITH BOUNDED DERIVATIVE OF CURVATURE 223

1) If at the moment s"the point Ny coincides with the point N,. Then
at the next moment we shall have disposition([) Really, using the Taylor series,
as in Lemma 3.11, we shall obtain the result of Corollary 3.12, because at the
moment s“both paths cl and P have the same value of the radius-vector a(#) and
the same angle y(t) between the radius-vector @(f) and the tangent vector t(),
and the curvature at the point Ny of the path P is greater than the curvature at
the point Ny, of the path cl.

2) If at some moment s“the points Ny, N, and N¢ coincide. Then
this means that we move along a half-clothoid cl but with a delay; hence, we
either continue like that and come with a delay, or at some moment we have again
disposition(0)1

3) If at some moment s"the point N, coincides with the point N; and
the point N, is situated after them (see Figure 19). Then it doesn’t happen
in the first piece of the path P (see the definition of 3). Hence, if it happens in the
k-th piece of the path P then for the (k—1)-st piece of the path P disposition(D]
holds. Prove that in this case

pc1(s) — par (st = pp(s) — pp (s fors =s'

Figure 19. The piece of the path cl from the point P to the point L,
the piece of the path P from the point P to the point K and
additionally constructed arc NFIR——1

We denote by M the point belonging to the path cl and corresponding to the
moment st by N — the point belonging to the path P and corresponding to
the moment s™(see Figure 19). Note that the notation is the same as the one
of Figure 18. Denote by Mi=—an-4rc of the path cl corresponding to the interval
[sYs"+ sPfor some sE3 0 and by Nlik—n arc of the path P corresponding to
the same interval [s5/'s™+ s'! Denote by spc (Spc < s') the moment to which the
point Ny = N, corresponds and denote by N¥Q-an-ard of the path cl corresponding
to the interval [Spc, Spc + s'J! Translate the arc Nlik-se-#hat the point N should
coincide with the point Ny, then rotate the image so that the tangent vector to
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the image at the point Ny should coincide with the tangent vector to the arc NfQ——1
at the point Ny. Denote the obtained arc by NFIR——1
For the lengths of the radius-vectors i(d) at the points Ny, N, and M we have
the following inequalities:
PNy < PNp < PM-

This follows from Corollary 3.6 (p(s) > 0).
Rotate the arcs NIQ; NIRIand Mik-arelind O on di [erent angles so that the
points M, Ny and N should be on the line O¢M, see Figure 20a).

L
\ M s* -N
K o
Yy K
K_— |y
a
5* Ny
T
R - R/
Q
A b
N.
R ¥
(@) Ocl

a) b)

Figure 20. The arcs Mis-NIEG-NID and MR after b rotation around O

such that the points M, Ny and N should be on the line O¢M.

Denote

App = |0aK| = [0aN|,  App,, = [O0R| — 0Ny,
APcipr = |Oclél —[Oci N_;|, Ape = |OC|T—| - |Oclm |.

We know that for the (k — 1)-st piece of the path P disposition(DJholds.
Hence,

(34) Athr < Apclpr



PLANAR MOTION WITH BOUNDED DERIVATIVE OF CURVATURE 225

(by the inductive assumption, as k < n).
Using Corollary 3.6 (p > 0) we obtain

(35) Apclpr < Apcl .
Prove that
(36) App < App,, -

The tangent angles at the points N and Ny are the same, the curvatures —
too. Hence (see Figure 20b)),

IKKT=|RRT=y, INKT=|NRT=x.
Denote |OcN| = a, |OcNy| = b. We have the following equalities:
Mor= @ETTYI-a Ape, = BEXPFYE-D
Inequality (36) is equivalent to
I(—alix)2 +y2—a< I(—blixa%ﬂf—b, or to

@xx)?—0bxx)?><@—-b) (axx)2+y2+ IEl_i-x)2+y2
1

1

1
@+bx2x)< (axx)2+y2+ (b£x)2+y?

Thus we have
1

L1
a+bx2x = (axXx)+(h*x) < |axx|+|bxx| < (a%xx)?+y?+ (hxx)?>+y?

This chain of inequalities is correct, hence, inequality (36) is also correct. Thus,
from inequalities (34)—(36) we obtain the desired inequality:

Npp < Apgy,

i.e. pei(s) — per(s > pp(s) — pp (s for s > s*

Thus we proved that if at some moment s“disposition(DHoesn’t hold then for
the moments s > sPthe length of the radius-vector figs) for the point belonging
to cl is greater than the length of the radius-vector fies) for the point belonging
to P. This holds for any path of the class A for any point P corresponding to
some value of the parameter s [{(+ug/2, up/2).

¢) Assume that the point P coincides with the point S (see Figure 18). The
curvature of the path pcl and the curvature of any path of the class A are contin-
uous functions. Hence, if n - oo, then we can uniformly approximate the path
pcl by a sequence of paths of the class A. Hence, for s []0, up/2] the length of
the radius-vector fig(s) is greater than the length of the radius-vector fipdi(s), i.e.
inequality (24) is proved.

The lemma is proved. 1
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