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ERROR ESTIMATES OF A FULLY DISCRETE LINEAR
APPROXIMATION SCHEME FOR STEFAN PROBLEM

A. HANDLOVICOVA

1. Introduction

In this paper we analyze the accuracy of a fully discrete linear approximation
scheme, which can be used in solving nonlinear Stefan-like parabolic problems with
nonlinear boundary condition

Jeu(t, X) — AB(U(t, x))) = f(t,x, () onQ:=[0,T]*xQ
u(0,x) = up(x) onQ
—0uB(u(t, X)) = cgBu(t, x)) +ac(t,x) for x Lt [(0,T)

where u: (0,T) x Q — [1d unknown function, Q [IF s a polygonal convex
domain with the boundary I', 0 < T < oo, v is the outward normal to I', f(t,X,Ss)
and ac(t, x) are Lipschitz continuous functions and : 2 [Cisla nondecreasing
Lipschitz continuous function. Finally cg is a real number and cg = 0.

There are several linear approximation schemes, deal with the Stefan like prob-
lems or with the problems concerning non linear diludion. Among them linear
approximation scheme based on so-called nonlinear Cherno [’slformula with con-
stant relaxation parameter (1 have been studied especially in [1], [12], [14], [15],
where also some energy error estimates have been investigated.

Another linear approximation schemes have been proposed in [5], [6], [7] and
[3]. [8] investigates problems with elliptic operator and a nonlinearity also on the
boundary (function g(t, x,s)). Jdger-Kacur approximation scheme [5] is of the
type

Hi(8i — B(Ui—1)) — TAG; = Tf(ti, X, B(Ui-1))  in Q,

—0,8i = g(ti, X, 8i—1) onTl, or ui =0 on IE’__I —
[B(ui—1 + Hi(6i — B(Ui-1))) — B(Ui-1)| = al6i —B(Ui—1)| +0 *Lﬁ ,
Ui :=Uj—1 + i —B(Ui-1)), i=1,...,n, U = Up(X)
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where 8; is the approximation of the function B(u) at time t;, 4i [Ho(Q), 0 <

d<ui <Kand K™% 1—q, 3 are su Lciehtly small positive constants. By o(%)

(Landau’s symbol), we denote sequence ¢,, n = 1,2,... such that nc, - 0 for

n - oo,

This scheme has the disadvantage of not being explicit with respect to 8; and

Mi and therefore some iterative method in order to determine them must be used.

In papers mentioned above the convergence and energy error estimates for this

semi-discretization scheme have been investigated for both strictly monotone [5]

and nondecreasing [7] function B. In [4] linear approximation scheme based on

that from [5] is used but spreads it of two aspects:

— a fully discretization scheme, that means not only discretization in time, but
also finite element method for space discretization is involved,

— linearization is used not only for nonlinear function (3 but also for nonlinear-
ities in right hand side of the equation and the nonlinearity in the boundary
condition as well.

If Vi and V,} are function spaces defined by (2.1) and P? and P} are defined
by (2.6) and (2.8) then this full discrete scheme is as follows:

For 1 < i < n find {ui(x),0i(X)} such that u; WY and 6; [CWA!, and for the

functions i, pi [V it holds

(1.1 Uo :=PRup(X), 80 := Pr(B(Up(X)))

@2, -
HiPRi, ¢ + T CIBLICEIE- T < cq(8i) + aci, W >n,r -

]
= [@iB(Ui—1), Y3 T EPUi—1)), W T pi(PI8i — B(Ui—1)), Y
+ [}, p CFor all ¢ OV,
[1B(Ui—1 + Hi(P26; — B(ui-1))) — B(Ui—]l)_LI.le,b

(1.3) SGHP}?ei _B(Ui—l)”Lz,ui +0

=
(1.4 Ui = Uj—1 + Wi (P8 — B(Ui-1)),
for i =1,...,n, where functionals p; [CH ™datisfy

| Iy, w= ||pi|ﬂ_ulqlb_)_ﬂ|¢|IH for all y CHY(Q) and
(1.5) [Ipilln== O n—lo , Wherecog>1

aCi = aC(tIIX)l
0<d=m =K, |pil=K.

In this scheme function 8; is used for linearization of the nonlinearity 3, functions
Mi pi represent aproximations of quu—) and fu) respectively. K—1,1—2a,a,d are
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su Lciehtly small positive constants and || - ||,,,; denotes weight function space
L, with the weight function p; (e.g. [10]).

The values of functions 6;, li, pi can be determined by an iterative process
(see [4]). In paper [4] the convergence of this fully discrete method is proved. The
aim of this paper is to prove some error estimates for this method.

Let eg(t, xX) and ey(t, xX) have the same meaning as in (2.20). The main result
of this paper are the following error estimates for the scheme (1.2)-(1.4):

Let the relation between time and space discretization be

(1.6) T < Chs.

Then (under assumptions and notations stated in Section 2)

J
[leullLe0,7;L20) + l€ell.qr,Lo(@)) + €SS sup Ej eg dt
ot<T LZ(Q)
1
+ess sup E;Ieedtg < Chs.
O=t=T L2(M)

In Section 2 we give some notations, basic assumptions and summarize previous
results. In Section 3 we prove the error estimates.

2. Basic Notations, Assumptions and Preliminary Results

Let us assume
(Ho) Q [CI®1(d = 1) is polygonal convex domain with the boundary I,
Q:=1xQ,wherel =(0,T),0<T <ooand T is fixed.

Further we shall use function spaces and their symbols as in [10] L2(Q), L3(Q)
with norm ||-|], La(1, Lo(Q)) = La(Q) with norm [|-[l,1,L,cay, HX(Q) = W12(Q)
with norm || - ||n. Dual space to H1(Q) we denote HX®). Finally we shall use
functional space L,(I") and its norm we denote || - ||r.

We use notation []-Cboth for inner product in L»(Q) and duality pairing be-
tween H1(Q) and H (D),

(Hs) B: 3 L1B(0) = 0 is nondecreasing Lipschitz continuous function
satisfying 0 < lg < BE{s) =< Lpg < oo for almost all s [CITahd there exist
C1,C2 >0, that for all s [CITiflholds |B(S)| = ci1|s| — c2,

(He) F: 1xQx [ COsluniformly Lipschitz continuous function with Lipschitz
constant L¢, and there exists constant C such that ||[f(t, x,0)|| < C for
a.a. t 1) x Q.

(Hg) ¢g=0andac [MTL.(I,H(Q)) and ac is Lipschitz function with Lipschitz
constant L,.
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Let us denote
1

(CgB(u(t, x)) + ac(t, x)) dt,

1
1 — J—
977
0i = Cgi(X) + ac(ti, X) = cgbi + ag;
(Hu,)  up CHY(Q), B(up) CHYQ).
Let {Sh}n be a family of triangulations

Sh = {Sk}|l<<=hj_

(Hs,,) The family {Sn} is regular and also the assumption for inverse inequality
holds in the sense of Ciarlet ([2, Chapter 3]).

Further we denote

V2 = {0 : /s, is constant for all k =1, ..., Kn},
(2.1) V= CTP(Q); /s, CPL(SK) forallk=1,..., Ky},
where P1(S) ={q: S - R|q is polynomial of degree at most one}

On the boundary I is defined discrete inner product by

=
(2.2) W, oL = Mh(Ve)ds

k=1 Skﬁr

for any piecewise continuous functions i, ¢ [Q where My stands for the local
linear interpolation operator ([2]).

Notice that the integral in (2.2) can be evaluated easily by means of the vertex
quadrature rule which is exact for functions from V! ([2, p. 182]).

It holds ([20], [15]) for any W, ¢ OV}

(2.3) | [, L] | = CsllwllH 11l

It is also well known the error bound takes into account the e[edt of numerical
integration ([15]) for all Y, ¢ CV}*

(2.4) | 0, oL — [, oL - | = Cshl|WllH 1]+

The estimate (2.4) holds also for functions ¢ [VJ* and ¢ = b - v, where v [V}
and b CVP; |bllL. <K, K > 0.
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If we denote by a(:, ) the inner product in H(Q)
a(w, z) ;= w1z H 0w,z
and by G: HYQ) - H(Q) the Green’s operator defined by
a(Gy,z) = i, z[For all z CHY(Q), ¢ CHYD),
then the associated discrete operator Gn: HXQ) — V! is defined by
a(Gny, &) = a(Gy,¥) for all & [V, p CHYR).
Because of assumptions above the operator G is regular in the sense of Ciarlet ([2]),
namely: for any ¢ [1h(Q) we have Gy [CH?(Q) and [IGW][H2(q) = ClIWIIL.(0)-
If {Sh}n and G are regular, then it holds
(2.5) I[G — GhlWllns < Ceh® ™| |y|lg—+ forO<s,r=1,
where HS and B~ are the following function spaces 0 < s < 1: HS := [H}(Q),
L2(Q)li-s, B™ 1= [L2(Q), H (Q)]s, (see [11]).
Let us now introduce the L,-projection operator P? onto V,2, which for any
z I} (Q) is defined by
| (|
(2.6) PRz,y = [z yTorany ¢ P
and satisfies

2.7) 1z = POz|ln—s(qy < Csh™||z||ur(q)y, 0<s,r<1

Let us also introduce the discrete H-projection operator P}, which for any z [
H(Q), Pz [V} is defined by

(2.8) a(z—Plz,p) =0 for any ¢ V.
Moreover from approximation property of the operator Gy, it holds ([15])
(2.9) 1z — PRz|lns(qy < Coh?* 9| |z||y2-r(q)y, 0=<s,r=<1,

We shall use the following well-known inequalities

a2  ep?
(2.10) ab < % + - for any a,b [ITamd € > 0,
2.11 2a(a—h) =a® —b®+ (a—b)? forany a,b, CIL1
(2.11) ( ) I:I( ) I__\LI

1
(2.12) IIVIIF < Cao el T + ZIvII®
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for any v [OW*2(Q) and su [ciehtly small € > 0.

The inequality (2.12) see e.g. [13, p. 15].

We conclude with some notations concerning the time discretization. Let T = L
be the time step and tj = i1, |; = (ti—-tj] for 1 <i<n.

We also set z' := z(,ti), Z' := 1 | z(t)dt for any continuous (resp. inte-
grable) function in time defined in Q and 9z' := (z' —z'~1)/t, 1 <i < n for any
given family {z'},. Similarly we denote du; = (uj —uij—1)/t fori =1,...,n and
Uj, Uj—1 Ij]?.

For simplicity we shall denote f(x,t,s) by f(s) The constant C will be generic
constant independent on time and space discretization parameters T and h.

Further we denote y := (1, h) a pair of discretization parameters, where T and
h have the same meaning as before. Then Rothe’s function is

(2.13) BV(t,) 1= 01-109 + —— = (& — 6-1)
for t [CIH—q, t; C10; m,ll ai=1,...,n.
Step function we define as
(2.14) 8t x) = 0;(x) fort C(Hi_1,t;Ji=1,...,n,
6% (0, %) = B(uo(x)).
We define also the function
(2.15) PROM(t,x) = P28; for t C(Hi_y,t;1i=1,....n,

P2Y (0, x) = B(Uo(X)).

Analogously we can define also Rothe’s and step function u®)(t, x) and u®(t, x).
Time derivative for Rothe’s function u® we denote ul*’ and for t C(li_1, t;)

we have
(y) _ Ui —Uji—1
U/ = ——.
T

The dual space to the space V,! we denote V"
All functions defined on Q can be prolongated by zero value outside Q.

Variational formulation of our problem is:

Problem (P). Find {u(t, x), 6(t,x)} such that

(2.16) u(t,x) CIh(1; L2(Q)), du(t,x) CIh(1; H )
and u(0, x) = up(x)
(2.17) B(t,x) CIb(1; HY(Q))

(2.18) 8(t, x) = P(U(t, x)) for a.e.(t,x) CQ
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and for all ¢ [CIh(1,H(Q)) the following equation holds (arguments are ommit-
ted)

I:II%I 1 1 - 1
(2.19) Gp¢ dt+ B TQUEt+ (g) plddt=" [BE), oLt
1 1 1

Finally we denote

eo(t, X) = B(u(t,x)) — 8M(t, x)
(2.20) eu(t,X) = u(t,x) —u™(t,x) for x t O

We conclude this section with the basic results of [4].

Theorem. Assume that (Hq), (Hg), (Hu,), (H¢), (Hg), (Hs,) hold. Let 6;,
B(ui), Wi fulfill (1)—(1.5). Then for T < 19 and h < hp such that (1.6) is fulfilled
and To, ho are su Lciehtly small, there exists a constant C, independent of the
discretization parameters such that

1 , 1
(2.21) max |[Bu)ll+  [lui —ui—]|*+ 1| & <C,
l=<i=n i=1 i=1
(2.22) . max ||Ph6 |+ max [luill<C,
1:1

(2.23) 7]16i|]> < C,
i=1
[ LN—

(2.24) 1)|6i]|3 < C.

i=1

3. Error Estimates

We choose §X;t;_, ;) for arbitrary ¢ [HY(Q)andi=1,...,n as a test function
in (2.19). In the sense of previous notations we obtain
I OO O 3 4
(3.1 au 9 + EIH+ g6 = .o

Variational formulation of the fully discretized problem (1.1)-(1.4) is

(32) (U, o3 (IEIGTH G, Bl)e -
= [EEUi-1). 05+ pi(PL6; —B(Ui-1), & + [, oL

for arbitrary ¢ [V}
Now we prove the following lemma
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Lemma 1. Let the assumptions (Ha), (Hp), (Hg), (Hf),(Hu,), (Hs,,) and the
relation between time and space discretization fulfil (1.6). Than it holds

||ee|||_2(| Lo()) T €ss sup E:’ €o dt@ ess sup E;Iee dt@

O=t=T o<t<T

<C r%+h+hT = cy(h, 1).

Proof. We substract variational identity (3.2) from (3.1), multiply by t and
sum over i =1,...,k. We have

3.3)

u“—ug, ¢ +1t IR —6i), [+t @ -9 9
i=1 j=1

Y g
=1 (f' —f(ti, Bui-1))). ¢ —t pi,
%: %:I

gl:(b - gll I:I
i=1 r i=1 h.I

0 L] 0 -
-1 Pi(PnBi —B(Ui-1)).¢ + up—Prup, ¢ .
i=1

Now we choose as a test function ¢ = T(P,}E“ —6k) [M}, sum again over
k=1,...,m, and multiply by T. We obtain

(3.4) - 1
 L—

F_1 _
[el, eoCdt+ T° [—1(B'—6:), L(BER" —6k)

k=1 'k i=1
1
’l:z%l -
T @ —9i), PAB" — 6k
k=1 =1 r

1 g
—1 _ O
= —12 pi, PR —8k —— T uf—uk, PEBR—pK dt
k=1 i=1 k=1
]
- u®—u,eq dt
k=1 Ik

1 % —t 1
_2 [ g PiRk— _ —plgk _ —1
T gll PhB ek gll PhB e|(
k=1 i=1 r i=1 h,Ir
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1
— 12 pi(P28; — B(Ui—1)), PABX — Bk
k=1 = -
™ 1 _ _
+ 12 (F —f(ti, B(Ui-1))), PR — Bk
k=1 i=1

+T Uy —PQuy, PEB< -1 -
p ~ PnUp, Py K -

We will estimate each term of this identity, so we denote (3.4) formally as follows

I+11+1lI=1V+---+X
First we define a function 8(S)
S
h(s)=s— —=
(s)=s a
where ? 1
H = max 5;LB

(L is Lipschitz constant for B and for d itholds0 < d < pj <= Kforalli=1,...,n.
For function h(s) it holds

(3.5)

0<h'{s) <1 foraa s 11

If we use (1.4) for t T4} we get

60 = B(U) — B = B(U) — B(Uk—1) — % + (P28, — 6)

and also
]
eu= 2 Hh(t) —h(Ukr) + ———1 (Ux— Uge1) + —(O — P28
u—H k—1 Hl.lk k k—1 H k h Yk
forallk=1,...,n.

We will estimate first term as follows

1
H

+

k=1 Ik

I+

|leo||” dt
k=1 Ik
1

1 1
h(u) — h(uk-1) + (H—Hk —1)(Uk — Uk—1) + ﬁ(ek —P26k),ee dt

m
I]_ + |21|
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where 1" = @@(O,tm;Lz(Q» and

I = Ai(u) — h(uk—1), B(u) — B(uk—1) Cdit
.
= _ 1
- h(u) — h(Uk—1), X —2k=1 gt
k=1 Ik Hk
]
+ h(u) — h(uk—1), PP8k — 8k dt
k=1 Ik
1 1
1 1 o O
- 1— —— (Uk —Uk—1),€¢ dt+ — Bk — POk, ep dt
k=1 Ik H H k=1 Ik

Finally we have

Im
| > ﬁ + Ig (A{u) — h(uk-1) I:IZ_:ZI(O,tm,Lz(Q))

e — U 1
- h(u) — h(Uk—1), = dt
k=1 Tk Mk
0 ]
+ h(u) — h(uk-1), PR8k — 8k dt
k=1 Ik
1 1 1
— 1— —— (Uk —Uk—1),eq dt
ket Tk H '
1 1]
+ — ek—P[?ek,(% dt
k=1 Ik

1
J— m
__HI1 +li+lh+l3+ 1+ 15

The terms l,—Is we give on the right hand side of identity (3.4) and then we
estimate them. First we realize that

€9 Uk — Uk— P9, — 0
h(u) — h(Uk—1) = U — Ug—g — = — —X_K=1 4 Thok Tk

H H H
So we have
= L1 o= —
Uk — Ug— Uk — Ug—
I, =— u X1 gt+t Ugq, K1
k=1 M Mk k=1 Mk
1
l @u — Up—
+ = ee,& dt

H k=1 Tk Hk
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1 1
T U T T Uk — Uk—1
k=1 K Hic H oo Hi

If we now use (2.21), (2.24) and (2.7), we obtain

.| (1]
1 r_1 Uk — Uk—
ol < Sy T Mk— a1 +1 U, ———L

k=1 k=1 M
1 8h2T ™1
+C1 + TEMTE

=1
! IM+Ct2+Ch2+C 12U T4ME§]
=16 1 k=1, ™

k=1
p e v

. 1
+CTZ+Ch2+Ct2  [|uk_y|?+Ct

I1

= ToH k=1 k=1 Hic
—— 1"+ Ct1% + Ch?

=T6H 1

Analogously we estimate the term I3
1
) 'I:IZ 2 ™ 1
3] = lullL,@ Csh“t  I6klly  +Cght  [[uk—1|llI6k|lH
k=1 k=1

5 T:lz 3 ) l:lz
I+ —Csh [0kl + mcsh T |8l +Ct

16H k=1 k=1

1
< 2 m
Ch+Ch +CT+16H .

For term IV we use similarly (2.21)—(2.24) and (2.10)
[la] = [luk — uk—1]lllee || dt
k=1 Ik

1 2,
=T4H  |Juk — uk—1]|* +
k=1

I"sCt+

16H 16H I

We estimate the last term

o, T—1
—— " +4HCgh"t 16k 11
k=1

+ 4HCgCh?.

1
L 6H

= A I
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For the term 11 of identity (3.4) we use the definition of operator P?}. We get

’l:ljﬂ:I _—
1 =12 CEER' — 0:), CEEB" —6)
k=1 =1 —
+17 (PAB' — B"), PaB* — i
k=1 i=1
=1L+ 115
For the first term we use well known identity
L1 [ 1C 1 [

(3.6) 2 ak ai ax + ak for a 111

k=1 i=1 k=1 k=1

Further we use also well known regularity I?B(u) [ (0, T; H2(Q)), that we
have from (2.19) for ¢xp0,q ([14]).

Tz 2k T2 2k 2
I, = CEER" —6k) | CCEB* — 6l
R ol h 5 ol
=3 Pleq(t)dt eg(t) dt h? = 11™ — Ch?.

0

Second term we estimate as follows

T |
[11,] < t34H :(P,}B' B

T 5Thk g 12
[IPAB* — Bl

k=1 i=1 16H
y L
<taH % (Phwu(t))—s(u(t)»g
k=1 _i=1
m [] 1
tor  IPEB®) — BUO)IP + llesl e

L L S |
< T4HT [IPABu() — B

k 1i=1 hi
2 1m
cgh IBWIIE,q, Hlm» + el
1
< 4HT2C9h2||B|||_2(| sy * g SR sy + gy
<ch?+ = m

8H|1'
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where we have used the properties of function B(u), relations (2.9), (2.10) and
well-known inequality

C1 [
T 1 T 1
ax =m aZ for arbitrary real numbers ax, k =1,...,m.
k=1 k=1

We estimate third term
NES S @ —gi). PAB* — B +1? @ — ). B — 6
k=1 i=1 r k=1 i=1 r
=l + 1y,

where 111, we estimate using (Hg)

1 l:ll K _ qky2 “ T : = 1
|“|1|S§ [IPRB* —B ||r+7 1 @' —0i) 11 + 112,
k=1 k=1 i=1 r
where
| o
1 —tm C1oC2h2 tm
Mu<—=—  [IPHBU®)—BU®)IFd< =220 ||B|220-
2T ¢ 2 T g

If we now use regularity l?B(u) [I1.(1,H?(Q)), again, we have

2
|||11SCh—
T
11 =11
Mp<ct* HE -6+t [ a—adl(t)
k=1 i=1 r k=1 i=1 r
=1lla+ g
] —
T —1
Ma<cit? | (B(U(t))—ei)th
k=1 =1 N r
<c2Tr?  lIBCu(®) — Gill?
KT -

< 265T%T (IBWIIE,a.Loqry + 18YIE a0,y = CT
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where we have used again the properties of 3(u) and oM.

-
T =h
2,2 — _+32 2
= — i .
g < 2T L2t (t—t) dtggc:r
1=

k=1 =1 hi =
Now we estimate 111,
1
™ 1F _ _
= v (@ —0).B"—6k
k=1 i=1 -
= ¢gT? BT —6).B—6 +12 (ai. —al), Bk — 0y
k=1 =1 r k=1 i=1
= o1 + iy
We use the property Hy
1
Mz = cq1° (B —0:), B — B

k=1 i=1

C
e msk—e 12 + E;] eedﬁ
—|||211+— E;] EthE

Next term we estimate as follows

2. T___1 2 T
T°C 41 —
||||22|STg [1Bk — Ol[F + — - _ac
k=1 9 k=1 =1
.[2 T _'-ILa
< 89II|211+CT — — |t—t|dt
k=1 =1 U i
2
T4Cq
ST|“211+CT

Whole third term of (3.4) is now estimated.
We can estimate the term 1V

2 T e 1
I|V|<— pi +— lIPRB  — Bkl = 1V +1Vs,

il

k=1 =1  A@) k=1

L1
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Using the properties of p; we have
EEI:I2 5 'I:I2
Vi <tT IPill ey =T l1Pkllfi iy = CT
k=1i=1 k=1
and using the properties of 3 and F 12 together with (2.9) it holds
2 TE:::;LK 2 2 HE::::E 2
V2=t [IPABNIB + 12 18Il <T@+ COIBIE 1 pi1ay +TC = CT.
k=1 k=1

The fifth term of (3.4) we estimate following the similar estimate of [14]

L1 1 ERE=N
1 2z T_—71_ _
IVI<C Bl 0tmo0 + Tluel> B tPap*—-B¥? =ch.
k=1 k=1

The term V I we can estimate as in [3]

Elﬂl |
VI = u“—u,eg th

L1l

—1
= Osu ds,eg(t) dt

k=1 Wt
= TL3u Ll(o,tm,H @) (8 Ll (0,1, H (@) = CT,

that holds due to the properties of d¢u, B(u)and a result of (2.24).
For the e [edt of a numerical integration we use (2.4) and obtain

VIl <Cst2h [ gi IPEBX — Bklln
k=1 =1 H
| Lo |
c 1 c. T—1
R G giZ+T275 [IPARY — 6kl
k=1 =1 H k=1
=V + VI,

where V 11, we estimate in the same way as in 1V, and in V 111 we use (Hg)
1 —1
™ 1
Vilp =2Cst2h? L2 o1+ ac [
=1 k=1 H

T 110

, 1, , 1 h?
=Ch [Ikllis + llaeklln - = C—

k=1
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For the estimation of eighth term we use (2.10), (1.4) and properties of p; too.
We have

or —u )E«L IPEBY — B2
Wi i i—1 16H . h kIl »

where second term we have already estimated by a value %I{“ + Ch? in the way
as in ll,. The first term we easily estimate using (2.21)

I, 1 4HK?2T2 T_—_—1
P_I_(Ui _Ui—l)§ TT ||U|<—U|(_1||2 =Crt.
Hi 1

1

4HT® T
2

LT

k=1 1

If we use (2.10) in the ninth term, it holds

T
[1X] < 4HT3

k=1
= 1X1 + 1 X5,

Ifi—lft- i E+1 %Lk—ez
( G, BUi-H*+ 5T _1II R B — Bill

1 k=

plEINE

where the second term is again less then g1 + Ch2. For the first term of this
inequality we derive

[ — f(t, B(ui—1))| < [ (t, B(u)) — F(ti, B(ui—1))| dt
'

_ B(u) — B(uj—1)) dt + LT

. [ ==
< T |eg|dt+LfT + —L e
T oy Ty Hi

+ L¢|0;i — P65
Le — i — Ui
=Tf leo| dt + LT + Lg 'u"l L¢l6i — P26i],
1; i

where we have used Lipschitz continuity of the function f, (1.4) and the definition
of eg. Finally we have

IA

_ ) L1
[F—ft pui-))P < —  leoldt  +4LET?
li

Ui — Ui—1]?
+4L%| 1 2I 1|
L2

1
.
2 2
Ui — Uj—
< Tf egdt+4L312 + 4Lﬁ%

+4L218; — PR6i|?
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+4L%]6; — PO8;|°.

For the first term of the inequality in estimate of the ninth term we have

||

T 1
IX; =4H 1 [ T(f —f(ti,B(Ui—l)))E
i=1

k=1 i=

L —
<4HT 12 |[Ff — (b, B(ui—1)|]?
i=1

¥
<16HL3T 1 egdtg

| U— —— | 1
2 i — Uj—1

| II* + 116 — PR8i||*> +Ct?

™ 1
<Ct If+C(t +h?),
k=1

where we have again used properties (2.21) and (2.7). Finally for this term we
have

1 rl:kl
[1X] < m|{“ +Ct  I¥+C(t+h?
k=1
The last term of (3.4), we estimate again using (2.10) and we have

 L— 1 T
IXI<T4H [y = PRupll” + oz [IPAB* — 8l
k=1 k=1

The estimate of the second term is well-known: 1" + Ch2. First term we
estimate easily using (2.7) and a property H(u,)
IX| < L mycne
T 8H ! '

For now on we have estimated all terms of our identity (3.4). This result we can
write formally

%I{“+|1+II’2“+III21s—I2— I3 — 14— ls + Ch? — 11, — 111,
—Hlp+1V+V +VI+VII+VIHI+IX+X
thus
Lm0 4+ 1y < 1]+ 03] + (L] + (1] + CR2[11] + (111

H
+ [ + IV + V] + VI + V] + [V + [1X]+ [ X]
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Now substituting estimates for all terms we obtain inequality
Tkt
3 1 m ¢ m
—Im+—éj eg dt 3 eg dt
gH 1 L= P 2 L F O

2
SC(h+h2+h?+r2+T)+CT 1X
k=1

Using Gronwall’s lemma assuming without lost of generality thath <landt < 1,
we get the final result

O=t<T ot<T

-
||ee||,_2(I Lo()) €SS sup :I eg dt—H-+ess sup ee dt
, 1

<C 12+h+—
T

This proved the assertion of lemma. 1

Now the following lemma results

Lemma 2. Under the assumptions of Lemma 1 it holds
lleullf 0,71y = CW(H, T).

Proof. We use not only result of Lemma 1 but also the properties of Green’s
operator G and a discretization operator Gy, from (2.5). We easily have

1]l ¢y = @, GO for any ¢ CHR)

Chosen now in (3.3) as a test function Gp(uX—uy) [}, after some rearrangement
we have

@7) _
1K1,y = 1% = Ul gy = 0¥ = b, G(U = i)
| SR |
= q — kl:l_ i_p. k _
eu'[G Gh]eu T @ 8i), [GH(u Uk)
i=1

;

-1 (@' — i), Gn(u* —uy)

r 1

p

+1 (F' — (i, B(Ui-1))), Gn(uk — uy)
1

-1 pi, Gn (U — uy)
i=1
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% ] % :II:I
+-t L1 g, Ghu*—uw) - i, Gn(UK —u,)
i=1 r i=1 h,r
1

-1 Pi(PI8i — B(ui—1)), Gn(uX — uk)
i=1 . y ]
+ Up —Prup, Gh(U* —uk)
Formally we denote it as

e8Iy = X1+ XTI+ XTI+ + XV

Now the idea is as in the previous lemma; we will estimate all members of this
equation. X1 we easily estimate using (2.5)

X1 < Cgh?||eK||? < Ch?,

because both functions uk and uy too are bounded in Lo(Q).

X1l ” E(s-_hbu” 1 eg ma(Gheu, Gheu) + T | €g
0 7 0

1
= 1—0||95||2H roy T W(h, ).

Here the estimate of G, and Lemma 1 were used.

5Ciot2 = 1
X1l < 210 é(q'—gﬂ@*—ll%eﬁllﬁ
2 = 10
=1 r
5c2 TZ ‘_:l R 1
S5CfOC§§;Leedta+lTOE a; —a +E”95”|2—|'¥D)
0 r

i=1 r

1

212712 2.2 k12

< Cy(h,t) +5C;,L5T “meas(lN)“t° + 1—0||eu||H@).
Now we again use the estimation as in 1 X

2 1
IXIV|< 5% (! _f(B(Ui—l)))E"' %Ileﬁlli. @)

1=1
-
15L2 F | 1502t 1

L e%th« cté+ 26; llui = Ui—alf?

2 i i=1

=

Uy

i=1
15L2¢gn? 1
+ — i:lT”ei”H + E”eu”H@)
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< C(llesllf ,(qy + >+ T +h*) + ”eu”H @)
SCUh D+ +T+h)+ ||eu||H@)
For XV we use (2.10) and properties of p;
XV < CT? + o [lekl ey,

Numerical integration error bounds e [edt, (2.11), (2.10) and (Hg) we use for XVI

XVI < thCs [ gi ElIGhe| I
o (-
5C2th? o, B 1ok
= T Cg”ei”H + ”ac”H + l_olleu”H@)
i=1 i=1

1
2
=Ch"+ E”eu”H @)

Analogously we can estimate in XVII, using namely (1.4), (2.10), (1.5), (2.21)

52 1
XV == lui—uial? + IleuIIqu
'—l

sCt+— ”eu”H @)
Finally from the properties P (2.7) we conclude

2h2
xvulsSC;h

[luplliy + ”eu”H ) = <Ch*+ ”eu”H )
As a result we obtain
lles|Ficy < C@(h, T) + h? + T + 12 + 19).
If we assume that, h <1 a 1 < 1 we immediately have the result of lemma. 1

Theorem 1. Let the assumptions (Ha), (Hg), (Hup), (Hg), (H¢), (Hs,,) hold
and for space and time step the following relation holds

TSC@%,

where constant C—is independent on t,h. Then

+ess sup :Ieeth +ess sup E;Ieedtgs Ch3

o=t<=T L% (®)) o<t<T

lleullL . o,7:L000) + ||ee|||_2(|,|_é

Proof. The proof results immediately from Lemmas 1 and 2. 1
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