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SOME LIMIT PROPERTIES OF AN APPROXIMATE LEAST

SQUARES ESTIMATOR IN A NONLINEAR REGRESSION

MODEL WITH CORRELATED NONZERO MEAN ERRORS

J. KALICKÁ

Abstract. A nonlinear regression model with correlated, normally distributed er-
rors with non zero means is investigated. The limit properties of bias and the
mean square error matrix of the approximate least squares estimator of regression
parameters are studied.

1. Introduction

Let us consider a linear regression model

(1.1) Xn×1 = Fn×kβk×1 + εn×1, E(ε) = 0, Var (ε) = Σ

where the n× k matrix F is known, β ∈ Rk (k-dimensional Euclidean space) is an

unknown vector parameter and εn×1 is n× 1 vector of the errors.

Under the condition of stationarity of covariance functions:

(1.2) Σ =
n∑
i=1

R(i− 1)Ui

where

(1.3) (Ui)kl =

{
1, for k − l = i− 1,

0, otherwise.

We will consider that R(·) is a nonlinear function of p× 1 parameter θ (θ ∈ Rp)
and therefore we mark R(·) ∼= Rθ(·).

Its estimator is given by

(1.4) R̂θ(t) =
1

n− t

n−t∑
i=1

(X(i+ t)− F̂β(i+ t))(X(i)− F̂β(i))
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for t = 0, 1, . . . , n − 1 where F̂β = (F̂β(1), . . . , F̂β(n)), (see [6]), and β̂ given by

(F′F)−1F′X is LSE of Rθ. Note that the nonparametric estimator of Rθ given in

(1.4) is asymptotically unbiased only (see [6]).

We consider further

(1.5) R̂θ(t) = Rθ(t) + (R̂θ(t)−Rθ(t))

for t = 0, 1, . . . ,m− 1 where m < n− k + 1. The function Rθ(·) is assumed to be

known, continuous and twice continuously differentiable in θ.

Let (R̂θ(t) − Rθ(t)) = ζθ(t), E(ζθ(t)) = µn(t) for t = 0, 1, . . . ,m − 1 and m <

n− k + 1.

We will investigate a nonlinear model

(1.6) Yn(t) = fn(xt, θ) + ζθ(t) for t = 0, 1, . . . ,m− 1 and m < n− k + 1

for n → ∞ and fixed m, where fn is a nonlinear function of parameter θ =

(θ1, . . . , θp) continuous and twice continuously differentiable in θ. Further ζθ =

(ζθ(0), . . . , ζθ(m − 1)) is m × 1 vector of errors with E(ζθ) = µn, Var (ζ0) = Σn
and we will consider that limn→∞ µn = 0. This condition is fulfilled for ζ(t) =

R̂(t)−R(t) and t = 0, 1, . . . ,m− 1, m < n− k + 1.

2. An Approximate Least Squares Estimator

Let us consider a model described by (1.5). The approximate least squares esti-

mator θ̃ is based on a method due to Box (see [2]) for derivation of an approximate

bias of θ̂. Let us denote by fn(θ) the m× 1 vector (f(x0, θ), . . . , f(xm−1, θ))
′ and

let jt(θ) be the p× 1 vector with components

jt(θ) =

(
∂f(xt, θ)

∂θi

)
i=1,...,p

t = 0, . . . ,m− 1, m < n− k + 1.

Let J(θ) =

 j′0(θ)
...

j′m−1(θ)

 be m× p matrix of the first derivatives of fn(θ). Let Ht,

t = 0, . . . ,m − 1, be the p × p matrix of second derivatives, (Ht)ij =
∂2fn(xt, θ)

∂θi∂θj
for i, j = 1, . . . , p.

Since θ̂ is the least squares estimator of θ, the following matrix equality should

hold:

(2.1) J′(θ) · (Y − fn(θ̂)) = 0
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where Y = (Y0, . . . , Ym−1)
′. By [2] (2.1) and using the Taylor expansion of J(θ)

and fn(θ) it follows that LSE θ̂ of θ can be approximated by the estimator given

by:

(2.2) θ̃m = θ + (J′J)−1J′ζ0 + (J′J)−1

[
U′(ζ0)Mζ0 −

1

2
J′H(ζ0)

]
where M = I− J(J′J)−1J′, A = J(J′J)−1J′, U(ζθ) is a m× p matrix of the form

U(ζθ) =

 ζ′θA
′H0

...
ζ′θA

′
nHm−1

 and Hn(ζθ) is the m× 1 random vector with components

ζ′θA
′HtAζθ for t = 0, 1, . . . ,m− 1. For the j-th component of the random vector

(U′(ζθ)Mζθ)j we get:

(U′(ζθ)Mζθ)j =
m−1∑
i=0

(U′(ζθ)ji(Mζθ)i =
∑
k

∑
l

(∑
i

(HiA)jk(M)il

)
.

ζθ(k)ζθ(l) = ζ′θNjζθ for j = 1, . . . , p where (Nj)kl =
∑m−1
i=0 (HiA)jk · (M)il,

k, l = 0, . . . ,m − 1 and (U′(ζθ)Mζθ)j = ζ′θ

(
Nj+N′j

2

)
ζθ is a quadratic form with

symetric matrices.

3. The Mean and the Mean Square Error Matrix

of an Approximate Least Squares Estimator

Let θ̃m be in the form (2.2) and let θ̃m be an approximate LSE of θ in (1.5).

We can write:

Eθ(θ̂m) = θ + Aµn + (J′J)−1 ·
[
tr (NΣn) + µ′nNµn(2.3)

−
1

2
J(tr (A′HAΣn) + µ′nA

′NAµn)
]
· (J′J)−1.

We will try to bound this term.

(2.4)

(Aµn)j =
m−1∑
i=0

ajkµn(k), where ajk = ((J′J)−1J′)jk. As far

as m is fixed number m < n − k + 1 and lim
n→∞

µn(k) = 0

for k = 0, . . . ,m− 1 this term tends to zero for every fixed

m < n− k + 1 and n→∞.

In what follows we use the relations:

tr (AB′) =
∑
i,j

AijBij, | tr (AB′)| ≤ ‖A‖ · ‖B‖ where ‖A‖ =

 n∑
i,j

A2
ij

1/2
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is the Euclidean norm of matrix A, for which the inequality ‖AB‖2 ≤ ‖A‖2‖B‖2

holds.

(2.5)
tr (NΣn) =

 tr (N0Σn)
...

tr (Nm−1Σn)

 =⇒ tr (NjΣn) ≤ ‖Nj‖ · ‖Σn‖ and

for every fixed m, m < n− k+1 and for lim
n→∞

‖Σn‖ = 0 this term

tends to zero for n→∞.

(2.6)

µ′nNµn =

 tr (µ′nN0µn)
...

tr (µ′nNm−1µn)

 =⇒ tr (µ′nNjµn) =

tr (Njµnµ
′
n) = tr (NjWn), where Wn = µnµ

′
n and j =

0, . . . ,m − 1 then | tr (NjWn)| ≤ ‖Nj‖ · ‖Wn‖, what for

every fixed m < n− k + 1 and for n→∞ tend to zero.

Now

(2.7) tr (µ′nA
′NjAµn) = tr (µnµ

′
nA
′NjA) = tr (WnA

′NjA) ≤ ‖W‖ ‖A‖2‖Nj‖.

This term tends to zero for every fixed m < n − k + 1 and for n → ∞. We can

easily see that for the last term of (2.3) we have

(2.8)

J′
 tr (µ′nA

′H0Aµn)
...

tr (µ′nA
′Hm−1Aµn)


j

 =
m−1∑
i=0

(ji)j tr (A′HiAWn)

= (tr (A′
∑m−1
i=0 (ji)jHiAWn) and hence it is sufficient to

bound | tr (A′BjAWn)| · | tr (A′BjAWn)| ≤ ‖A′BjAWn‖,

where Bj =
m−1∑
i=0

(Ji)jHi.

Now we can state

Theorem 1.1. Let the following conditions be fulfilled in model (1.6):

(i) The limit limn→∞ µn(t) = 0 for t = 0, 1, . . . ,m− 1 and m < n− k + 1,

(ii) limn→∞ ‖Σn‖ = 0 for m < n− k + 1.

Then, for every fixed m < n − k + 1, the approximate least squares estimator θ̃m
is asymptotically unbiased, i.e. limn→∞ Eθ(θ̃m) = θ.

Proof. The results follow directly from (2.4)–(2.8) and from (i), (ii). �
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Now, let ζθ ∼ N(µn,Σn). We can express Eθ[(θ̃m − θ)(θ̃m − θ)′] as follows:

Eθ[(θ̃m − θ)(θ̃m − θ)′]

= AEθ(ζ′θζθ)A′ + (J′J)−1Eθ
[
(N(ζθ)−

1

2
J′H(ζθ)

]
·

[
N(ζθ)−

1

2
J′H(ζθ)

]′
= AEθ(ζ′θζθ)A′ + (J′J)−1

[
Eθ(N(ζθ)N(ζθ)

′)−
1

2
Eθ(N(ζθ)H(ζθ)

′)J

−
1

2
J′Eθ(H(ζθ)N(ζθ)

′) +
1

4
J′Eθ(H(ζθ)H(ζθ)

′)J
]
(J′J)−1.

We will delimit the terms in the last expression member by member

1. AEθ(ζθζ′θ)A = A(Σn + µnµ
′
n)A

′ = AΣnA
′ + AWnA

′ in the norm:

‖AΣnA
′‖ ≤ ‖Σ‖ · ‖AA′‖ = ‖Σn‖ · ‖(JJ′)−1‖,(2.9)

‖AWnA
′‖ ≤ ‖Wn‖ · ‖(J

′J)−1‖.

This term tends to zero as n→∞ and for every fixed m, m < n− k + 1.

2. We express the (i, j)-element for the term Eθ(N(ζ)(N(ζ)′).

[Eθ(N(ζθ)(N(ζθ)
′)]i,j

= 2 tr (NiΣnNjΣ) + tr (NiΣn) tr (NjΣn) + µ′nNiµn tr (NjΣn)

+ µ′nNjµn tr (NiΣn) + 4µ′nNiΣnNjµn + µ′nNiµnµ
′
nNjµn.

Now we have

| tr (NiΣnNjΣ| ≤ ‖Σn‖
2 · ‖Ni‖ · ‖Nj‖,

tr (NiΣn) tr (NjΣn) ≤ ‖Σn‖
2 · ‖Ni‖ · ‖Nj‖,

µ′nNiµn tr (NjΣn) = tr (µ′nNiµn) tr (NjΣn)

and consequently,

| tr (WnNi) tr (NjΣn)| ≤ ‖Ni‖ · ‖Nj‖ · ‖Σn‖
2,

µ′nNiΣnNjµn = tr (µ′nNiΣnNjµn) ≤ ‖Ni‖ · ‖Nj‖ · ‖Σn‖ · ‖Wn‖,

µ′nNiµnµ
′
nNjµn = tr (µ′nNiµnµ

′
nNjµ)

= tr (WnNiWnNj) ≤ ‖Wn‖
2 · ‖Ni‖ ‖Nj‖

and

[Eθ(N(ζθ)(Nn(ζθ)
′]i,j ≤ 3‖Ni‖ · ‖Nj‖ · ‖Σn‖

2(2.10)

+ 6‖Ni‖ · ‖Nj‖ · ‖Wn‖‖Σn‖+ ‖Ni‖ · ‖Nj‖ · ‖Wn‖
2

= ‖Ni‖ · ‖Nj‖(3‖Σn‖
2 + 6‖Σn‖ · ‖Wn‖+ ‖Wn‖

2)
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This term tends to zero as n→∞ for every fixed m < n− k + 1.

3. Step by step, we express Eθ(ζ′θNζθζ′θA′HAζθ)k,p and ((Eθ(ζ′θNζθζ′θA′HAζθ) ·
J)k,p:

Eθ(ζ′θNζθζ′θA′HAζθ)k,p = 2 tr (NkΣnA
′HpAΣn) + tr (NkΣn) tr (A′HpAΣn)

+ µ′nNkµn tr (A′HpAΣn) + µ′nA
′HpA tr (NkΣn)

+ 4µ′nNkΣnA
′
nHpAµn + µ′nNkWnA

′HpAµn.

The first two members of ((Eθ(ζ′θNζθζ′θA′HAζθ) · J)k,p are bounded (see [7]):∣∣∣∣m−1∑
j=0

(2 tr (NkΣnA
′HjAΣn) + tr (NkΣn) · tr (A′HjAΣn)(jj)p

∣∣∣∣(2.11)

≤ 3‖Ni‖ · ‖A
′BpA‖ · ‖Σn‖

2

From this we calculate only last four members of ((Eθ(ζ′θNζθζ′θA′HAζθ) · J)k,p.

(Eθ(ζ′θNζθζ′θA′HAζθ) · j)k,p

=
m−1∑
j=0

(µ′nNkµn tr (A′HjAΣn) + µ′nA
′
nHjAnµn tr (NkΣn)

+ 4µ′nNkΣnA
′HjAµn + µ′nNkWnA

′HjAµn)(jj)p

=
m−1∑
j=0

(tr (WnNk) tr (A′HjAΣn) + tr (WnA
′HjA) tr (NkΣn)

+ 4 tr (WnNkΣnA
′HjAn)

+ tr (WnNkWnA
′HjAn) + tr (WnNkWnA

′HjA))(jj)p

= tr (WnNk) · tr

A′
m−1∑
j=0

Hj(jj)pAΣn


+ tr

WnNkWnA
m−1∑
j=0

Hj(jj)pA

 tr (NkΣn)

+ 4 tr

WnNkΣnA
′
m−1∑
j=0

Hj(jj)pAΣn

+ tr

WnNkWnA
′
m−1∑
j=0

Hj(jj)pA


= tr (WnNk) · tr (A′BpAΣn) + tr (WnA

′BpA) · tr (NkΣn)

+ 4 tr (WnNkΣnA
′BpA) + tr (WnNkWnA

′BpΣn)

where Bp =
∑m−1
j=0 (jj)pHj . Now, we have

tr (WnNk) tr (A′BpAΣn) ≤ ‖Wn‖ · ‖Nk‖ · ‖Σn‖ · ‖A
′BpA‖

tr (WnA
′BpA) tr (NkΣn) ≤ ‖Wn‖ · ‖Nk‖ · ‖Σn‖ · ‖A

′BpA‖

tr (WnNkΣnA
′BpA) ≤ ‖Wn‖ · ‖Nk‖ · ‖Σn‖ · ‖A

′BpA‖

tr (WNkWA′BpA) ≤ ‖Wn‖
2 · ‖Nk‖ · ‖A

′BpA‖
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and consequently

((Eθ(ζ′θNζθζ′θA′HAζθ) · J)k,p(2.12)

≤ 6‖Wn‖ · ‖Nk‖ · ‖A
′BpA‖ · ‖Σn‖+ ‖Wn‖

2 · ‖Nk‖ · ‖A
′BpA‖

= ‖A′BpA‖ · ‖Nk‖ · ‖Wn‖ · (6‖Σn‖+ ‖Wn‖)

This term tends to zero for every fixed m < n− k + 1 and for n→∞.

4. The case of the third member Eθ(ζ′θA′HAζθζ
′
θNζθ)k,p is analogous. For

(J′(Eθ(ζ′θNζθζ′θA′HAζθ)))k,p we have:

(J′(Eθ(ζ′θNζθζ′θA′HAζθ)))k,p(2.13)

≤ ‖Wn‖ · ‖A
′BkA‖ · ‖Np‖ · (6‖Σn‖+ ‖Wn‖).

5. By expressing the last member in the form J′Eθ((H(ζθ)H(ζθ)) · J, we calculate

in the first place the members Eθ(ζ′θA′HAζθζ
′
θA
′HAζθ)i,j and

(J′(Eθ(ζ′θA′HAζθζ
′
θA
′HAζθ))J)i,j .

Eθ(ζ′θA′HAζθζ
′
θA
′HAζθ)i,j

= 2 tr (A′HiAΣnA
′HjΣn) + tr (A′HiAΣn) · tr (A′HjAΣn)

+ µ′nA
′HiAµn tr (A′HjAΣn) + µ′nA

′HjAµn tr (A′HiAΣn)

+ 4µ′nA
′HiAΣnA

′HjAµn + µ′nA
′HiAWnA

′HjAµn.

For the first two members in this formula we can write (see Štulajter [7])∣∣∣[J′(2 tr (A′HAΣnA
′HAΣn) + tr (A′HA) tr (A′HAΣn))J]k,p

∣∣∣
≤ 3‖A′BkA‖ · ‖A

′BlA‖ · ‖Σn‖
2.

We denote the last four members of this formula as Zi,j

(J′ZJ)k,p =

(J0, . . . ,Jm−1) · Z ·

 J0
...

Jm−1



k,p

=
m−1∑
i=0

m−1∑
j=0

(ji)k(Zi,j)(jj)p

= tr (WnA
′BkA) tr (WnA

′BpAΣn) + tr (WnA
′BkA) tr (ABpAΣn)

+ 4 tr (WnA
′BkAΣnA

′BpA) + tr (WnA
′HiAWnA

′BpA)

= (J′(Eθ(ζ′θA′HAζθζ
′
θA
′HAζθ))J)i,j

It is easy to see that

(J′(Eθ(ζ′θA′HAζθζ
′
θA
′HAζθ))J)i,j(2.14)

≤ ‖Wn‖ · ‖A
′BkA‖ · ‖A

′BpA‖ · ‖Σn‖

+ ‖Wn‖ · ‖A
′BkA‖ · ‖A

′BpA‖ · ‖Σn‖

+ 4‖Wn‖ · ‖A
′BkA‖ · ‖A

′BpA‖ · ‖Σn‖

+ ‖Wn‖
2 · ‖A′BkA‖ · ‖ABpA‖

≤ ‖Wn‖ · ‖A
′BkA‖ · ‖A

′BpA‖ · (6‖Σn‖+ ‖Wn‖)

Now, we are ready to prove the following result.
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Theorem 1.2. Let ζθ ∼N(µn,Σn) and let the assumptions of Theorem 1.1 be

fulfilled. Then the approximate LSE θ̃m of parameter θ fulfils

lim
n→∞

Eθ[(θ̃m − θ)(θ̃m − θ)′] = 0 .

Proof. Based on (2.9)–(2.14) and conditions (i), (ii) of Theorem 1.1 we can

easily see that every member of the mean square error matrix of the approximate

estimator θ̃m converges to zero for every fixed m < n−k+1 if n tends to infinity.�
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