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ON THE MULTIPLICITY OF (X2—-Yb? X¢—-Y9%

E. BODA and D. ORSZAGHOVA

Abstract. In this paper an explicite formula for the computation of the multiplic-
ity of ideal (X2 —YP, X¢—Y9) s given.

Let K[X, Y] be a polynomial ring over a field K, A = K[X, Y],y be a local
ring with the maximal ideal M = (X,Y) - A. For an M-primary ideal Q in A we
denote by P (n) := [(A/Q"*1) the Hilbert-Samuel function, where [(A/Q"*1) is
the length of A-module A/Q"*1. The function P (n) is for n [0 polynomial
in n of degree 2 which can be written as P (n) = eo(Q)“2—2 +e1(Q)n +e2(Q). The
coe [cieht ep(Q) is called the multiplicity of Q. It is well-known, that ey(Q) is a
positive integer (for more details see [3]).

In this short note we give a formula for the computation of the multiplicity for
certain class of M-primary ideals in A. It is a third article of the series beginning
with [1], [2]. Our main result is the following theorem.

Theorem. Let Q = (X2 —Y? X¢—Y9).A be a M-primary ideal in A =
K[X,Y]x,v)y (@ b, c, d are positive integers). Then

e0(Q) = min{ad, bc}.

To prove the Theorem we need the following lemma.

Lemma. Let Q = (X2 —YP, X°—Yd).A be a M-primary ideal in the local
ring A = K[X,Y]x,v) (a b, ¢, d are positive integers).
(a) ifb=aand ¢ = d then g(Q,A) = hc.
(b) ifa<bandd=c then ey(Q,A) = ad.

Proof. See [4, Lemma 3.1]. 1

Proof of the Theorem. On the ground of Lemma the only case to prove ish < a
and d < c. Let bc = min{ﬁﬁ}, t.m. g < 2. Note, that the conditions of

C
Theorem imply ad 8 bc. Let § indicates the integer part of g.
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O o
Let now k := I;lé < % . Then we have

ksg<k+1<---<k+ps%<k+p+1, p [N, p=>0.

For kc < a and kd < b, we can write

Q:I;I(kc.xa_kC—ka.Yb_kd,XC—YdI:I
— I;I<kc'Xa_kc_XkC'Yb_kd,xc_Yd
b%ause XX =Yk (mod Q)

— ka. Xa—kC_Xb—kd )(C_Yd|:I

and therefore

| [ I | 1
e0(Q) = eg X ¢, X — Y +gp X~y X3aTKe —ybkd
= kecd + g9 X — X2a ke . yd—(b—kd) xa—ke __yb—kd
= kecd + eo XC, Y b—kd

ince I;IC: . . Xa—kc—c Y d—(b—kd)) Xa—kc -Y b—kd I:L I;'C: Xa—kc -Y b—kd |::|
XC,\(.b‘@’DinﬂDSo we have eo(Q) = kcd + ¢(b — kd) = bc. This completes the
proof if < 2
d CI%H:I i
Letnowk:= 5 = £ . Then we have
k< E <2 k+1
d ¢

and from this follows

a=kc+p, O<p<ec,
b=kd+q, 0=qg<d.

Then as above ey(Q) = eg(XKe(Xake —yb—kd) ¢ _ydy = gy(Xxke Y d) = e if
q=0. Let q 8 0. Then eo(Q) = ked + eo(Q1), Wherp-Q1 = (XP—Y9,XC—Y9),
We denote the integer part of % as k;. From k; = % follows k; < % < g so there
exist p1, g1 such that

c=kip+ps, O0=p:i<p,
d=kiq+0q:s, 0<aqs.

If (kg +1)-q=<d, then

Q= I;'(p —Y9 XC—Y (ki+1)q , y d—(ki+1)q -

I;ép —Ya x¢ I?_ X (Ki+p—c  y d—(ki+1)q o
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while X ki+Dp =y (ka+1d (mod Q);
=X XP-Ydin A.

Then eo(Q) = ked + cq = bc.
Let now (ky + 1)q > d. Then we have

c=kip+ps, O0=p:i<p,
d=kig+0q1, 0<qg<q.

Then

Q1= |§|(p _Yq'Xklp"'pl — Yy kig+a
— I;gp_Yq,Xklp . XP1 —y kg .YQlI:I

because X*P = Y k19 (mod Q,)
1] 1]
= Xp—Yq'Xklp XP1 —y W

and hence eo(Q) = ked + eg(XP — Y 9, XK1P) + go(XP — Y 4, XP1 — Y &) = ked +
kipg + €0(Q2) with Q2 = (XP —Y 4, XP1 —Y ),

We continue our algorithm.

Let ko denotes the integer part of EqI’ i.e. koq1 =< q, but (ko +1)q; > g. Then
there are integers p2, g2 such that

p=kop1+p2, 0<p2
=Kk +0q2, 0=<0 <0.

If (ko +1)p1 < p, then

Q= I;I((|<2+1)Pl X P—(ke+1)p1 _y 4 XP1_ym =
= Y (ke+D)ar  yp—(ke+1)p1 _ vy 4 XP1—y®m
= I;Iq I%](k2+1)(h—q . X P—(ka+1)p1 _ 1|’:pr1 —Y&W =

L] ]
= X9 XPr—y® jnA.

Then eo(Q) = ked + kipg + gp1 = be.
Let now (kz + 1)p1 > p. Then we have p; < p1,

Q, = I;'(kzpl ,sz_ykqu .yqz,xpl_yqllzI
- ]
— xzpl, xpz_YQ2’xP1_YQ1
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and within

eo(Q) = ked + kipg + kop101 +€0(Q3z), 0=p2 <p;.

with Q3 = (XP2 —Y G2 XP1 — Y1),
There are two descending chains of nonnegatives integers

p>p1>p2>...

4=01>q=>...

which have to stop after n steps. Note that pon 8 0 and qon—1 8 0 for all n. Let
Qz2n = 0 is the first zero and for all k <2n gk B 0, px £ 0. Then

eo(Q) = ked + kipg + kop1gr + kapagz + -+ - + Kon * P2n—1 * O2n—1
=ked +q(c — p1) +p1(q — d2) + G2(p1 — P3) + - + P2n—1 - (2n—2 — G2n)
= ked + gc = ked + ¢(b — kd) = bc.

Let consequently pon—1 =0 (pk E 0, qx 8 0 for all k <2n —1).
Then it holds

eo(Q) = ked + kipg + kap101 + K3p2lz + - - - + Kon—1 - P2n—202n—2)
=ked +q(c —p1) +p1(d — 92) + g2(p1 — P3) + -+ + Gen—2(P2n—3 — P2n—1)
= ked + (b — kd) = be,

which completes the proof for bc as a minimum of {bc,ad}. The proof for the
second case (ad = min{ad, bc}) is the same as the first one. 1
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