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SOLUTION OF STEFAN PROBLEMS BY
FULLY DISCRETE LINEAR SCHEMES

A. HANDLOVICOVA

Abstract. This paper deals with a class of nonlinear parabolic problems with
nonlinear boundary conditions. Stefan problems and porous medium equations
are included. The enthalpy formulation and the variational technique are used.
Convergence of a fully discrete linear approximation scheme is studied.

1. Introduction

In our paper we shall consider the convergence of a fully discrete linear approxi-
mation scheme. This scheme can be used in solving nonlinear Stefan-like parabolic
problems with nonlinear boundary conditions:

Otu — L-(k(B(u)) LB)) = F(t,x,B(u)) onQ:=(0,T)>xQ,
u(0, x) = up(x) on Q,

—v - k(B(u)) LB@) =g(t,x,B(u)) forx [I] t L(Q,T),

where Q [CRY is a polygonal convex domain with the boundary I', T < oo, v is the
outward normal to I, the functions f, g, 3, k are Lipschitz continuous, B: R - R
is nondecreasing and k(s) is a positive definite symmetric d x< d-matrix for any
s [R.

The use of linear approximation schemes for solving these problems from both
the theoretical and numerical point of view has been extensively studied. A linear
approximation scheme based on the so-called nonlinear Cherno [ fbrmula with
constant relaxation parameter p was studied in [1], [12], [14], [8].

Another linear approximation scheme was investigated in [5], [6], [7], [3]. There
the authors used an approximation scheme of the type

Hi(8i — B(Ui—1)) — TAB; = TF(t;, X, B(Ui—1)) in Q,
—0v0i = g(tj, X,8i—1) or uj=0 on T,
L
[B(ui—1 + Hi(6i — B(Ui-1))) — B(Ui—1)| = al6i —B(ui-1)| +0 =
Ui = Ui—1 + li(®i —BUi-1)), i=1,...,n
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where 6; is an approximation of the function B(u) at time tj, ui [N (Q),
0 <93 < Y < K and where K™%, 1 —2a and & are su [ciehtly small constants.
This scheme has the disadvantage of not being explicit with respect to 8; and
Mi and therefore some iterative method for determining them must be used. In
the papers mentioned above, the convergence and energy error estimates for this
semi-discretization scheme were established for both strictly monotone ([5]) and
nondecreasing ([7]) function 3. The idea of our linear approximation scheme is
similar but we introduce the following two novelties:

* We consider a fully discrete scheme, that means we discretize not only in time,
but we also use the finite element method for space discretization.

e We linearize not only the function B but also nonlinearities in the right hand
side of the equation and the nonlinearity in the boundary condition.

In Subsection 4, we prove the convergence of an iterative method for finding
the functions p;, 6; at each time step t;. In Subsections 5 and 6, the convergence
of our linear approximation scheme is proved.

Some of our proofs are only sketched; the details can be found in [4].

2. Basic Notations, Assumptions and Basic
Results of the Finite Element Method

We denote

Q CRY (d=1) is polygonal convex domain with boundary I,

(Ha) .
Q:=1xQ, wherel =(0,T), 0<T <ooand T is fixed.

Further we shall use function spaces in [10]: L,(Q) with norm ||-||, L2(l, L2(Q)) =

L2(Q) with norm || - || a1 Lo(qy and HY(Q) := W12(Q) with norm ||.||n. We

denote the dual space to H1(Q) by HY®). Finally, we shall use function space

Lo (M) with norm || - ||r and inner product [-]-[7l We use the notation [-]-Cboth

for the inner product in L»(Q) and the duality pairing between HX(Q) and H XD).
We shall assume that:

R - R is a nondecreasing Lipschitz continuous function,
(Hg) B(0) =0, 0=<lg<Bs) <Lp < oo for almost all s [R,
re exists | Ilim Bs) =c1 >0,
s| —» oo

%I x QxR - R is a Lipschitz continuous function with
(Hg) ipschitz constant L¢, and there exists a constant C such that:
t,x,0)|=C foraa. t [1] x [
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1
EEl xF <R - R is a Lipschitz continuous function with
Hy) ipschitz constant Ly, and there exists a constant C such that:
g(t,x,0)|=C fora.a. t 1] x [T]

(Hu,) up CHY(Q), B(up) CHH(Q),

|:I dxd : . - -
KR - R is Lipschitz continuous and bounded,

Ho) kK(S) is a symmetric and (uniformly) positive definite matrix;
k . . s
t is there exist positive constants ko, Ko [CRlsuch that

ol€]? < £Tk(S)E < Kol¢|? for all £ CRF and s

Let {Sh}n be a family of decompositions
Sh = {Skhy

of Q into closed d-simplices so that: Q = [}, Sk where h is the mesh size: h =
SUPy=1, . K, diam Sk.
We assume that

C_1
[Ethg family {Sn} has the usual properties of finite elements,
(Hs,) i.e. it is regular and also the assumption of inverse inequality
olds in the sense of Ciarlet ([2, p. 134, p. 142]).

The assumptions above will be simply denoted by (H), that is
(H) (Ha), (Hg), (Hk), (He), (Hg), (Hs,), (Hu,)
Further we denote:

Ve = {y CTP(Q) : y/s, is linear for all k =1, ..., Kp},
VO = {y: /s, is constant for allk =1,...,Kn}.

On the boundary I', we define the discrete inner product by:

D |
(2.1) Wi, @lalr = Mh(Wo)ds

k=1 Skﬁr

for any piecewise continuous functions (i, @ in Q, where My, stands for the local
linear interpolation operator ([2]).
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For any §, ¢ TV}, we have ([15]):

(2.2) [, ¢Lalr| < CsllWllndllH
and
(2.3) | W, ¢Le— [, dlalr| < Csh|[W]|kId]]H-

The estimate (2.3) holds also for functions ¢ [V} and ¢ = b v, where v [V}
and b TV ]|, =K, K>0.
We denote by a(,-) the inner product in H(Q):

a(w, z) ;= 0w 1z H e,z
We now introduce L,-projection operator P0: Lo(Q) — V,2, which is defined by
PRz, p = [z} yHor any y VP, z [IH(Q)
and satisfies
(2.4) 1z = POz|ln—s(qy < Csh™||z||ur(q)y, 0<s,r<1

We also introduce the discrete H!-projection operator P: H1(Q) - V,}, which is
defined by
a(z — Piz,p) =0 for any y [V, z CHY(Q)

and satisfies ([15])
(2.5) 1z = Piz|lns@) < Coh? *9||z||y2—r(qy, 0<s,r=<1.

We shall use the following well-known facts (see e.g. [13, p. 15].)

a?  eh?
(2.6) abs£+7for any a,b [Rland € > 0,
2.7 2a(a—b) =a%? —b®+ (a—h)? foranya,b [R],
2.7) (a—h) L ( )1 ny
(2.8) [IV][2 < Cio || MJF + g||v||2 for any v W 12(Q)

and € > 0 small.

We conclude with some notations concerning the time discretization. Lett = %
be t_he timﬁtep and tj = it, Ij = (ti—1, tj] for 1 < i < n. We also set z' := z(-, t;)
orz':= % I z(-, ) dt for any continuous or integrable (in time) function z defined
in Q, respectively, and 0z' := (z' —z'")/1, 1 < i < n for any given family {z'}{_,.
Similarly we denote du; = (Uj — uj—1)/T for i =1,...,n and uj, Uj—; Iﬂ]?.

For simplicity we shall denote f(s) := f(x,t,s) and g(s) :=g(x,t,s). By C we
denote a generic constant which is independent of time and space discretization T
and h.
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3. Formulations of Problems

The variational formulation of our problem is as follows.
Problem (P): Find {u(t, x), 8(t, x)} such that

(3.1) u(t,x) CLb(I;L2(Q)), dwu(t,x) CLb(I;H ) and u(0,x) = up(x)

(3.2) B(t,x) CIL(1;HY(Q))
3.3) 8(t,x) = B(u(t, x)) for a.e.(t,x) CQ
and for all ¢ CIh(1, H1(Q)), the following equation holds

. o
(3.4) Ok, ¢ 060) (8, TGB- [G10), §1 dt = [F(O), oot

As we have mentioned above, the following approximation scheme is based on
the ideas of [5] and [7] (see the approximation scheme in Introduction). The basic
idea of this linear scheme consists of determining a variable relaxation parameter
Mi = Hi(X) to be used in the algebraic correction u; := uj—1 + Hi(8i — B(Ui—1)),
i=1,...,n, where 8; is the approximation of B(u) at time t;. Moreover, the same
iterative method for finding functions ; and 8; can be used also for improving the
approximation of nonlinearities on the boundary and on the right hand side. In the
same way as in the case of the nonlinearity 3(u) we can use the variable relaxation
parameters also for nonlinearities on the boundary (function g(B(u)) and on the
right hand side (function f(B(u)). We denote these relaxation parameters by ;
(for the function g) and p; (for the function ). We use a fully discrete scheme
including the finite element method.

Therefore, our discrete problem is of the form:

Problem (Pn<): For any 1 < i < n, find {ui(x), 8i(x)} such that ui [V° and
i [V, and the functions p;, pi and wi [CJ° which have the following properties:

(3.5) Uo = PRup(X), 8o := Pr(B(up(x))),

(3.6) [HiP36;, Y3 1Ky [T TIG(0i—1), Ylalr + T (8; — 0i—1), Wlnlr
= [P (Ui-1), Y 3 TH(RUi-1)), Y5 TR (P8 — B(ui-1)), y I
+ [}, ¢ Cor all ¢ OV,

(3.7 IBui—1 + Hi (P28 — B(Ui=1))) — BUi—)I|Lo
1

< a||P8; — BUi—)lLos +0 = (convergence condition)

(3.8) Ui := Uj—1 + Wi(P28; — B(ui—1)),  (algebraic correction)
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fori=1,...,n, where the “error” functional p; satisfies

(3.9) | ok, W= ”pi”H%”w”H for all y CHY(Q) and

[Ipilln==0O o where 0 > 1.

Moreover,we have 0 <6 < ; <= K, |pi| = K, |oi| = K and kj—1 = k(B(uij—1)) and
all members of this matrix are functions from V,°. Further a > 0 and K™1,1-2q, 8
are su Lciehtly small positive constants. By || - ||L,,; We denote the norm in the
weighted L,-space with the weight function p; (e.g. [10]). This scheme has the
disadvantage of not being explicit with respect to 6; and uj. We determine the
values of the functions 8;, Wi, pi, Wi by an iterative process that we describe later.

In case the function 3 is not strictly monotone (e.g. for the Stefan problem), we
approximate the function B by a strictly monotone Lipschitz continuous function
Bn (with Lipschitz constant Lg,,), such that

1
(310)  IIBn = BllLery =0 ¥= . Bn LCF, 0<8n <By(s) < Lp, <Lp

for all n.

4. Convergence of an lterative Method

As we have mentioned above, the approximate scheme (3.5)—(3.8) has the dis-
advantage of not being explicit with respect to the functions p; and 6;. There
are several iterative schemes for solving this problem (see for example [4]). The
scheme that we establish in this paper is based on the idea of an iterative method

in [11].
Put:
1 .
% if s > K,
4.1) vk (s) = %( if K <s<K,
— if s < —K.

Let 1 <i < n be fixed. Then we define our iterative method as follows:

(4.2)  [lik—1— TPik—1)(P28ik — B(Ui-1)), W[ F TKi—; [Bid, (GO
+ Tl k—1(Bi .k — Bi—1), YLulr
= TIAEU-0), Y 3T G6-), Wl for all y V.
1

Hi,o ‘= Yk m )

pio = Y (PA@ (Bi—1))),
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Wi 0 := Vi (PO(F (8i—1))).
= vic n “(Bn(ui-1) + a(PR8ik — B(Ui-1))) — Ui—1
' P26i .k — B(ui-1)

Uik = Hik, for 1<k <ko, ko [N be fixed

(4.3) Hik == ming]k, ui'k_l}, for k > k.

g(PR8ik) — 9(PRBi-1)
P2,k — 8i-1)
Dk = Ve Py?(?i.k) — f(Bui-1))
' Pr8ik —B(Ui-1)

Wik ‘=YK

fork=1,...

If P,?Gi,k = B(ui_l) then Mik ‘= Hi k—1 and Pik ‘= Pi,k—1- Similarly, if P,?(ei,k -
Bi—1) = 0 then wj k := Wj k—1.

The solvability of (4.2)-(4.3) follows from the theory of monotone operators
(see [4]).

The sequences {Wi k}. {pi k}, {wi «}, {Bi k} of iterations help us to find functions
Mi, pi, Wi, 6; as it is formulated in the following theorem:

Theorem 1. Assume (H). Let 1 < i < n be fixed and T < Tp, h < hg for
su Lciehtly small to, ho. If {Mik}, {pPik}, {wik} and {6i«} are sequences from
(4.2)-(4.3) then there exists index I [CN such that the functions W := Hi, pi :=
Pi, Wi = wj; from V0 and 6; := 6;; [} satisfy the equation (3.6) and the
inequality (3.7).

Proof.

First we denote vk = ik —Tpi k. It is obvious that this function is positive for
su Lciehtly small 1o, hence vx =y for some y > 0.

The monotonicity of the sequence {u; «x} for k = ko implies Wik — | pointwise
in Q. Since the functions p;  are bounded, we have Uik — M in Lp(Q) for all
p=>1

We can easily prove that the sequence {6; «} is bounded in H(Q):

In (4.2) we choose as a test function ¢ = 6; x and after some rearrangement we
obtain:

[k—1 (P83 — B(Ui—1)), i 3 TKo|| CEA|[* + T k—1(8ix — 8i—1), Ok [lr
< TE(BUi-1)), 0i,k [F TO(6i—1), B k [alr-

Using the properties of the functions vk and w; «, and due also to (2.2), (2.3), (2.4)
and (2.6), we have:

y118i klI* + Tholl LELAI® < %Ilei,kll2 +C(h* +12)|18i [} + ClIB(ui-)II?

k
+ 12| CB 1% + C][8i ] P + C18ia] P

+ CIF(Bui—))II> + Cllg®i-v)II-
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Now using the properties of the functions f, g, 8i—1, B(ui—1), we obtain for su =1
ciently small h < hg:

[16i k]ln < C.

From the properties of the sequence {p;«} it follows that there exists an index
I such that ||Hi1—1 — HiillL,@ = C1° for 0 > 1. We set 6i 1= 6i, Wi = Hi,,
Pi = Pi1—1 and w;i := wj1—1. We must only verify, that for these functions, the
conditions (3.6) and (3.7) hold. It is clear that i = M < Hi, and that is why
(3.7) holds.

For 8; := 8; the equation (4.2) holds. We have:

([ (PR8; — B(Ui-1)), Y 3+ 1Ky [8;1 QD
+ 1@ (0 — 0i—1), Wl — TIE(PR6; — B(Ui—1)), W I
= Qi1 — Hii—1) (P8 — B(Ui—1), Y3 THA(R(Ui-1)), Y 5 TIGOi—1), YIalr.

We now set [p, W3 i) — Mii—1)(PP8i — B(Ui—1), WJ From the properties of

ik, PO6i and B(ui—1) using generalized Holder’s inequality we obtain that the
functional p; satisfies (3.9). This completes the proof. 1

5. Stability of the Discrete Scheme

The problem (3.6)—(3.8) can be rewritten as follows

(5.1) L, @[3 04— OB 1LQETH- [G(6i-1), Wialr
+ Wi (0 — 6i—1), Wlalr

= B(B(Ui-), W BP0 — B(ui—), W3 < [pi, y]
for all ¢ OV and ||pil| ) = O(T°).

Lemma 1. Assume (H). Then for T < 1o and h < hg such that the equation
(5.2) T=Crh%, for0<&<?2

is fulfilled and 1o, ho are su [ciehtly small, there exists a constant C, independent
of the discretization parameters such that

2 2
(5.3) max |[Bull+  [lui —ui-al*+ T &) <C.
l=<i=n i=1 i=1
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Proof. The function t6; is an admissible test function in (5.1) because 6; [\ .
So let 18; be a test function and sum (5.1) over i from 1 to m < n. We have:

™ 1 ™ 1 ™ 1
5.4 M —uj—1,6i 3  tK-; EI0ETF tO(6i-1), 6ilalr

i=1 i=1 i=1
™ 1
+ T8 — 0i—1), Billr = 1+ 11+ 111 + 1V
i=1
™ 1 ™ 1 ™1
= tHPUI-)).6i3F  tEPL8 —Bui-1)),8iF [, 60
i=1 i=1 i=1

=V+VI+VII

We shall estimate each resulting term. Some of these terms are similar as in [5]
and [7] so we comment them only briefly.
First note that from (3.8) it holds:
PRB = = Bui)

We use (see e.g. [12]) the convex function

J
Dr(s) = A(z)dz forall s [R]
0

where the function A: R — R is absolutely continuous, A(0) =0and 0 < AsSA<
oo, The function @, has the following properties:

N < < —
2/\)\ (s) = da(s) = >S for s [RL

The di Cerence u; — ui—1 [P, hence the definition of P and the monotonicity of
B imply

™ 1 ™ 1
M — ui—1,0;F [ —uj—1, PP8;
i=1 i=1
== P
= Ui = Uj—1, ———— + (®p(ui) — Pp(ui-1)) dX

! i=1 @

= W — ui—g, B(ui) — BUi-1) L]
i=1

Further in the same way as in [5] we arrive at

2 1 2
(5.5) I=(1-20) |Jui —Ui-all, + + 5—IIBum)II* = C.
i=1 "Hi ZLB
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We estimate the second term in (5.4) easily using (Hy):

™1 ™1
(5.6) T K B 1GIE tko || CH]P.

i=1 i=1

In the third term in (5.4) we use (2.3), (Hy), (Hg), (2.6), (2.8):

= 1 T
=t Tﬂei—l),eiE‘@*T

i=1 i=1

! :
0(0i—1), i [el — [9X6i—1), Bi Ll

=1l

2 ko 2 2 2
=tC I&lF+T15 [ +ThC (I8l + || L&JF) + C.
i=1 i=1 i=1

Now for su LCciehtly small hg we get

% — 1 g, T
(5.7) ltstC |e||2+rT | CB:])? + C.

i=1 i=1

For the fourth term we have:

AV o T, ko Tl | —
€ l6ilF+1 (L& +ThC 8l +C,

=1 i=1 i=1

where we used (2.3), (2.6), (2.8), (2.7).
Now again for su Lciehtly small hg we have:

(5.8) EVELTC ||e||2+r31—'§ I C&IR +C,

=1 i=1
In the term V, we use (Hg), the definition of the operator P2 (u; ), (Hg) and
the relation for 8; as in the first term:

(59) 5 BS TL¢ T :%gui_l)ag%% + B(ui—l)%l

i=1
5 '|‘——u—1—u. 1

c
wTp IEE Bl + g IFOIF

2 2
<tC  IB@IP+T  fui—uidlf?, , +C.
i=1 i=1 !

For the term V I, we use the property of P2 and (3.9), (3.8), (2.6):

I Lu—
(5.10) I=1C IIui—ui—llle,% +1C  [|Bui)ll* +C.
i=1 ! i=1
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From the property of the functional p; in the last term we easily get:

(5.11) S=" 4 ko

i=1 i=1 i=1

ko T ,
SC+T1—6 [ T8 + 16|~ -
i=1

Now for su LCciehtly small 1o and from (5.5)—(5.11) we have:

7(1_2a) 1 ko
S p TR A Ol SN2

i=1 i=

2 2
=C+GCot  [IBU)I*+TCe 6]l
i=1 i=1

where C, and C; are constants independent of time and space discretization.
We rearrange the last term of this inequality using (2.4) and the property of
P26; in this way:

™ 1 4c, T 1 , ™ 1
G BillP =t~ Ui —uially, 2 +T4Ce  IBUDI]

i=1 i=1 i=1

+1h°2C:Cs  [I6ill5-
i=1

Using this estimate for su Lciehtly small 1o we have:

3(1 — 20) — 1 ) 1 , ko — 1 )
Tl g BGmIF+
2 2 2
sC+(Co+4CYT  [IBUII* +Th"C  [[6ill}5-
i=1 i=1

We add to the both sides of this inequality the term %Tuemnz and we estimate
this term on the right hand side as above:

ko

k
ITIIGmII2 = Tgollum — Um—1llf,, 1+ TkolIB(Um—1)II* + Th?koCZ|BmlIf; -

Loy
Now let the ratio between 1T and h be chosen in the following way:

T =Crhf, where 0 <& <2.
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We conclude:

1—2q) T 1 1 k kn T—1
C 2Dl = il 5 1Bl + T2 i + 50 < CBRF
1

i=1 2Lg

i=
1 S Lm—
<C+Ct [BuI’+T*Chg™ [I6ill5:.
i=1 i=1
And now for su [ciehtly small 1o the assertion (5.3) follows as a consequence of
the discrete Gronwall inequality. 1

Consequence. Let the assumptions of Lemma 1 hold. Then there exists con-
stant C, independent of discretization parameters such that:

(5.12) “max_[|P28i|| + max ||ui]] =C,
i=1,..., n i=1,..., n
1
(5.13) T||6i]?> = C,
i=1
| —
(5.14) T||6i||3, =< C.

i=1
Proof. From the results of Lemma 1 we have:
IPRBil| < C

uniformly for i = 1,...,n. Now (5.12) follows immediately from Lemma 1 and
(Hg). Combining now these results and the results of Lemma 1 we have:

I | r— 1 | I |
teil*=2  tllei —Pptill>+2  T|IPR6il
i=1 i=1 i=1

1 U
<2t Czh?||6i||3, + 2TC <2C +2Cth?  (||6;]|* + || &)

5 r— 1 5 5 |‘:|2
<C+Ch?> 1| &P +2Cth? |Gl

Using now also (5.3) we have
r 1
T(1—2Ch?) |&l2<C
i=1

and for h < hg su Lciehtly small we get (5.13) and (5.14) too. 1
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6. Convergence of the Method

We denote y := (1, h) the pair of discretization parameters, where T and h have
the same meaning as before. Then Rothe’s function is defined as follows:

t—ti—
L0 — 6i—1)

(6.1) 8M(t, x) 1= Bi—1(X) + I

for t CI{—1, 600 OV ai=1,...,n.
We define the step function as:
(6.2) 8 (t,x) = 8i(x) for t Cli—1,tiLJi=1,...,n,
890, %) = B(Uo(x)).

We define also the function
(6.3) POM(t,x) = P6; fort C(li—1,t;[Ji=1,...,n,

PR6Y(0,%) = B(Uo(X))-
Analogously, we can define also Rothe’s and the step function u®(t,x) and
u)(t, x), respectively.

We denote the time derivative of Rothe’s function u™ by u®". For t C(fi_1, t;)
we have:

ugy) — Ui — Ui .
T
We denote the dual space of the space V,! by V"
We can prolongate all functions defined on Q by zero outside Q.

Lemma 2. Under the assumption (H) and (5.2) there exists a constant C > 0,
independent of mesh parameters, such that

(6.4) N1l vay=C

65)  [lUY — TP L@y + 1TV +T) = EPOlLa o) < Ve

>

(6.6) 118 — 8[|, a1 Locayy + 116 = BAY) |0, 000)) < %%

Proof. The proof of (6.4) is very simple using the duality argument in (5.1) and
Lemma 1.
We obtain the estimate (6.5) also very easily using the results of Lemma 1. The
second part of (6.6) can be estimated as follows:
Cie

169 — BA) |1 L)) = 116 - B(ui)l[?dt
o
1 I
v_ l':ol ) 1 ) 1 o 22
<C 1 P28 — B(ui—)IZ+  [IB(Ui—1) — B2+  16i — PR6;]]
i=1 i=1 i=1
=C T+Ch,
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where (Hg), (2.4), (5.3) and (5.14) were used. The final result can be obtained
immediately due to (5.2).
Using this result we obtain

) _gy) V- 0 2 0q.112
[16% =0, L@y =C T [IPR6i —Bia[|”+  [8i — Pn6ill

v 1 ,, T— 2 , T—
=C 1 [lui —ui—1||*+  [IB(Ui—1) — B8i—1]|* + Cgh [16i[15
v i=1 i=1 i=1
=C T, 1

Lemma 3. Under the same assumptions of Lemma 2 we have the following
estimate:

L4, _ _

(6.7) 18V (t +2) — M (®)||2dt < C(z + n™ %)
0

uniformly for n and 0 < z < z,.

Proof. Using the results obtained above, the proof is very similar to that in [5]
S0 we can omit it here. 1

Lemma 4. Let the assumptions of Lemma 1 hold. Then the sequence {6}
defined in (6.1) is relatively compact in L,(Q).

Proof. For the proof we easily verify Kolmogoro [’Slcompactness argument in
Lo(Q7) (see the Riesz theorem in [10, p. 88], for the proof see also [4, pp. 45-48]). (1

The time derivative can be prolongated as in [7]:

Definition. For arbitrary ¢ CIb(I1,H(Q)) and for arbitrary I ' CLlwe define
the function F, CLL(1, HR)) by

1 ]
(6.8) By (), o(dt := (1), PA(t) at
1= -

Lemma 5. The sequence F, defined in (6.8) is bounded in Lo(I, H “(®)).
Proof. The assertion is a direct consequence of Lemma 2 and (6.8). 1

We denote now by - and strong and the weak convergence, respectively.
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Lemma 6. Assume (H). Then there exists a function u [CIL (1, L2(Q)) such
that uy CO(1,HYR)) and B(u) CL(1,H(Q)), and a subsequence (which we
denote again by {y}) such that

(6.9) u®) CI Lo(1, L2(Q)
(6.10) Fy TV Lo(1,H )
(6.11) 6 1 8 =p() v L(1, L2(Q))
(6.12) 8v L B(u) v La(l, Lo(Q))
(6.13) BUY) — B(u) v La(l, L2(Q)
(6.14) 6% CRQ@) v Lo(1, HY(Q)).

Proof. Lemma 4 directly implies the existence of a function 6 [CLh(l, L2(Q))
and a subsequence {y1} such that 801 _, 8 in Lo(l, L»(Q)); moreover, 801 _, @
and B(UM) - 8in Ly(1, L2(Q)) due to (6.6). From (5.12), (6.4) and the reflexivity
of Lo(1,L2(Q)) it follows that there exists u [(1,L>(Q)) and a subsequence
{y2} such that u®2) [l u®2 [Cin Ly(1, L2(Q)) (where we choose {y»}
as a subsequence of {y1}). From the boundedness of 8%) in L,(I, HY(Q)) (see
Lemma 1 and its Consequence) and the reflexivity of Lo(1,H(Q)) we obtain
weak convergence of some subsequence {ys} (chosen as a subsequence of {y2}) in
this space.

By standard arguments we can obtain the fact that 6 is identical with B(u) (see
[7], [4]). Lemma 5 implies the existence of F 1L (I, H %)) and a subsequence
{y} (chosen from {ys}), such that F,, CEV L,(l,HYQ)).

We conclude the proof by proving %% =F in Ly(1, H®)), that means d—Lc‘,gi) =
F(t) fora.a. t [Tl

From the fact that Fy, T EV Lo(1, H %)) we have for any ¢ [CLh(1,HY(Q))

1 I —1

W) — ug, pLdt = u(s)ds, PAp(t) dt+ @Y —up, ¢ — ProLdL.

| 0 |

From the standard properties of Bochner’s integral, the definition of F,, the bound-
edness of u™ in C(I, Lo(Q)) and (2.5) it follows that passing to the limitasy — 0
(i.e. h - 0), we obtain
[ g 1
[L(t) — up, () Ot < F(s)ds, d(t) dt.
| | 0

On the other hand,
1y 1
By (s), ¢(t) [dsdt = Y)(s), Pr(t) [dsdt
0 1 1 0 1
= WY(t) — uo, () Cdt + WY (t) — ug, PLd(t) — d(t)[dt.
1 1
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Again, for y - 0 we obtain:
g —1 [
F(s)ds,¢(t) dt=<  [L(t) — up, (t)dt.
0 |

Combining these two results and basic properties of abstract functions we obtain

=
u() =ug+  F(s)ds,
0

that means du(t
u

(see [9]). 1

For proving strong the convergence of some subsequence 8™ to the function
B(u) in Lo(1, HY(Q)) we need the following lemma (for its proof see [6] or [4]):

Lemma A. Let u and a subsequence {u®)} be the same as in Lemma 6. Then
for almost qﬁt [1it holds: . .

@ Jim Ml (s), 0V (s)s =  dp(u(t))dx—  Dg(up)dx,
vy} iai)moe subsequence OEIV}); ? - ?
(i) . s, B(u(s))ds = QCIJB(u(t)) dx — QqJB(up) dx.

Lemma 7. Let the assumptions of Lemma 1 hold and let the function u and
the subsequence {6’} be as in Lemma 6. Then it holds:

(6.15) 8™  B(u) in Lo(1, HL(Q)).
Proof. In the notation above, the functions
- 1 I:I
PAB! = = PABu))dt, i=1,...,n,

belong to V,}. Now we choose the function g = ; —P,}E‘ as a test function in (5.1).
After multiplying by t and rearranging we have

1 1
[BLj, 6; — PRB(u()) @t +  [K—; [BLICEI- Pap(u(t)))
I | i |
+  [G(6:),0i — PpB(U(®) [elr dt +  [@;(8; — 8i—1), 8 — PyB(u(t)) el dt
] Ii |:|Ii
= [P ui-1)).0i - PrB(u(t)dt + I_@(Pr?ei — B(ui-1)), 8i — PaB(u(t)) [at

i . 1
+= [}, 8; — PR (u(t)) dt.
I
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For simplicity, we denote

Ky (1) = Ki—1 pre t [C(fi—q1, tj ]
e_9/)(0 =0i—1 pre t L, til]
fy (BUM)) = F(B(ui-1)) = F(ti, B(ui-1)) pre t C(H—q, ;]
oy (6%) = g(8i—1) = g(ti, Bi—1) pre t [(ti—1, ]
pY(t) = p; pre t C(B—q, ;]

After summing over i =1,..., n we arrive at
I:| —
(6.16) [0 (), 89 (t) — PAB(u(t)) Lat
|
[

+ ItlDzw) [8Y (1), C@EY(t) — PAB(u(t))) Cat
+ 15, (6 (1), 60 (t) — PB(U(L)) Wl dt
A

+ @Y ®OY (1) — M (1), 8 (t) — PAB(U(L)) [l dt
|:| 1
= HEEY (1)), 09 (1) — PAB(u(t)dt
'™
+ [V RPL8M (1) — BUY (1)), 6V (t) — PAB(u(t) dt
'

+2 @060 - PEBUD) L
1

We will estimate each term of the equation (6.16).
In the first term we can use the definition of F, the results of Lemma A, (6.10)
and the fact B(u) CIh(1,H(Q)) and passing to the limit asy — 0 we get
1

lim kY (t), 6Y)(t) — PR (u(t)) dt = 0.
- 1

We rearrange the second term of (6.16) as follows
IDEK»(t) Eéévr(t), @Y (1) — B(u(D)))dt
+ (D) LEOP(D), LRau(D) ;ﬁﬁ(u(t)))mt
= kol Ece_g)I ~ B0, + | 04O CRAND), L@ (1) — B(u(t))at

e+ RO CBYP (1), C(EU) — PAB(u(D)) dt
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Now for y — 0, the second term of this inequality converges to 0 because of the
properties of the matrix k, the results of Lemma 6 and the Lebesgue dominating
convergence theorem. The third term can be estimated as follows

1
(0 LB (t), CRqu) — PAB(u(t)))Ldt

< CKoll8Y ||, 1.h2 @ IBU) — PABWIIL 111
=CJIB(u) - P%B(u)lle(l,Hl(Q))r

where we used again the properties of ky and (5.14). The convergence for this term
now follows from the interpolation property for the finite element method ([2]).
The convergence of the third term in (6.16) is based on the convergence of

@j@@”(t)), 0 (1) — PﬁB(u(t))mth
1

which follows similarly as in [7] so we can omit its proof here.
The next term in (6.16) can be estimated similarly:

?mm(t)(e‘m (t) — 8(1)), 8V (t) — P%B(U(t))mdtg
1

— C —
< Ce|| (B9 — [3(U)||2|_2(|,|_2(Q)) + g”e(y) - [3(U)||2|_2(|,|_2(Q))

+ Chl18Y]IL, 1 H2ap 0% = PABW)IIL, 1, H2(0y)

For su [ciehtly small values € and h and again due to the strong convergence
of {8} to B(u) in Lo(l,L2(Q)) and the boundedness of @) and {6} in
Lo(1, H(Q)) we obtain the convergence to zero for this term.

The convergence of the first term on the right hand side of (6.16)

[
[F, (B (1)), 6% (1) — PaB(u(t)) Lat
I

can be omitted again because it is similar as in [7].
The next term can be estimated as follows
1

Y )PV (t) — BEM (1)), Y (1) — PEB(u(t)) Cdt
1

= K(llpﬁ_e(y)llu_z(l,u_z(n)) + [1IBA) L, Locay)
< (1189 = BWIL,q1,Lo0y) + 1IBWU) = PABWIIL (1 Lo))-

Due to (5.12) and (5.3), we have the boundedness of {P28M} and {B(u)} and
conclusion is analogous as above.
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The estimation of the last term is straightforward with respect to the properties
of pj fori=1,...,n:

1] 1]
. 69°() — PEBU®) At < - POl 18 () ~ PrBu(®)lli it

|~

1
< Cto7H16Y) — PABWIIZ (1 11ay):

which converges again to zero.

Now we can conclude:

|| @Y — BN, 1,00y — O fory - 0.

which together with (6.12) gives the assertion of Lemma. 1

Consequence. Let the subsequence {G_W)} be as in Lemma 6. Then it holds:

8™ B(u) in Lo(1, Lo(N)).

Proof. The proof follows in a straightforward way from the imbedding theo-
rem ([10]). 1

Lemma 8. Assume (H) and let the subsequence {8’} from (6.1) have the

properties as above. Let the subsequence {69’)} be the same as in the proof of
Lemma 7. Then it holds:

(6.17) 116Y —8M|| 1.,y — O fory — 0.

Proof. We use (2.7) for € = 13 and the boundedness of 8%, 8 (see Conse-
guence of Lemma 1). We have

l:]_ —

16 (1) — 8V (1] |2 dt

: (I - s -

<Cuté || LEP O -6V O) dt+Cro— 1180 — 6V I ot

) ' L e B I 1
<Ct3+Cio— 18V (t + 1) — 8V (1)]|2 dt + 16 (t + 1)||? dt
T3 0 —T
<Ct6 - 0,

where similarly as in Lemma 4 we put 8> := 0 on =1, 0Cand then we used (6.7)
from Lemma 3, (2.5) and Lemma 1. 1

Now the main result is:
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Theorem 2. Assume (H). Let the ratio between space and time discretization
step is as in (5.2). Then there exists a pair of functions {u(t, x), 8(t,x)} which
fulfil the relations (3.1)—(3.3) and the variational formulation (3.4). Moreover,
there exist subsequences {8Y}, {u¥} of sequences {8Y}, {u¥} defined in (6.1) such
that

u¥ Cidand 6Y — 8 =B(u) in Lo(1, L2(Q)),
oY — B(u) in Lo(1,HY(Q))

fory - 0.

Proof. Due to Lemma 6 we have the existence of a pair of functions u(t, x),
B(t,x) = B(u(t,x)) and subsequences converging to them. Now we must prove
that this pair of functions satisfies the variational identity (3.4).

We define 1 1

i T
T

PAV! = Plv(t)dt, i=1,...,n,

Ii
for arbitrary v [CITh(1,H(Q)). Then P2V belongs to V,}. Now we use the same
notation as in Lemma 7 and we choose as a test function PAV! fori=1,...,n. In
an analogous way as in Lemma 7, we can get (we denote subsequences {y} again
by {y}):
1 1
(6.18) (1), PAv(n ot + K, (t) LB (1), CRRv(t))dt
| (| |
+ gy (69(1), PAv(t) o dt
|

+  @Y®)OY (1) — 6 (1), PAv(E) [nlr dt
1

1
= H@E@M (), PAv(t)dt
U
+ [V RPL8Y (1) — BUN (1)), PAv(t) [at
1

L 1
+o Y (1), PAv(t) [dt.
1

Now we pass to the limitasy — 0:
For the first term we use (6.8), Lemma 6 (6.10):
[ [ [

mi(t), PAv() @t = B, (t), v(t)[dt - [T (t), v(t) dt.
1 1 1

In the second term we use the fact 8% B(u) in Lo(1, L2(Q2)) (from Lemma 8),
the properties of k, relations (6.13) and (6.14), the boundedness {63} in
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Lo(1,HY(Q)) and Piv - v v Lo(1, H1(Q)). We have:
- B -
|D§/(t) e (1), [Etv(y) @t - IEKJ('Z) CRQ(t)), Du()rdt.

In the third term we use (2.3) and the boundedness of 8™ in Lo(1, Lo(I)) (see
Consequence of Lemma 1), (Hg) and Lemma 8:

O -
gy (8 (1), PAV() Wl dt —  [g(t, B(u(t)), v(t) [Fdt
1 1

fory - 0.
If we use (2.3) and the Consequence of Lemma 1, Lemma 8 and the boundedness
of @) for the fourth term, we obtain:
1
@Y OOV (1) — 89 (1)), Pav(t) elr dt — 0.
|

Similarly, in the fifth term, we use (H¢), (Hg), Lemma 1 and (6.13):
1 1
. [, (BU (1)), Pav(t) [dt — . (L, B(u(t))), v(t) dt.

The next term converges to zero due to the boundedness of o™ Lemma 6, (6.13),
the inequality (2.4) and the boundedness of 8% in Lo(1, H1(Q)).

The last term also converges to zero due to the properties of the functionals pj
for i = 1,...,n So the pair of functions u(t, x), 8(t,x) = B(u(t,x)) satisfies the
problem (P). This completes the proof. 1
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