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COMPARING A CAYLEY DIGRAPH WITH ITS REVERSE

M. ABAS

Abstract. A Cayley digraph G = C(T", X) for a group I' and a generating set
X is the digraph with vertex set V(G) = I' and arcs (g,gz) where g € ' and
x € X. The reverse of C(T', X) is the Cayley digraph G—! = C(T', X~!) where
X~1 = {z~1; 2 € X}. We are interested in sufficient conditions for a Cayley digraph
not to be isomorphic to its reverse and focus on Cayley digraphs of metacyclic groups
with small generating sets.

1. INTRODUCTION

Let T be a finite group and let X be a generating set for I'; we assume that
the unit element of the group is not in X. The Cayley digraph G = C(T', X) is
a digraph with vertex set V(G) =T and arc set D(G) = {(g,9x);9g € T,z € X}.
If, in addition, the set X is closed under taking inverses (i.e., if x € X implies
27! € X) then the two arcs (g,gr) and (gz,g) are usually identified to form a
single undirected edge, which turns the digraph into an (undirected) Cayley graph.

Cayley digraphs are automatically vertex-transitive. In fact, for each fixed
h € T the mapping 6,,: V(G) — V(G) given by 6,(g) = hg is an automorphism
of the Cayley digraph C(T', X). Thus, the (full) automorphism group of a Cayley
digraph contains a subgroup acting regularly on its vertex set. The converse is
true as well: By the (digraph modification of) Sabidussi’s Theorem [7], if the
automorphism group of digraph contains a subgroup acting regularly on its vertex
set, then the digraph is necessarily a Cayley digraph.

In both theory and applications, Cayley graphs and digraphs play an increas-
ingly important role [4]. Among the variety of research directions here, in the
last few years there has been a considerable activity in the study of isomorphism
of Cayley (di)graphs. The basic motivation is provided by following simple ob-
servation: If C(I', X) and C(I',Y) are two Cayley digraphs for the same group
and if there is an automorphism o of the group I' such that o(X) =Y, then o
naturally extends to an isomorphism of the two Cayley digraphs. The important
Cayley-Isomorphism problem is to characterize the groups I' for which every
isomorphism of two Cayley digraphs C(T", X) and C(I',Y) is induced by a group
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automorphism in the above sense. For substantial results in this area we refer
to [1], 5], [6].

Cayley digraphs have been successfully used in constructing large digraphs of
given (comparatively small) degree and diameter [3]. In a detailed study of these
digraphs [2] it was observed that some of the large Cayley digraphs G described
in [3] have the following interesting property: The digraph G~! obtained from G
by reversing the direction of each arc is isomorphic to G. For obvious reasons we
call the digraph G~! the reverse of G. In the Cayley digraph setting, the reverse
of G = C(T', X) is the digraph G~ = C(I', X~!) where X! = {a7 ;2 € X}.
The interesting question thus is: Which Cayley digraphs are isomorphic to their
reverse? Does the isomorphism occur frequently or is it rather rare? In which
Cayley digraphs is such an isomorphism induced by a group automorphism of I"
which takes X to X 17

The answers to the above questions are easy in the case of Cayley digraphs of
Abelian groups. Indeed, if A is an Abelian group then the map ¢: A — A such
that ¢(a) = a~! for each element a € A is a group automorphism which induces
a digraph isomorphism C(A, X) = C(A, X~ !). In this note we therefore focus on
metacyclic groups I' (which are semidirect products of cyclic groups, thus, in some
sense, “simplest” nonabelian groups) and show that there are only few groups for
which G = C(T', X) is isomorphic to G=! = C(T', X 1) for each generating set X.

2. METACYCLIC GROUPS

Throughout this paper we use the following notation. For an arc (a,b) where
b = ax we shall often use the alternative notation a — b to emphasize that one
can pass from the vertex a to the vertex b along an arc using the generator . We
reserve the symbol e for the unit element of a group.

Metacyclic groups are defined as semidirect products of cyclic groups and they
have the following standard presentation:

Zn X Zom = (a,b ] a™ = 0™ = e, ba = a*b),

where ged(n, k) =1, 1 <k <nand k™ =1 (mod n).
Note that for each ¢ (mod n) and j (mod m) we have

(1) Va' = a™ .

Equivalently, metacyclic groups are split extensions of Z, by Z,, under the
group homomorphism 0: Z,,, — Aut(Z,) which sends each i € Z,, to the au-
tomorphism 0; € Aut(Z,) where 0;(s) = k's,s € Z,. In this setting the group
multiplication is given by (r,4)(s,5) = (r + 0;(s),i + 7).

Let € X be a generator of order ¢ in I". In what follows, the cycle (g, gz, ...,
gxt~1) in the digraph C(T", X) will be denoted simply by C,(g); the corresponding

cycle (g,9z71,..., g2'~") in the reverse digraph will be denoted by C_* (g).
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3. REVERSES OF CAYLEY DIGRAPHS OF VALENCE 2

In this section we focus on comparing Cayley digraphs C(I", X) with C(I', X 1)
such that | X| = 2.

Lemma 1. Let G = C(T', X) be a Cayley digraph for the group T = Z,, Xy, Z,
(n # m) and the generating set X = {a,b}. If ¢ is an isomorphism ¢: G — G~1
such that ¢(e) = e, then ¢(a’b’) = a=b~7.

Proof. We consider only the case n > m; the argument for n < m is similar. An
easy inspection shows that for every vertex g of the digraph G (G~!) there is only
one cycle of length m passing through g, namely Cy(g) (C; ' (9)). As ¢(e) = e,
¢ must map the cycle Cy(e) onto the cycle C; ! (e). Therefore ¢(b*) = b~%. Now,
the only possibility for the image of a is ¢(a) = a~*. From this it follows that
¢(ab?) = a=1b~" and the only possibility for a? is ¢(a?) = a~2. Continuing in this
manner we eventually obtain that ¢(a’’) = a~*b~7 and the result follows. O

Lemma 2. Let G = C(T, X) be a Cayley digraph for the group T' = Z,, Xy, Z,

(n # m) and the generating set X = {a,b}. If m is odd, or if m is even and
k* #1 (mod n), then G 2 G~1.

Proof. Assume the contrary and let ¢: G — G~! be a digraph isomorphism.
Because every Cayley digraph is vertex-transitive, without loss of generality we
may assume that ¢(e) = e. According to Lemma 1, this isomorphism must have
the form ¢(a’t’) = a=b~7. Then, for an arbitrary vertex a’t’ of G, the two arcs
emanating from this vertex are

ab S aa=atY,

and
ait? B aibib = aipi L,

Similarly, the two arcs of G~! emanating from the vertex a~‘b~7 are
a"pI —>a71 a" b igT = a*i*k_jb*j,

and
. . —1 . . . .
a7 L iy iy = iy,
Since ¢(a’t’) = a~h~7, it follows that
{6(a™*'b7), ¢(a'b 1)} = {a™ b a7

On the other hand, evaluating ¢ turns the preceding equality into the following
one:

{a b7 a= b1} = {a7 Kb T ib I,
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Now, the two sets above are equal if and only if

L e

Thus,
—k? = k™7 (mod n)

for each j. This implies that k%) = 1 (mod n), and for j = 1 we have k? = 1
(mod n). If m is even we already have a contradiction with our assumptions. If
m = 2r + 1 then our last congruence implies that k™ = k***1 =k (mod n). But
by our description of the semidirect product we have k™ =1 (mod n); since k = 1
(mod n), we arrive at a contradiction again. O

Lemma 3. Let G be a Cayley digraph for the group I' = Z, Xy Z, and the
generating set X = {a,b}. If n is odd, or if n is even and k*> # 1 (mod n), then
GzG1.

Proof. Assume the contrary, again, and let ¢: G — G~! be a digraph isomor-
phism; we may assume that ¢(e) = e. In this case, through any vertex g there are
only two vertex-disjoint (up to the vertex g) cycles of length n, namely

Calg) and  Cy(g)

in the digraph G and
Cl(g) and C;'(9)

in the digraph G~!. It is easy to verify that a possible isomorphism ¢(e) = e must
satisfy one of the following conditions:

a) ¢(a’¥’) =a"'b7 or

b) ¢(a't’) =b~ta".
In the case a) we have a situation similar to the case when n # m. In the case b)
let us consider the two arcs

abl L aia=a Y,

and
a't! 2 a'bib = albi
in the digraph G. For G~ it then holds that
$(aibl) = bia— 4 (—I=VR i,

and
L . -1 i .
oa'¥)=b"a"? L g i



COMPARING A CAYLEY DIGRAPH WITH ITS REVERSE 63

Now, using b) and the relations (1) we obtain
¢(ai+kjbj) _ a—jk“i*’“)b—i—kf’
and ‘
P(aibi 1) = (IR i,
Since ¢ is assumed to be a digraph isomorphism, we have
{B(@™V), o(aD )} = {a™ M b a7 b,

therefore (see the proof of Lemma 2)

{a(*jfl)k’ib7i7a*jk’i’bfifl} _ {a*jk(’i’kj)bfifkj7a(*j*l)k’lbfi};

in particular,
ik i gk g
a IR Tl = gk pik

for all i, j. This implies that &/ = 1 (mod n) for all j. Setting j = 1 we obtain
k3 = k' =k =1 (mod n), a contradiction. O

Note that in the case k2 =1 (mod n) in Lemma 2 and 3, the mapping ¢: G —
G~ such that ¢(a’d’) = a~ b7 is a digraph isomorphism.

4. REVERSES OF CAYLEY DIGRAPHS OF VALENCE 4

In the next part of this paper we will consider the case when m is even and
k* =1 (mod n) only. The reason for continuing with the case of four generators
will be clear from the conclusion of this section. The following three Lemmas will
serve as auxiliary results for proving Lemma 7.

Lemma 4. Let G be a Cayley digraph for the group T = Z, } Zp, (n # m) with
the generating set X = {a,b,ba™,ba®}, where iy, iy # 0, iy # iz (mod n), and
let n > 6. Let there exist an isomorphism ¢: G — G~ such that ¢(e) = e. Then,
fore some p, we have {b~taP b~la=+P b=lq=2FP} = {p=1 p~lg—itk p—lg—izk],

Proof. i) Let n > m. Because the generators b, ba'*, ba® all have order m, each
vertex g € G is contained in exactly three cycles of length m (which is the shortest
cycle length in G), namely

Cy.(9) = (9,991, 99°, - 99" 99" = g),

where y1 = b,y» = ba’',y; = ba’>. The situation is similar in the digraph G,
with y, L in place of y;. Because isomorphism preserves cycle lengths, all arcs of the
form (g, gy;) must be mapped by ¢ onto arcs of the form (¢’, g’yj_l). Since ¢(e) = e,



64 M. ABAS

the isomorphism ¢ has to map a’ to a~%, and this implies that ¢(b/a’) = b=7a="Pi,
where 0 <p; <n—1.

Except for the vertex a, the neighbourhood of the vertex e in the digraph G is
the set of vertices {b,ba’t,ba’?}, and it is mapped onto the set {b=taP b~ La="1+P
b=ta=%2%P} by the isomorphism ¢.

Similarly, except for the vertex a~!, the neighbourhood of the vertex e in the
digraph G~ is the set of vertices {b~1, (bail)_1 =bla 1k (bai"‘)_1 = b~ la 2k},

ii) Let n < m. By similar arguments as above, the isomorphism ¢ must satisfy
¢(a’) = a"" and ¢(ba’) = b=Ia"FPi. O

Lemma 5. Let G be a Cayley digraph for the group I' = Z,, Xy Z,, with gener-
ating set X = {a,b,ba™,ba®?}, where i1, iz # 0, i1 # iz (mod n), and let n > 6.
If : G — G~ is an isomorphism such that ¢(e) = e then ¢(a’) = a~".

Proof. Considering the three cycles Cy(e), Cyuii(€), Chgiz(€), we have eight
cases:

1) |Cy(e) N Cpair (e)] = LA [Ch(€) N Cpaiz (€)] = 1A [Chgin (€) N Caiz (€)] = 1,
2) |Ch(e) N Chain (e)] = LA |Cy(e) N Cpaia (€)] = 1A [Chgin (€) N Cpaiz (€)] > 1,
3) |Cv(e) N Cpain ()] = LA [|Cy(e) N Caia (€)| > 1A [Chgin (€) N Cpaiz (€)] = 1,
4) |Cv(e) N Chain (€)] > LA |Cp(e) N Cpaiz (€)] = LA |Crair (€) N Cpaia (€)] = 1,
5) |Cv(e) N Cpain (€)] = LA [Cp(e) N Caia (€)| > 1A [Chgin (€) N Cpaiz (€)] > 1,
6) |Ch(e) N Cpain ()] > LA [Ch(e) N Cpaia (€)| = 1A [Chgin (€) N Cpaiz (€)] > 1,
7) 1Cp(e) N Cpain ()] > LA [Cy(e) N Caia (€)| > 1A [Chgin (€) N Cpaiz (€)] = 1,
8) |Ci(e) N Chyir(€)] > 1A |Ch(e) N Chyiz (€)] > 1A [Chgiz (€) N Chyiz (€)| > 1.

The cases 5), 6), 7), 8) are quite easy. For example, in the case 5) the cycle Cy(€e)
is vertex-disjoint (except vertex e) from the cycles Cy(e), Cpuin (€) and Cygis (€).
The image of the cycle C,(e) has the same property. But |Cy(e) N Cy(e)| > 2,
where x,y € {b,ba’*,ba’?} for some z # y. So ¢(a’) =a~".

The remaining cases are 1) and 2). (The cases 3) and 4) are similar to the
case 2).) In the case 1), the set {a, b, ba’*, ba’>} is equal to the set {a, ¥, b'a’t, ba’>}
for b = ba’ and some i’; without loss of generality we may assume the con-
trary and let ¢(a’) = b~%. There are three arcs emanating from e and termi-
nating in the cycle C ! (b71) = (b=, b a1, b7 a2,...,b71a) in the digraph
G~!. Similarly there are three arcs emanating from e and terminating in the
cycle Cy(a) = (a,ay,ay?,...,ay~ "), where y € {b,ba™, ba} in the digraph
¢(G). These three arcs must terminate in the vertices a, ba',ba®2. But the cycle
(a,ay,ay?,...,ay~ ') has the form (a,ba™,b%a",...,b" La"™—1 a) and hence it is
impossible to find there two elements of the form b'a’.

As regards the case 2), the considerations are similar to the case 1). 0

Lemma 6. Let G be the Cayley digraph for the group I' = Z,, Xy Z, with
generating set X = {a,b,ba’*,ba?}, where i1,iz # 0,i; # iz (mod n), and let
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n>6. If p: G — G~ is an isomorphism such that ¢(a’) = a=* then, for some p,

(2) {lflap7 blg—tp, b71a7i2+p} — {b*l’ b~lg—0k, bilafizk},

Proof. There are just three arcs emanating from the vertex e and terminating
in the cycle of the form (b, ba, ba?, ..., b) in the digraph G. Similarly, there are just
three arcs emanating from the vertex e and terminating in the cycle of the form
(b~1 b7 ta" b7 ta"2 ... b7 1) in the digraph G~!. Because ¢(e) = e it holds that
d({bla)}) = {b=1{a)}, i.e.: the cycle (b,ba,ba?,...,b) is mapped onto the cycle
(b=1 b ta"t, b7 a"2,. .. b~ 1) by the isomorphism ¢. In the cycle (b, ba, ba?, ..., b)
the distance from the vertex ba’ to the vertex ba’ is d(ba’,ba’) = j — i (mod n).
Applying the isomorphism ¢, we have d(¢(ba'), p(ba’)) = j — i (mod n), for all
i, 7. This is true if and only if ¢(ba’) = b~1a="*P for some p € [0,n — 1].

Now, there are three arcs emanating from the vertex e and terminating in
the set of vertices {b~1, (ba™ )1, (ba?)~!} = {b~1 b~ ta""* b~1a~%2F} and one
arc terminating in the vertex a~', in the digraph G—!. Similarly, there are
three arcs emanating from the vertex e and terminating in the set of vertices
{b=1, b7 ta=+P b=1q=22 P} and one arc terminating in the vertex a~!, in the
digraph ¢(G). Comparing the above two sets we obtain (2). O

Summing up the preceding three Lemmas we have:

Lemma 7. Let G be a Cayley digraph for the group I' = Z,, Xy Z,, with the
generating set X = {a,b,ba’*,ba}, where i1,iz # 0,i; # iz (mod n), and let
n > 6. Let there exist an isomorphism ¢: G — G~ such that ¢(e) = e. Then, for
some p, we have {b~taP b~ la=tP b=lq=2 P} = {p~1 p~lg— 1tk pTlgTizk]},

Lemma 8. Let G be a Cayley digraph for the group I' = Z,, Xy, Zpp, n > 6 and
k* =1 (mod n), k # 1, with the generating set X = {a,b,ba™t,ba*?} such that
i1,42 # 0,41 # ig (mod n). Then there exist iy, iy such that G 2 G~1.

Proof. Let ¢ be an isomorphism such that ¢(e) = e.
1) If il = 1,i2 = 3, then

{b—lap7 b—la—l-‘y-p7 b—la—3+p} _ {b—l7 b_la_k, b—la—?)k},
by Lemma 7. We can see that the above is equivalent with

p —l4p _—3+p) _ —k -3k
) ) - 9 ) -
{a?,a a }={e,a™" a7""}

I) Let a? = e, then p = 0 and we have the following two possibilities:
If a='*P? = a=% the k = 1 (mod n) and this implies that k¥ = 1; a contradiction.
If a='*? = ¢=3F then 3k = 1 (mod n) and at the same time a~37? = a~*; hence
k = 3 (mod n) and this implies that ¥ = 3. Thus 9 = 1 (mod n) which implies
that n = 8.
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The remaining case to be investigated is Zg X3 Z,, ba = a>b.
II) Let a='*? = ¢, then p = 1 and the possibilities to be considered are a? = a=*
and aP = a 3",

Let a? = a %, Then k = —1 (mod n) that is, k = n — 1. Together with
a=3tP = a7k we obtain 3k = 2 (mod n). Hence 3(n — 1) = 3n — 3 =2 (mod n)
and now 5 =0 (mod n) which implies that n = 5. But n > 6; a contradiction.

If a? = a=3F then 3k = —1 (mod n). So a=3TP = a~* and it follows that k = 2
(mod n), thus &k = 2. Consequently 6 = —1 (mod n) which implies that n = 7.

But k2 =22 =4 # 1 (mod 7); a contradiction.

III) Let a=37P = e. Then p = 3 and we have the following two cases:
If a? = a=*, then k = —3 (mod n). Therefore k =n — 3 and so ¢~ 17 = a3 =
3k = —2 (mod n). From this it follows that 3(n —3) =3n—9 = —2 (mod n) and
accordingly 7=0 (mod n);sonown=7. But k=n—-3=4,k*>=42=16# 1
(mod 7); a contradiction.
If a? = a=3%, then 3k = 3 (mod n) and at the same time a~'*? = q~*. This
implies that ¥ = —2 (mod n) and consequently k¥ = n — 2. Thus, 3(n — 2)
3n — 6 = 3 (mod n) and hence 9 = 0 (mod n). From this it follows that n =
or n = 9. Since n > 6, the only possibility is n = 9. But k = n -2 =
k? =72 =49 # 1 (mod 9); a contradiction.

ii) Let 41 = 1, i = 4. We consider this possibility only for the case Zs x3 Z,,,
ba = a®b, n = 8, k = 3. By part i),

o |l

thus

{a?,a™P a**P} = {e,a®, a’}.
I) Let a? = e. Then p = 0 and it follows that a”*? = a7. But a” # e,a” # a® and
a’” # a*.
IT) Let "™ = e. Then we have p = 1 which implies that a? = a. But a # e,
a# a® and a # a*.
III) Let a**? = e. Then p = 4 and consequently a”*? = a3. As in the above cases,
a® #e, a® # a® and a® # a*. O

5. GRoOUPS OF TYPE Z,, X} Z2,, FOR n < 5 AND SPECIAL m

In order to complete our investigation, the remaining cases to be considered are
2
Fl = Zg X9 ng, ba =a b,

FQ = Z4 X3 ZQm, ba = G,Sb,
F3 = Z5 X4 ng, ba = Cl4b.
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Lemma 9. Let 'y = Z35 %9 Zom, ba = a®b, and let 2m = 273%q; where r > 1,
$>0,q>1, ged(q,2) =ged(q,3) =1, soq>4. Let 273° = p. Then

Fl = qu Ao Zp.

Proof. We take the group generated by elements a and by, namely Hy = (a,by),
where b; = bP. Then bja = bPa = a2 b = ab? = aby, because p is even. Now
since |(b1)| = q and 3 { ¢ we have (a,b1) & Z3 x Z;, = Z3,. We can see that
(aib)ai b7 (aib) " = a2by’?, and so (a,by) < Ty. Let by = b2, and (by) = Hy.
Then Hl n H2 = {6}, and H1 @] H2 = Pl.

Accordingly

'y = Z3 Xo Zpg = Z3g X Zp. O

Remark 1. The group Z3, X Z, has a presentation Zs, Xy Z, = {(c,d | ¢37 =
b? = e,dc = cFd) where k? = 1 (mod 3¢) and at the same time k = 2 (mod 3).
The isomorphism ¢: Zs X Z,q — Z3q X, Zp has the form ¢(a) = ¢? and ¢(b) = cd.

Remark 2. By similar arguments,
'y = 74 %3 qu = Z4q N Zp,

where p = 27; r > 1, ged(q,2) = 1; ¢ > 1. Here the group Zy, xy Z, has a
presentation Zy, Xy Z, = (c,d | ¢* = b? = e,dc = c*d) where k» = 1 (mod 4q)
and k = 3 (mod 4). The isomorphism ¢: Zy X3 Z,; — Zag XNk Z, is given by
¢(a) = ¢? and ¢(b) = cd.
Similarly
F3 = Z5 Ay qu = Z5q Xy Zp7

and p = 2"5% r > 1, s > 0, ged(q,2) = 1, ged(g,5) = 1, ¢ > 1. The group
Zsq X Zp has a presentation Zs, 3y Z, = (c,d | ¢®® = WP = e,dc = cFd) where
kP =1 (mod 5¢) and k =4 (mod 5). The isomorphism ¢: Zs x4 Zpqg — Zsq Xk 2,
has the form ¢(a) = ¢? and ¢(b) = cd.

Lemma 10. Let
Fl = Zg Ao qu,

where p=2"3%;r>1, >0, ged(q,2) =1, ged(¢,3) =1, ¢ > 1;
Dy = Z4 X3 Zyg,

where p=2";r>1, ged(q,2) =1, ¢ > 1;
s = Z5 x4 Zpg,

where p=2"5%r>1, s >0, ged(q,2) =1, ged(g,5) =1, ¢ > 1.
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Then there are generating sets X;, i = 1,2,3, such that for G; = C(T;, X;) it
holds that G; 2 G; ™.

Proof. By Lemma 9 and Remark 1, the groups I'; have the form Z, %y Z,,,
where n > 6, ¢ = d™ = e, dc = cFd, k™ =1 (mod n), k # 1.
i) If k2 # 1 (mod n), the result follows from Lemmas 2 and 3.
ii) If k2 =1 (mod n), the result follows from Lemma 8.

6. REVERSES OF CAYLEY DIGRAPHS OF VALENCE 3

Lemma 11. Let T' = Z5 %9 Zorgs, ba = a?b, 7 > 1, s > 1, 2" =11, 3° = 59,
273° =m and let X = {a,b,ab>'}. Let G = C(T', X). If an isomorphism ¢: G —
G~ is such that ¢(e) = e then ¢(a'd’) = a="b77.

Proof. 1t is obvious that for each g € G there exists exactly one cycle through g

of the length 3 in G(G~1), namely C,(g)(C;(g)). Similarly C,lbn(g)(C’(_aisl)_l(g))

is the unique cycle of length 71, through g, and Cy(g)(C,_ L (g)) is the unique
cycle of length m, through g in G(G™1!), respectively. In particular, from this it
follows that the arcs of the form (g, gab®') must be mapped by an isomorphism
to the arcs of the form (¢, ¢/(ab®)™"). Hence an isomorphism (if any) must be
the same as in the case with the generating set {a,b}. Now by Lemma 1 we have
d(a'tV) = a" b7, O

Lemma 12. Let T' = Z3 X3 Zorgs, ba = a®b, r > 1,5 > 1, 2" =11, 3° = 51,
2"3° =m and let X = {a,b,ab**}. Then C(I',X) 2 C(I', X ).

Proof. Let ¢(e) = e. By Lemma 11, ¢(a’b’) = a~ 7. Hence in the digraph G

s s1y—1
we have e 25 ab*! and for the digraph @(G) it holds that ¢(e) Lab), (ab*1) ™"
Therefore (ab*) ™" = a='b=** and this implies that a=2 " b=** = a~1b=*1. Con-

sequently —27°1 = —1 (mod 3) and thus 2% = 1 (mod 3), where m — s is
odd. But 22**1 =2 (mod 3) for all positive integers; a contradiction. O

Lemma 13. Let T = Z5 X4 Zorss, ba = a*b, r > 1, s > 1, 2" =ry, 5° = 51,
2755 = m and let X = {a,b,ab*1}. If an isomorphism ¢: G — G~ is such that
d(e) = e then ¢p(a’t/) = a~'b~7.

Proof. The proof is similar to the proof of Lemma 11. O

Lemma 14. Let ' = Z5 x4 Zarss, ba = a*b, r > 1, s > 1, 2" =1y, 5° = 54,
273° =m and let X = {a,b,ab*'}. Then C(T,X) 2 C(L', X ").

Proof. Let ¢(e) = e. By Lemma 13, ¢(a't’) = a~'b~7. Hence in the digraph G

s abs1)~ 1! _
it holds that e 2™ ab* and for digraph ¢(G) we have ¢(e) 22 (ab*) ™.
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Therefore (ab*) "' = a='b=** and this implies that a=4 " b=*1 = a~1b=*1. Con-
sequently —47°1 = —1 (mod 5) and thus 4™ ' = 1 (mod 5), where m — s; is
odd. But 42**1 =4 (mod 5) for all positive integers; a contradiction. O

Lemma 15. Let T' = D;, i € {3,4,5}, be the dihedral group of the form D; =
Zixi_1Z, ba = a*~1b. Then C(I', X) = C(I', X 1) for all X CT.

Proof. Tt is easy to see that ¢(a’b/) = a=**Pih~J defines an isomorphism ¢: G —
G~! for a suitable choice of p;. (The numbers p; depend on the generating
set X.) O

7. SUMMARY

In order to facilitate the formulation we set
I = Zix;_1Z9r, 7>2, ba=a""'b,i € {3,4,5}

and
D; = Zixi 175, ba =a""'b, i € {3,4,5}.

The above results about comparing Cayley digraphs of metacyclic groups with
their reverses (disregarding the vertex valence) may now be summed up as follows.

Theorem 1. Let T’ be an abelian or metacyclic group.

If T is abelian or D; then C(I', X) =2 C(I', X 1Y) for every generating set X.

If T is any metacyclic group such that T' # T, and T' # D, then there exist
generating sets X for T' such that C(T', X) 2 C(T, X~ 1).

The comparison of the Cayley digraphs C(T", X) and C(T', X 1) for the groups
I' =T’ remains open.
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