Acta Math. Univ. Comenianae 41
Vol. LXIX, 1(2000), pp. 41-57

STRONG ESTIMATE FOR SQAURE
FUNCTIONS IN HIGHER DIMENSIONS

K. EL BERDAN

Abstract. In this paper, we give a generalization to multidimensional case of
strong estimate for square functions obtained by Jones Rosenblatt and Ostro-
vskii [3].

‘We assume that the averages are taken over squares and the operators are com-
muting and contraction in L2. For the non-commutative case we need a supplemen-
tary condition. Some weak type inequalities are proved.

INTRODUCTION

Let (2,0, 1) be a o-finite measure space, and let 7: @ — Q be an invertible
([-measurable transformation preserving u. For T f = for, R. Jones, I. Ostrovskii
and J. Rosenblatt [3] proved strong and weak L'estimates for square functions and
sqaure maximal functions. In this paper, we give a generalization to multidimen-
sional case of some strong and weak L' estimates. In the first section, we prove
strong estimates for linear contractions and for power bounded operators in L?2.
In the second section, strong estimates for square maximal functions are obtained.
In the third section, some weak estimates for linear contractions are proved. In
[3] it was shown the following result:

Theorem 1. Given the usual averages A, f = %Zzzl for* in ergodic theory,
1

letng <npy < ... and Sf = (Ziil A f — A”’Cflf‘Q)g

1. For all f € L? we have ||Sf|2 < 25| f]|2-
2. For all f € L*we have m{Sf > X} < 7000]| f]|1-

Theorem 2. Let T be a contraction on a Hilbert space H. Let (ny) be a
sequence in Zt with ny, < npy1 for all k > 1. Let Apf = 2370 T*f for all

1
feH. Then (330, 1A f = Any  flI7)* < 25(|f 1 for all f € H.
For H = L?, we extend Theorem 2 to multidimensional case, such that the

averages are taken over squares and the operators are commuting contractions
T2
in L-.
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The non commuting case for power-bounded operators needs a supplementary
condition.

I. SQUARE FUNCTIONS

a) Commuting case for contractions
We study the two cases:

1. The operators are commuting contractions in L? and the averages are
taken over squares.

2. The power-bounded operators (may be not commuting). In this case we
need a supplementary condition.

We study the case where the averages are taken over squares. Let T1,...,Ty be
linear contractions on L? and let

An(Ty, ..., T))f = An(TY) ... An(Ty) dz D I

ki<n ka<n

and )
Saf = (Z | Ay (T, Ta) f — Ank(Tl,...,Td)f|2> .
k=1

From Theorem 2, we can easily deduce the following;:

Theorem 3. Let T be a contraction L?. Let (ny) be a sequence in Z+ with
ng <ngy1 forallk > 1. Let A, f = %22:1 Tk ffor all f € L?. Then

< 25(| £l
2

1S £ll2 = H(Z\Ankf An f| )

for all f € L2

Proof. It suffices to remark that

1572 = /Z A f — A fI dpi < Z/ Ancf — Ane S du
k=1 k=1

||Ankf - Ank—lf||%2 < 25Hf||2 O
k=1

Theorem 4 is our main result in this section, that is an extension of Theorem 3
to higher dimensions.
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Theorem 4. Let Ty,...,T; be linear commuting contractions on L?. For f €
L? we have the following inequality

1Safll2 < (267 = )| f]2-

Proof. First, we study the case d = 2. Let T} =T and T; = S we can write

Ank+1 (T)Ank+1 (S)f - Ank (T)Ank (S)f
= (Ank+1 (T) - Ank (T)) (Ank+1 (S) - Ank (S)) f
+ (Ank+1 (T) - Ank (T)) Ank (S)f + Ank (T) (Ank+1 (T) - A'ﬂk (T)) f

using the triangle inequality we see that

=

S2f = <Z |A7lk,+1 (T)Ank+1(s)f - Ank (T)Ank(S)fE)
k=1

For any N > 1, the partial sum Zivzl |An (T f — Ank(T)f|2 is in L' if
f e L?and

N

S [ Ane, (D) f = A (D)

k=1

N
=3 A (T)f = A (D13
k=1

1

Now, let fn, = Ap,., (S)f — Ap, (S)f. We first show that | Bfl|2 < 25| f||2.
To see this we write

N 2
IBx /I3 = / S (A, (T) = A () f, | dp
k=1
N

< / Z Z ’(Anlirl(T) — An,, (T)) Iri, ’2 dp

ki1=1ko=1
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N

Z }(A”k1+1 (T) - A"kl (T)) f”kz

ki1=1

{ 2

I
] =

ol

N
I
—

1

N
( Z | (A"”C1+1 (T) - A”’ﬂ (T)) f”’ﬁ'z |2>

ki=1

1,2
2

I
M=

o

N
Il
i

2
N

152 (fur )13 < 25% Y Ifus, I3 (by Theorem 1on T)
ko=1

I
] =

>~
I
—

2

N
=252 (|4, (S)f — An (S)f13 < 25* I3 (by Theorem 1 on S).

ko=1

Let N — oo, the monotone convergence Theorem says || Bf|l2 < 25| f]|2-
To find a majorization for C' we shall use the commutation of 7" and S:

ICNFII3 = /lé | (Anys (T) = A (7)) A ()| dps
_ / é | A0 (8) (Apy o (T) = Ap (1)) I d (since TS = ST)
< /kZ: |(Ane s (T) = Ay (1)) [ dpp (since [|S]l> < 1)
< kzi (A (T) = Any (T)) f||2 < 25%||fll2 (by Theorem 1 on S)

and then ||C f]l2 < 25 f]]2.
By the same argument as in C' and without the commutation of T and S we

can write || Df||2 < 25||f||2- Finally, we have

1S2£1l2 < (25% + 25 + 25) || f||2 = 675]| fl|2 = (26 — 1) f]|2-

For the general case, when d > 2 we need the following technical lemma where

the proof can be done by induction on d:

Lemma 5. Let ay,...,aq and by,...,bg be real numbers. Then we have the

following equality

al...ad—bl...bd:H(ai—bi)—&— Z bilbiz'wbis H (aj—bj).

i=1 s=1 [1=i;< - <ig j<d

J¢{i1, s}



STRONG ESTIMATES FOR SQUARE FUNCTIONS 45

By this lemma we can write

Ank+1 (Tl)Ank+1 (TQ)f . Ank+1 (Td)f - Ank (Tl)Ank (TQ)f v Ank (Td)f

= H nk+1 - nk (Tl)) f

d—1
>

s=1

Z Ank (Th) ce Ank (Tis) H (A7lk+1 (Tj)f - Ank (Tj)) f
1=y < <ig j<d

j&{il"“ris}

Using the triangle inequality we see that

Sf (Z ’Ank+1 i1 "'Ank+1 (Tid)f _Ank(Ti1)"'Ank(Tid)f’2>

k=1
- ITd 2\ 2
< (Z H nk+1 nk (Ti)) f)
k=1 Li=1
+ Z Z Ank+1 1) H (Ank+1 (Tj) - Ank (Tj)) f’2>
i1=1 \ k=1 NE

M8

(8

%

2

le+1 Tl)Ank+1 (TZ2) H (Ank+1(Tj) - Ank (TJ)) f‘ )
J#{iria}

Mg [

(Z App i (Ti) o A

k=1

1=i1<---<ig_1

N
X (Tid—l) H (Ank+1 (TJ) - Ank (Tj)) f’ )
J¢{ir,.ia—1}

o (3

fi(

Let

d
H nk+1 - nk (Tl))

=1

N

NE

>
Il

Ank+1 1) H (Ank+1(Tj) - Ank (TJ)) f‘z)

1 Jj#i
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and let

Mh ..... isf = (Z’Ank+1 (TH) s Ank+1 (Ed—l)

Nl=

X H (Ank+1 (TJ) - Ank (T])) f‘2>

G<dj¢{itseemio—1}

with these notations, we have

d d d
(1) SFSMF+Y Myf+ > Myf+-+ Y M,

i1=1 1=i <io 1=iy <--<ig_1

yeeey

We shall majorize each M f and M;, ,; fin L? fors=1,...,d — 1.

2
fdp

IW%=;/
<> > /\(Ank1+1(T1)—Ankl(Tl))...

ki1=1 ka=1

(A”dk+1 (Ta) — A"kd (Td)> f‘Z du

< 252 i i /‘(Anw(Tl)—Ankl(Tl))...

ki=1  kg_i=1

(Aney on(Tas) = Au,  (Ta)) S s

d

< ... <25%||f||2 (by applying successively Theorem 3 on Ty, ...

Then
IM fll2 < 25%)| ]2

To control each M;, . ; f we write

14,712 3 [ [ ) T (s (0 = A2 1]
k=1

J#i

7T1)~

S Z/’ H (Ank+1 (TJ) - Ank(z’j)) f‘leu (since ||T1H2 S ]_)
k=1

J#i
< 25771 fl2-

By the same argument we obtain ||M;, ;. fll2 < 25%7°|| f||z.
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Applying norm both sides of (1) and use the triangle inequality

d
ISaflla < IMflla+ > 1M, fll2

11=1
(oo} oo
+ > My flla++ DY My Sl
1=i1<ig 1=i1 < <ig_1
< (259 + C325% 7 4 0525075 -+ C925)| £l
= (267 = D /2.

Remark that in the case d = 2 we have obtained the constant 675 = 262 — 1.

b) Non-commuting case for power-bounded operators:
We now study the multidimensional averages over rectangles

Apy om0 Ta) f = A, (Th) - A, (To) 1

Let (nk].), j=1,...,d; be increasing sequences of integers. In this case, instead
of using the strong estimate for square functions, we shall use the dominated
ergodic theorem of Akcoglu for positive contraction 1975 [5, p. 186], (or positive
power-bounded operators) in L.

Theqrem 6. Let Ty1,...,Ty be linear power-bounded operators in L1, i.e.
sup; [T}l < My, k= 1,...,d with 1 < ¢ < oo. Assume that Zij:l,j:h..,d(l -

J Mg, —1

i=1 "ng, ) < co. Then the g-variation operator

1
oo oo q q
Sdf = (Z Z ‘Ankl,~~~7nkdf_ Ankl—l,nwnkd—lf‘ )

k1=2 kq=2

is finite a.e. for all bounded f. In fact, Sy f verifies a strong estimate in L7

||Sdf||q < Cq,d |f||q'

Proof. First we study the case d = 2. The general case can be done by a similar
argument

Ankl My f - Ankl,l,nk271 f

Ny MNky ng; —1ng,—1
_ i i
T nen ZZTlT?f_ n Z Z Ty f
k1Tka 520 520 —1Pka—1 55, 0

nkl 1nk2—1

1
TiTi f
<nk1nk2 My —1 ks — 1) 2. 2 TS

=0 j5=0

Ny Ny Ny Ny Ny Ny

el IDORID SN TR DU DR TR DR ¥ ¢
1 2

i=ngy —1j=np,—1 i=0 j=np, —1 i=ng, —1j=0
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Using the triangle inequality we see that

00 0o Ny —1ng,—1 a

sr<(3 % (nnk ! ) S Y iz

nklflnkgfl

k1=2 ko=2 =0 j=0
oo 00 Tk ko E
3P > > Hnf
— — Nk Ny .
k1=2ko=2 i=ng, —1j=ng,—1

Q=

nkl nkz

Y Y iy
k1=2 ko=

Nk, N
2 | R 20 =g, -1

Q=

nkl nkQ

2 ZTsz

1= ’I‘Lklfl‘] =0

P3PS
k1=2ko=2
=Af+Bf+Cf+Df.

Mgy Mo

We first show that [|Af]lq < Cyllfllg. To see this we just write

q
Nk —1ng,—1 1

Iasl < | % (%% — ) SN g | au

k1=2 ky=2 i=0 j=0

L2 o

Nk, —1Mko—
k=2 ko=2 k1—1Tko—1

nkl 1 nk271 4

X/ NEy —1MEky—1 Z Z TlTQ o

1=0 7=0

S Mo, — 1My —1 ) * q
< Z Z 1_7 |A"’C1—1’"’€2—1f| d/i

k1=2 ky=2 fea Tk
< My M i i ~ DMt ) fppe g
< M1 M, ok, ik H

k1 =2 ko=2

=Gyl f1Ig

For B, we write

oo o Tk ko

B [ Y o Y n|

k1=2ko=2 i=ng; —1j=ng,—1

Moy My

Mky =Mhky_q ko ~Mhky_y

3 () [ S Y rinss] 0
nklnkg

k1=2 k=2 i=0
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<> (o

k1=2 k=2

Nk —1 e —1 q
X/‘Tl ' T2 : Anklf’ﬂklfl,n@*nszlf‘ dp‘

oo 0o q
Ny —1Mky—1 g
< My M, Z Z (1 - W) /’A”kl _"k171’"k2_”’€271f dys

k1=2ko=2

< M2M2 Ty —1Mky—1 / 74
<apap Yo 3 (1 et} g,

k1=2ky=2

= CIfIfG-

q
Togey Ty ) (nkl - nk1*1> (nkz - nk2*1)

By the same argument we can prove that ||Cf[|, < CJ| fll4, and [|Df][; <
C(’I”Hqu. Finally we obtain ||Sg.af|lq < Cq.allfll4-

II. SQUARE MAXIMAL FUNCTIONS

a) One dimensional case for power bounded operators
We now study for 1 < g < oo, the following maximal g-variation operator

S;;f:<z sup |Anf—An,cf|q>.

b1 Mk—1<n<ng

In [3] it was shown the following result:

Theorem 7. Let (ny) denote an increasing sequence of integers. If ny = p(k)
for some polynomial p of degree s > 0, then there is a constant C' such that

155 fll2 < Clfll2-

We shall extend Theorem 7: first to power bounded operator with a class of
sequences (n) increasing and satisfy the following hypothesis: for 1 < ¢ < oo
e (1-22) < oo

We notice that the sequences of the form ny = p(k) for some polynomial satisfy
this condition. Since if p(k) is a polynomial of degree s then ny — nip_1 = p(k) —
p(k —1) is a polynomial of degree s — 1 and then the series has the same nature as

() - () e e <

k=2
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Theorem 8. Let T be a linear power-bounded operator on 1 < q < co. Assume
q
_ \"© NE—1
that p=73"1_5 (1 — —k) < oo. Then for f € L1, R)

153 Flla < 8v/pllfllq-

Remark 1. In [1] M. Akcoglu, R. Jones and P. Schwartz proved that for ¢ < 2,
1
there is a function f € L* such that Sqf = (Y5, |An, f — Ank71f|q) 7 = 00. So
that there is no strong estimate for S, f and hence for S;f (S,f < S; f).
In the proof of Theorem 1.5 we shall use the dominated ergodic theorem to

obtain a strong estimate for mutidimensional square functions.

Proof. We write

Nk—1 n

11 o1 i
|mJAM1ﬂL%kJ’f%ﬂ‘( *ﬁ)E:Tf*g ST

Ng—
k-1 i=0 i=ng 141

then
Nk—1 n
(w2 Ti-n X 1

sup |[Anf — An, fl < sup -
k-1 i=nj_1+1

ng—1<n<ng ng—1<n<nyg

Nk—1

Crem DIk

(") do

n

+  sup % Z T'f

ng—1<n<ng i=ng_1+1

< sup

nEg—1<n<ng

= sup
ng_1<n<nyg

Nk — N1
(1 - Tl> T k +1An—nk71f

+ sup

ng_1<n<nyg

(1 — le—1> sup |An,€71f|’

n ng—1<n<ng
+ sup

Ng—1
(-7
ng—1<n<ng n

< (1 _ nkl) |Ank_1f|

Nk

< sup

ng—1<n<ng

sup
ng—1<n<ng

Tnk71+1An—nk,1f’

Nk ng—1<n<ng

Using the triangle inequality we see that

sisl = (30((- %) 1l

k=1

(B )

k=1 ng—1<n<ng

— Af + Bf

1
q




STRONG ESTIMATES FOR SQUARE FUNCTIONS 51

by integration we have

sl < [ > ;

— ) A f1)
<k§_:1<1_nzk1>Q/|Ank_lf|q du
<Mkz_1( n;;:)q/\flq du

=CafIe (T is power-bounded in L).

For Bf we have a similar argument.
[e%e] q
T
1Bl < [ (=" s (et )]
k=1 Nk np_1<n<ng

oo n q q
= /Z < k‘—1> sup |Tnk71+1An—nk,1f| d

1 k ng—1<n<ng

e} q
< /Z Nk—1 4 Tnkfl-i-l sup |Anfn f| dﬂf (T > O)
= "k o -

ng—1<n<ng
0o n q q
< M/Z <1 - k1> sup  |Ap—n,_ f| | du
1 ng ng—1<n<ng

(sup [T'llq < M)
J

o0 o1\ ? q
< M/Z 1-— - sup |Anm f| ) dp.
b1 k m

(By Brunel’ Theorem [2] or the dominated ergodic theorem for power-bounded

) [ 1517 au

To obtain Theorem 7 it suffices to take ¢ = 2 and T'f = for where 7 is a

operators on T')

<qu2(

= Collf113

measure preserving transformations on 2.

b) Multidimensional case
We now study by a similar argument the multidimensional version of Theorem 7.
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Let for (nkj), j=1,...,d, be increasing sequences of integers. Let
Sqaf =

o0 o q
(ZZ sup sup Aml,---,mdf_Ankl,-u,nkdf‘ )

k=1 kg1 <mi<ng,41 ngygS<ma<ng, i1

1
q

We shall prove the following result:

Theorem 9. Let Ty,...,Ty be linear positive power-bounded operators in L9,
sup; [Tilly < My, k = 1,...,d, 1 < q < oo. Assume that 220227].:17“_@(1 —

g:o nfl—,:)q < 00. Then the g-variation operator satisfies the strong estimate:
for all f € L1(Q, R)

15g,aflla < Caall Flla-

Proof. Tt suffices to prove the case where d = 2: we can write as above

1 mi1 Mo 1 Nk MNkg

Ay ma | = A, i, [ = mime ZZTfTQZfi Mgy Tk ZZTlZTZZf
i=0 j—=0 1k2 520 50

1 1 AL
= - TiTs f
1 mi mao o mi mo o mi ma o
RRENE S F CTZ5 0 o e TR 3b ST
AERRLCI P S i=0 j=nk, i=ng, j=0

mimso Nk kg
= (1 - ) {Ankl,nk2f +17 T Am1—nk17mz—nk2f
nklnkQ

+ T;kQ Aml,m27’ﬂk2 f + T{Lkl Amlfnk,l ;M2 f}’
Applying sup on both sides we obtain

sup sup |Am1,m2f - Ankl,nkQ f|

Mgy SM1<Ngy +1 Ny SM2<NEy 41

Nk, Nk
< (1 — #) {’AnklanQf’
Moy +1M0ky+1

’I’Lk1 ’I’Lk2
+ sup sup |T1 T, Amrnkl,mrn@ﬂ

Ny SM1I<Ngy 41 Ny SM2<Nkg 41

n
+ sup sup RS

Mgy SM1<Ngy 41 Ny SM2<NEy 41

+ sup sup |Tfk1Aml_nk17nL2f|}.

Ny <M1 <Nk 41 Nky SM2<Nky 41
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Using the triangle inequality we see that

Sf < (Z Z ( Mgy Mo >q|Ank1,nk2f’q> !

n N.
1 ka=1 k1+170ko+1
q
2: Z Ny Nk
n n
k=1 ky—1 fut1 k241
7
My Tk
A P sup sup ’Aml,nklymg,nsz’
Ny SM1<Ngy 41 Ny SM2<Nkg 41
oo o0 q
>3 (1o )
1 Faltke
n ng
k=1 ky=1 k1o 41
i
Tk
x |15 sup sup Amhmz_n@f’
Mgy SM1<Npy 41 Ny M2 <Ny 41
o (o9} q
(1 - nklnk2 )
n n
k=1 ky=1 k117241
q
™ A
x |Ty sup sup | Ay, +4+.mo f|
Ny SM1<Ngy 41 Nhy SM2<Nky 41

— Af+Bf+Cf+Df.

We first show that [|Af]l, < Cyllfllq- We can write
oo oo q
Ty Tk q
Af||2 < <112>/An.n fl7d
IAfI Z: Z: e ) A £ i
SMlMZZmZ(l o ) /lflqdu

n n
- ka—1 k1 +170ko+1

= CallfIIg-

For Bf, Cf, and Df we shall use the dominated ergodic theorem of Brunel [2].

Cesaro bounded operators (or the dominated ergodic theorem power-bounded
positive operator) which was extended by Olsen to higher dimension.

We see that

g 55 (1

n n
fer—1 a—=1 k14+170ko+1

x/ Tlm“ngnk"’ (supsup|Am1,m2f>

mi1 Mo

q
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§M1M2i~-~§: <1_M>q

Ny +1Mko+
ki1=1 kq=1 1+110ka+1
X /

<SUP sup |Am1,m2 f|>
< MMk Y e Y0 (1= ) [ f)dp = O £l
B ! Ty 4+1M0ky 41 Cazll/la

my1 ma2
ki=1 kqa=1

q

By the same argument we can majorize C'f and D f in LY. g
Remark 2. Since S; < S; 4 then the result of Theorem 6 can be obtained

from Theorem 9. But we have another multiple constant.

III. WEAK ESTIMATES

From Theorem 5 we can deduce the following result:

Theorem 10. Let Ty,...,Ty be linear positive power-bounded operators in L9,
sup; |10l < My, k = 1,...,d, 1 < q < oo. Assume that 2;0:2,j:1,...,d(1 -
‘Lo nzl—l;l)q < 0o0. Then the g-variation operator satisfies the strong estimate:

for all f € LY(Q, R)

X;HEZm{ swp ...  sup Amme—AMWWWﬂ>A}

ka=1 kd—l Nk SM1<ng, +1 Ny SMa<ng,+1

< Sty

Proof. Study the case d = 2. The general case can be done similarly.

i i m{ sup sup Ay o f — Ankl,nsz’ > )\}

ki=1ko=1 Ny SM1<Ngy 41 Ny SM2 <Ny 41

o0 (o]
= Z Z m{n sup sup

by SM1SNEy 41 Mgy SMa<ng,41

q
&mmeAmﬁ%ﬂ >v}

ki1=1ko=1
1 (o] o0 q
< E E E sup sup Am17m2f - Ankl,nsz’
kp—1 ky—111"k1 Smi1<Ngy 41 Mgy SM2<ng,4+1 q

q
—4| |14
< v (halH (by Theorem 5). O
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Corollary 11. Under the same hypothesis of Theorem 10 we have: for all
f e LI R)
Z Z m{‘Ank1+17..-,nkd+lf - Ankl,-..,nkdf‘ > )‘} < F”JCHZ

ki=1  kg=1

From Theorem 2 and Theorem 6 we can deduce the following;:

Corollary 12. LetTy,...,T,; be linear contracting commauting operators on L?.
For f € L1 we have the following weak type inequality

(267 — 1)

S Anea(Tiy o Ta)f = Au (Th o T f] > A S 1B,
k=1

In [4] R. Jones proved that if Tf = fof, then the square functions

51 = (X Murf = Ausn )

there is a weak estimate, m{Sf > I} < §||f|| valid for some constantC' < co and
f € L*. We shall prove that for a linear positive contraction 7" on L' such that

C
o {suplr 51> 2 < il

the result of Jones remains true.

Theorem 13. Let T be a linear positive on L':

i) If T is a self-adjoint positive contraction on L?, then
] p )

m{ (Z A1 (T) ] —Ank<T>f|2> > A} < 713
k=1

(ii) If T is contraction on L' and on L* and satisfies that

2

(¥ m{sw 1> 2} < S

Then there is a constant C' < oo such that

m{ (ZlAWl(T)f—Am(T)ff) > A} < S0l
k=1
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Proof. In [5, pp. 190] Stein proved that if T is a self-adjoint positive operator
in L? then | sup, 7™ |f||l2 < 6]|f||2. We shall use this estimate to prove the
inequality (i). we can write

1 1

k
Ap(T)f — Apa () f = (E — k——|—1> Zij _ %_HTkﬂf
=0

SO

1 1 L 1
AT f — A (T ] < (z - m) jz_:oTﬂf’ T i

1

using the triangle inequality we see
273 N o 1 |Tk+1f|2
Z (k+1)2

0o k 2 1 k )
Sf < [ <1) Ly~pig
2("m) f 2
< (Z;supmnmﬁ) + (Z,; (sup|T”“f|2)>

k=1

% [e’e) 1 2 %
(S () )

k=1

1
2

IA
M8
Tl =

i) {suplAn(T)f|+sup|T"“f\}

INA
N
WK
x

< ( ,}) {SuplAn(T)fl +sup|T"“f|}
k " "
<2 {sup |An(T) f] + sup |T”“f|} :

Using the dominated ergodic theorem of Akcoglu for positive contraction and
that of Stein we have

15712 < V2 { Isupl An(T) ] + supl7+ 1l
< V3 +6)|/2 = 8V2 ]

Clearly, . Lo
m{Sf > A} < 55718 < S If1B.

For (ii), the set

A A
{8f >} C {s%p|An(T)f| > 2—\/5} U {S%p|T”+1f| > ﬁ}
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But by the Dunford-schwartz theorem we have

A 2v2
m{swla, o] > 21 < 2201,

and by the condition on T’

miss > < 225 g,

Remark 3. The condition (%) in Theorem 13 can be replaced by an operator
T for which T" f already converges a.e. at least for f € L2.
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