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A HALF-COMMUTATIVE IP ROTH THEOREM

R. McCUTCHEON

1. INTRODUCTION

In 1985 H. Furstenberg and Y. Katznelson gave a powerful ergodic-theoretic
multiple recurrence theorem for commuting IP-systems of measure preserving
transformations. (Let F = {4 : A C N, 0 < |A] < oo}. An IP-system is
a sequence (T, )qer in an abelian semigroup satisfying Tous = ToTp whenever
anB=10.) Their result follows.

Theorem A ([FK2)). Let (T{")aer)"
group of measure preserving transformations of a probability space (X, A, u). Then
for all A € A with p(A) > 0 there exists o € F such that p(AN ﬂle(To(f))_lA)
> 0.

be IP-systems contained in a abelian

This result strengthens a previous theorem, again due to Furstenberg and
Katznelson ([FK1]), stating that for commuting measure preserving transforma-
tions Ty, ..., T} of a probability space (X, A, u) and A € A with u(A) > 0 there
exists n > 0 such that ,u(Aﬂﬂf:l T;"A) > 0. The case of [FK1] in which each T;
is a power of the same transformation 7" was proved by Furstenberg in 1977 ([F]),
and is equivalent to Szemerédi’s theorem ([Sz]) on existence of arithmetic progres-
sions in positive density subsets of N. (In particular, Theorem A provides that
n may be chosen from any IP-system in N.) For this reason, Furstenberg and
Katznelson refer to Theorem A as an “IP Szemerédi theorem”. The special case
k = 2 of Theorem A might therefore be called an “IP Roth theorem”, for it may be
used to infer the case of Szemerédi’s theorem dealing with three-term arithmetic
progressions, which is due to K. Roth ([R]).

Our goal here is to remove some of the commutativity restrictions on Theo-
rem A in the special case k = 2 (hence the title of the paper). There are at least
two reasonable choices for the definition of “IP-system” (T, ).cF in a non-abelian
semigroup. We may require either Ty = To1p or Thup = 11, for o, 3 € F
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with maxa < min 3. We adopt the former condition, calling systems satisfying
the latter condition reversed IP-systems. The typical manner for constructing
an IP-system (T4 )acr is to choose “generators” (S;)f2; and put T, = [];c,, Si,
where the product is taken with increasing indices (eg. Ty 4,53 = S15495). Taking
products with decreasing indices yields a reversed IP-system.

We consider two IP-systems (T, )aecr and (Sq)acr of measure preserving trans-
formations of a probability space (X, .A, 1) which commute with each other in the
sense that TS = ST, for all o, § € F, and such that (S,)acr is itself commu-
tative; namely S, S5 = S35, for all o, 5 € F. The conclusion we obtain is that if
1(A) > 0 then there exists a € F such that p(ANT; AN (ThSa) '4) > 0. In
other words, we have succeeded in removing the commutativity restriction on one
of the IP-systems in the k = 2 case of Theorem A. The method of proof is a natu-
ral outgrowth of the methods of Furstenberg and Katznelson. After a preparatory
section (Section 2), we present the result and its proof in Section 3.

Section 4 is devoted to two combinatorial corollaries, one for sets of positive den-
sity in amenable semigroups (Theorem 4.2) and one for partition Ramsey theory
(Corollary 4.5). Also included in this section is a topological recurrence theorem.

2. PRELIMINARIES

In this section we will give definitions and formulate preliminary results and
combinatorial tools needed for the proof of our main theorem, Theorem 3.1. Recall
that F denotes the family of non-empty finite subsets of IN.

Definition 2.1. (a) Suppose that «, 3 € F have the property that every mem-
ber of « is less than every member of 3, that is, * € a and y € ( implies that
x < y. In this case we shall say that « precedes (§ and write a < (3.

(b) Given a sequence (o;);en C F such that oy < az < az < ..., we denote
the set of all unions of finitely many elements of the sequence by FU (a1, as,...).
We also let FUy(ag,aa,...) = FU(ai,az,...) U {0}. Both FU(a1,as,...) and
FUy(ay, o, ...) are called IP-rings, and are usually denoted by symbols such as
FO F@ ete. If FO and F@ are IP-rings and F? ¢ FO then F@ is said to
be a subring of F(1).

(c) Suppose that (2, )qcr is a sequence indexed by F (called an F-sequence)
in a topological space X, z € X and F(1) = FU(ay,as,...)is an IP-ring. Suppose
that for every neighborhood U of x there exists 3 € F having the property that for
every o € FU with 3 < o we have 2, € U. Then we shall say that the sequence
(z4) converges to z along F), and we shall write

IP-lm =z, = x.
acF@)
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(d) An F-sequence (z4)aer in a semigroup is called an IP-system (respectively
reversed IP-system) if x,u3 = z,23 (respectively Tous = x4 ) forall o, 5 € F
with a < 3.

A fundamental combinatorial tool useful when dealing with IP-convergence is
Hindman’s Theorem:

Theorem 2.2 ([H]). Supposer € N and J;_, C; = FV) is a partition of an IP-
ring into r cells. Then some cell of the partition contains an IP-ring F?) c F1),

Given an IP-ring F) = FU(ay, s, ...), the correspondence 3 « Uieﬁ ; is a
bijection between F and F(!) which preserves unions and the partial order relation
<. Hence IP-rings themselves have the structure of F. It follows that given any F-
sequence (Tq)aer and an IP-ring (V)| the sequence (74 )qe 70y has the character
of an F-sequence. Therefore, we may refer to the restriction of an F-sequence to
an [P-ring as an F-sequence as well.

If 7@ is a subring of F(!) then the restriction of a given F-sequence to F(2)
is called a subsequence of the restriction the F-sequence to F(1). As is the
case with ordinary sequences, any JF-sequence in a compact metric space has a
convergent subsequence. The following generalization of this fact may be proved
using Hindman’s Theorem and a standard diagonalization argument.

Corollary 2.3 ([FK2, Theorem 1.5]). Suppose that, for all n € N, (l‘&n))aej-'
is an F-sequence in a compact metric space X,,. Then for any IP-ring FV) there
exists a subring F?) such that

-l (n) —
Iy =

exists for each n € N.

Any IP-system or reversed IP-system (U,)qacr of isometries on a separable
Hilbert space H is of course also an F-sequence. Since the unit ball of H is
compact and metrizable in the weak topology, one may show as a consequence of
Corollary 2.3 that along some subring F),

(2.1) IP-lim Usf = Pf

exists weakly for all f € H. (One need only show that the limit exists for all f in
a countable dense subset of H.) The content of the following proposition is that
the operator P of (2.1) is an orthogonal projection.

Proposition 2.4. Suppose that (Uy)acF is an IP-system or reversed IP-system
of isometries on a separable Hilbert space H and FY) is an IP-ring such that

Py Uof = P
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exists weakly for all f € H. Then P is an orthogonal projection onto a closed
subspace of H.

Proof. We will prove the assertion in the case that (U,) is a reversed IP-
system. (The IP-system case is actually somewhat easier.) That P is linear is
easily checked, and furthermore it is easily established that HP || < 1. These facts
imply that if P2 = P then P must be an orthogonal projection. Therefore we
must only show that P is idempotent.

Let p be a metric for the weak topology on the closed unit ball of H, let f € ‘H
with || f|| < 1 and let € > 0 be arbitrary. We begin with the observation that P
is weakly continuous. Therefore we may choose oy € F having the property that
for every a > g we have

(2.2) pUaf, Pf) <

wl ™

and p(PUof, P?f) < .

Suppose now that a, 3 € F) with 8 > a > ag. Then (o U 3) > ag, hence

(2.3) p(UsUaf, Pf) = p(Uausf, Pf) <

Wl m

Fixing a0 > «p, there exists § > « far enough out that

(2.4) p(UsUs f, PULS) <

wl o

It follows from (2.2), (2.3) and (2.4) that

p(PS.P2f) < p(PF.UsUaf) +p(UpUaf, PUaf) + p(PUaf. Pf) < S+ 45 = €.

Since € was arbitrary, P2f = Pf. Since f was arbitrary, P? = P. O

Another combinatorial tool we’ll use is the following corollary of Hindman’s
theorem. In order to formulate it, we adopt the following notation: if n € N and
FM) is an IP ring, let

(‘7:(1)>7<L = {(ala---7an):a17~-~,an 6.7:(1),041 <ag < - <an}.

Theorem 2.5 ([M], [T]). Suppose that F1) is an IP-ring, n,r € N, and
that (F(l))z = Ui, C; is an r-cell partition of (f(l))z. Then there exists j,
1<j<r, and an IP-ring F@ ¢ FO gsuch that (.7-'(2))1 C Cj.

The following is a standard trick for showing convergence of F-sequences in a
Hilbert space.
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Proposition 2.6 ([FK2, Lemma 5.3]). Suppose that {x4}acr is a bounded
F-sequence of vectors in a Hilbert space H and that F) is an IP-ring. If

IP-lim IP-li ws Taug) =0
BA e (e )

then for some IP-subring F? c F1), IP—}i(IZI)l To = 0 in the weak topology.
ae

The following fact follows from [FK3, Lemma 3.1]. We include a proof for
completeness.

Theorem 2.7. Suppose that (X, A, 1) is a probability space. A closed subspace
E C L*(X, A, n) has the form E = L?(X,B, ) for a sub-o-algebra B C A if and
only if E has a dense subset Ey of bounded functions containing the constants and
having the property that if f,g € Eqo then {fg, f + g} C Ey.

Proof. One direction is obvious. Given E = L?(X, B, i), simply let Eq consist
of those members of E that are bounded. Ej is clearly dense in E and has the
required properties.

For the converse, let Ey be as stated in the theorem. Let a,b € R and let
g € Ey. Let B ={x:g(z) € (a,b)}. We claim that 15 € Ey. Indeed, replacing g
by %, where N is sufficiently large, we may assume without loss of generality that
suplg] < 1 and —1 < a < b < 1. Let € > 0 be arbitrary and choose § > 0 such
that p(B'AB) < €, where B’ = {x : g(x) € (a + 6,b — 0)}. By the Weierstrass
approximation theorem, choose now a polynomial p(t) with p([-1,1]) C [0,1],
p(t) >1—efort € (a+9,b—9), and p(t) < e for t € [—1,a]U[b,1]. Then pog € Ej
with ||pog—1p|| < 2e.

Let By be the algebra of sets generated by sets of the form {z : g(z) € (a,b)},
where g € Ey and a,b € R. Since Ej is closed under products (to approximate
intersection) and sums (to approximate union), 15 € Ey for all B € By. Since Fj
is closed under products and contains the constants (and is therefore closed under
finite linear combinations), Ey contains all simple functions Y ;- 1p,, where the
B;’s come from By.

Let B={B € A: 3(B;)X, C By with u(BAB;) — 0}. One easily checks
that B is a o-algebra containing By. Therefore Ey contains all simple functions
>, 1p,, where the B;’s come from B. This implies that L?(X,B, ) C Ey. On
the other hand all the members of Ey are clearly B-measurable by construction.
It follows that Ey C L?(X, B, i) and since L?(X, B, 1) is closed, Ey C L*(X, B, 1),
so that E = Ey = L?(X, B, j1). O

The following routine lemma is needed. If aq, ..., «, are sets let FU{ay,...,
ant = {Uieﬁai 10 # B c{l,....,n}} and put FUp{cv,...,an} = FU{av,...,
ant U{0}.
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Lemma 2.8. Suppose that {T,}acr is an IP-system of measure preserving
transformations of a probability space (X,B,u). Let n € N and £ > 0. For any
A € B with u(A) > ¢ there exists an IP-ring G such that for every (aq,...,an) €

(G)% we have
y( ﬂ Ta1A> > 2",

acFUp{ay,...,an}

Proof. Since we are only concerned with the orbit of a single set A under
countably many transformations, we may assume without loss of generality that
(X, B, i) is separable.

Case 1: n = 1. Letting U,f(z) = f(Tax) for f € L*(X,B,u), {Us} is a
reversed IP-system of isometries. Let F(!) be an IP-ring having the property that
1Py Uaf = Pf
exists for all f € L?(X,B,u) (see the discussion preceding Proposition 2.4). Ac-
cording to Proposition 2.4, P is an orthogonal projection. Let F(2) < F(1) be an

IP-ring having one of the following two properties:

(a) For every a € FO u(ANT,1A) > €2

(b) For every a € F® u(ANT;TA) < €2

This is possible by Theorem 2.2. Let f = 14. Since P is the orthogonal
projection onto a subspace containing the constants we have

. —1 —_TP_1;
IP-lim p(ANT,"A) = IP-lim /fTafdu

- /fPf dp = ||Pf|* > p(A)? > €2

It follows that (b) is an impossibility, hence (a) holds. Letting G = F(?) completes
the proof of Case 1.

Case 2: Suppose the result has been established for n — 1. There exists an
IP-ring F) such that for all (ay,...,a,_1) € (FM)2! we have

u( N Ta1A> > e

acFUp{a,...,an_1}

By Theorem 2.5 we may choose an IP-ring F?) < F(M) such that one of the
following two criteria is met:

(a) For all (a1, ..,ay) € (F®)2 we have

u( N Ta‘lA> > 2",

a€FUp{a1,...,an}
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(b) For all (ag,...,a,) € (FP) we have

u( N Ta‘lA) <&
}

acFUp{ai,...,an
Let (@1, ,n-1) € (F@)2™1 and let

B = N T 'A.

a€FUp{a1,...,cen—1}
Then p(B) > €2""". Proceeding as in Case 1 we get

: —1 2 2"
IP-lim w(BNT"B) > p(B)” > ¢ .

In particular for «,, far enough out we have

u( ﬂ TalA) > 2",

a€FUp{a,...,an}

Therefore (b) is an impossibility and (a) holds. Let G = F®). O

3. PROOF OF MAIN THEOREM

Theorem 3.1. Let (X, A, 1) be a probability space, let {Ta}ocr and {So}acr
be IP-systems of measure preserving transformations of X such that T, Sg = ST,
and SoSs = SpSq for all o, 3 € F. Then for every A € A with pu(A) > 0 there
exists an IP-ring F) with

IP-lim pw(ANT,; AN (T,S,) tA) > 0.
acFD)

Although Theorem 3.1 is stated for an arbitrary probability space, in the proof
it will be necessary to place some additional restrictions on (X, .A, u). Specifically,
we shall require that (X, A, 1) be a regular space, namely X is compact metric
and p is a Borel measure. To see that this may be done without loss of generality,
consider the following standard construction.

Under the conditions of Theorem 3.1, let G be the (countable) semigroup gen-
erated by {T,, : o € F}U{S, : @ € F}. If G has an identity, denote it by e. Oth-
erwise, let e be an identity adjoined to G and in either case put X = {0,1}¢U{e},
Endowed with the product topology, X is compact and metrizable. Let A = {y €
X :~(e) =1}. For g1,92,... ,9- € GU{e}, and hy, ha, ..., h, € {0,1}, define

A({yveX :y(g) =hi1<i<r}) =u(ﬂg[1Ai),
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where A; = Aif h; =1 and A; = A°if h; = 0,1 < i <r. [1is a premeasure on
the algebra of cylinder sets and hence extends uniquely to a measure on the Borel
o-algebra A of X, so that (X, A, ji) is a regular space.

For a € F and v € X, put Tav( ) = v(gTy) and Sav(g) = 7(gSa). One may
easily check that {T }aE F and {S }acr are IP-systems of fi-preserving maps with
S,T3 =T3S, and S, Sg—SgS for all o, B € F.

Finally, note that fi(A) = u(A) and for all o € F,

ANT P AN (T,8,) " A) = i({y e X : ()f1,7<T):1,v(TaSa>:1})

=p(ANT; AN (TaSa)  A).

This establishes that we may in fact assume without loss of generality that we
deal with regular spaces and hence take advantage of the structure they afford.
For more details on the following discussion, the reader is referred to [F2, Chap-
ter 5], [F1, Section 4] or [FK3, Section 3]. If (X, A, u) is a regular space and
B C A is a sub-o-algebra, there exists a space (Y, B, v) and a measure preserving
transformation 7: X — Y such that B = 7~ (B) (modulo null sets). Y is said to
be a factor of X. Sometimes we abuse notation and say that B is a factor of X,
or use the symbol B in place of B.

Moreover, there exists a family of probability measures {u, : y € Y} on X
such that for any f € LY(X,A,u), [f du [([f duy) dv(y) and so that
py (77 Hy)) = 1 ae. If we write E(f|B)(z) = [ [ dpin(z) then E(f|B) is the
conditional expectation of f given B, and the map f — E(f|B) is the orthog-
onal projection from L?(X, A, i) to L*(X, B, ).

We can use the disintegration of p over Y to define a measure p xg p on
(X x X, A® A) as follows: [ f(z1,22)dp xp p(x1,22) = [([ fl@1,22) dpy x
fy(x1,22)) dv(y). One may check that p X p is supported on the set X xy X =
{(21,29) : m(x1) = w(x2)}, and we sometimes denote this conditional product
space as (X xy X, A®p A, u Xp u), or by (X,l’;’, ii) for convenience. One may
casily check that if T : X — X is p-invariant, then T = T x T defined by
T(ml,xz) = (Tx1,Txs) is i-invariant.

For the remainder of this section, (X, A, 1), {To}tacr, {Satacr, and A € A
with p(A) > 0 will be fixed, with (X, A, i) regular. We take L?(X, A, 1) to consist
of real-valued functions. In particular, since (X,A,p) is regular, L?(X, A, u) is
separable and its unit ball is compact and metrizable in the weak topology.

Let 1) be an IP-ring with the property that

(3.1) IP-lim WANT P AN (TySs) tA) =
[e1S
exists, with the additional requirement that for all f € L?(X, A, u),

IP-lim S, f = Pf
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exists weakly (possible by Corollary 2.3, as one need only assure convergence for
a countable dense set of f’s in the unit ball). We must show that L > 0.

By Proposition 2.4, P is an orthogonal projection onto a closed subspace E
of L?(X, A, ). E contains the constants, and since P is idempotent we have
Pf = f if and only if f € E. In other words, Sof — f weakly along F(!). But
HSafH = Hf , hence S, f — f strongly as well along F(V). Tt follows that for any
f € E and any | € R the function f; defined by fi(x) =1 if f(z) > 1, fi(x) = -
if f(z) < —land fi(z) = f(x) if -1 < f(z) < I satisfies S, f; — f along F) and
hence lies in E. It follows that E contains a dense subset consisting of bounded
functions. Moreover, if f, g are bounded functions in E, we have

HSafSag - ng S HSafSag - (Saf)gH + H(Sozf)g - ng
< 1/l lISag =gl + llgll c[1Saf = £l =0

along F(1), so that fg € E (and bounded). Moreover f + g is bounded and in E
(this is obvious), so by Theorem 2.7 E = L?(X, B, u), where B C A is a o-algebra,
and thus Pf = E(f|B), that is, P is the orthogonal projection onto L?(X, B, ).
One may further check that B must be T,- and S,-invariant for all a € F. (It is
here, and only here, that we use the fact that S,Sg = S35, for all o, 8 € F.)
The factor determined by B will be denoted (Y,B,v). Note that {Th}acr
and {S, }aer project to measure preserving IP-systems on (Y,B,v). (X, A, i)
will denote the conditional product probability space (X xy X, A®p A, u X5 p).

{Ta}ae 7 and {S,}acr will denote the ji-measure preserving IP systems on X
defined by T, (z1,z2) = (Tx1,Tx2) and S(z1,22) = (Sx1, Sxa), respectively.

Remark. Throughout the course of this section we will periodically obtain
IP-subrings of F() (using Theorem 2.5, for example) having some desirable prop-
erties. One may check that previous properties observed for F(1) are possessed
by the subring. Therefore, we will simply replace F(1) by its subring and con-
tinue using the name F() (for the subring). We may say simply “without loss of
generality, F(!) possesses such-and-such property.”

By Corollary 2.3, without loss of generality for all H € L2(X, A, 1),

ey Tt = Qui

and

Iaf;-}i(%l T,S,H = QH

exist in the weak topology. By Proposition 2.4, @1 and @2 are orthogonal projec-

tions.

Definition 3.2. A function f € L®(X, A, u) is Tu-almost periodic over B
along F() if for every € > 0 there exists a set D € B with v(D) < € and functions
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g1,---,9n € L?(X, A, u) having the property that for every § > 0 there exists
ap € FO such that for every a € F1) with a > g there is a set E(a) € B with
v(E(a)) < & having the property that for all y € Y\ (DUE(«a)) there exists i(y, a)
with 1 < i(y, ) < N such that HTaf — i
similarly defined.

(y’a)Hy < €. T, S,-almost periodicity is

One may easily check that linear combinations of Ti,-almost periodic functions
are T,-almost periodic, as are products. Furthermore the constants are T,-almost
periodic. By Theorem 2.7, the closure of the set of T,-almost periodic functions
has the form L2(X, By, u) for some o-algebra By C A.

One easily sees that B C B;. Similarly, the closure of the set of T,S,-almost
periodic functions has the form L?(X, Bo, i) for some o-algebra By with B C B
C A

For H € LQ(X',.A7 i), we define an operator H: ¢ — H x ¢ by

(3.2) H + (z) = / H(, e')(a") ditn(ay ().

For a.e. y € Y, this equation defines a compact (in fact Hilbert-Schmidt) operator
H on L?(X, A, uy). Alternatively, of course, H is an operator on L*(X, A, ).

Lemma 3.3. (a) If H € L*(X, A, i) satisfies Q. H = H and ¢ € L®(X, A, n)
then H % ¢ is To-almost periodic over B along F™).

(b) If H € L*(X, A, i) satisfies QoH = H and ¢ € L™(X, A, 1) then H ¢ is
T S-almost periodic over B along FM).

Proof. We will prove (a). Part (b) is similar. Let aq, as,... be an enumeration
of the atoms which comprise F() (that is, F") = FU{ay, as,...}). Suppose that
H e L*(X, A, J1) satisfies Q1 H = H. Let € > 0 be arbitrary. For a.e. y € Y, the
operator H defined by (3.2) is a compact operator on L?(X, A, y1,), hence there
exists a number M (y) € N such that

{H* (Tof):a € FU@{OQ,.--,OéM(y)}}

is $-dense (under the metric p(g, h) = ||g — th) in the set {H x (T, f) : o € Fy}.
Let M be so large that there exists a set D € B with v(D) < e such that M > M (y)
for all y € Y \ D. Now let {g1,...,gn} be an enumeration of {H * (T, f) : o €
FUp{aq,...,an}}.
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For any y € Y\ D and any « € F there exists i(y, @) € N with 1 < i(y,a) < M
such that HH * (Ta®) = Gi(y,a) Hy < 5. Letting 0 > 0 be arbitrary,

P-lim 7o (Hx6) — H+ (7o)

— IP-lim / ] / (H(Toz, Taz') — H(z,2'))$(Tnz) duﬂ(x)(x’)r dp()

acF@)

2 2
< Iafé}}(rl? //‘H(Tax,Tam’) — H(z,2")|"|¢(Taa")|” dpir(a) (2') dp()

<Pl ([ Tull — H[}ge 492 =0

Therefore, there exists ag € F(!) having the property that for every o € F() with
o> aq, |[Ta(Hx¢) —Hx (To0)]|| is so small that there exists a set E(«) € B with
v(E(a)) < & such that ||T,(Hx¢) — Hx (Tagb)Hy < §forally € Y\ E(a). If now
y €Y\ (DUE(a)), then [|[Ta(H * ¢) = giyna)|, <e. O
Lemma 3.4. (a) If f € L™ (X, A, u) satisfies E(f|B1) =0, then
P [PUT.O) =0
(b) If f € L=(X, A, p1) satisfies E(f|B2) =0, then
IP-lim || P(fTaS0f)]| = 0.
Proof. Again we prove only (a), as (b) is similar. By Lemma 3.3 and the fact
that E(f|By) = 0, f is orthogonal to H x f for every H € L*(X, A, ji) satisfying

Q1H = H. 1t follows that the function f @ f(z,2') = f(z)f(z') € L*(X, A, i) is
orthogonal to all H € L?(X, A, i) which satisfy Q;H = H. To see this, note that

/ @) F@)H @z, 2') dfi(z, o)
/ fa / H(z, ') f (') dpne) (2') dp(z)
- / F(@) (H o f(x)) du(x) = (Hx f, f) = 0.

Since Q1(Q1H) = Q?H = Q1 H, it follows that f ® f is orthogonal to Q H for all
H e L*(X, A, ji). Hence,

et |PUTA =12t (| [ 10T f@) diyo)] v

acF@) acF@)

= IP-lim /f ()T o f () dip(x, x")

acF(2)

=/(f®f)Q1(f®f)dﬁ=0~ 0
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Lemma 3.5. If f,g € L™(X, A, u) with either E(f|B1) =0 or E(g|Bs) = 0,
then there exists an IP-ring F? c F1) such that

IP-lim T fTaSag =0
acF(2

i the weak topology.

Proof. Let x4 = TofTaSag. Recall that for 8 > «, Tuusf = T3(Taf). There-
fore

e G {rsveus)

= IP-lim IP; -l [ T fT5Sp9Taus fTavpSaupg dp

=Pl IP-lim [ T5fTpS59T5(Taf)TpSs(TaSag) du

S Pl [T, d

= IP]_]_I(IH /P(fTaf)P(gTaSag) dp = 0.
acF(

The desired conclusion is now a consequence of Proposition 2.6. O

We now proceed to show that L > 0 (see (3.1)). Let f = 14, f1 = E(f|B1),

and fo = E(f|B2). Also let hy = f — f1 and ha = f — f5. By Lemma 3.5 we may
by passing to a subring assume that

E;é}!}(%l Ta fl Ta Sa h2

= IP-1li T.,hiT,S,
LP-Tim 1T60Sa f2

=1IP-lim T,h1T,S,hs =0
acFD)

in the weak topology. Then

=IP-lim w(ANT,'AN(T,S,) 1 A)
acFM)

= IP-lim / FTofTaSaf du

aeF @

1Pl [ T ) TaSa(fa + ha) d

= IP—hH)l /fTaflTaSan d,u

acF(

It is therefore sufficient for the proof of Theorem 3.1 to show that

(3.3) L= IP hm /fT fiToSafa du > 0.
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It is clear from the decomposition of measures that fi(z)f2(z) > 0 for a.e.
x € A. Therefore, there exists some a > 0 and a set A’ C A with p(A’) > 0 such
that fi(x)f2(z) > a for all x € A’. Furthermore, there exist numbers b,& > 0 and
a set By € B with v(By) = 3¢ > 0 such that for all y € By, uy(A") > b. It follows
that

(3.4) /ff1f2 dpiy > ab

for all y € Bs.

Let e = ‘f—g. We may approximate f; arbitrarily closely by a function ¢, which is
T,-almost periodic over B along F1). Likewise, we may approximate fo arbitrarily
closely by a function ¢y which is T,,S,-almost periodic over B along F(!). Since
v(B1) > 3¢ we may therefore fix such ¢ and ¢ so that there exists a set By C By
with v(Bs) > 2¢ having the property that for all y € By we have

(35) Hfl — ¢1Hy <€
and
(36) ||f2 — ¢2||y < €.

By the definition of almost periodicity, there exists {g1,...,g9m} C L3(X, A, p)
and D € B with v(D) < £ such that:

(¥) For every § > 0 there exists oy € F) having the property that for every
a € FO with a > ay there exists a set E(a) € B with v(E(a)) < § such that for
every y € Y\ (DUE(a)) there exist i(y, a) and j(y, o) with 1 <i(y, ), j(y, ) < M
such that

[Tat1 = gigall, <€

and
| TaSad2 = gjwmll, <€

We claim that
abe?”

S(M2+1)2°

L=1P-lim / FTofiTaSofo dpt >
acF@)

If this were not the case, we could, by passing to a subring, assume that for all
aec FM),

2N

ab&
/fTaflTaSan dp < 78(]\42 n 1)2 .
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We will show that this is impossible by producing an o € F() for which
abe?”

(3.7) /fTaf1TaSaf2 dp > m )

whereupon the proof of Theorem 3.1 will have been completed.

Let N = M? + 1. By setting § = %§2N2_2N in (x) we may, by deleting finitely
many atoms of F(1), assume that for every a € F() there exists a set E(a) € B
with v(E(a)) < %§2N2_N§ having the property that for every y € Y\ (DU E(a))
there exist i(y, «) and j(y, @) with 1 < i(y, ), j(y,a) < M such that

(38) HTa¢1 — Gi(y,a) Hy <e
and
(39) HTaSa¢2 - gj(y7a)|’y <e

Let B3 = (B2 \ D). Since v(Bs) > 2§ and v(D) < &, we have v(B3) > &.
According to Theorem 2.8 we may by passing to a subring assume that for every
(a1,...,an) € (FO)Y we have

y< N T;lB?,) > 2",
acFUp{ay,...,an}

Furthermore, since B3 € B we have

IP-lim (T, B3ATaSaBs) = IP-lim (B3 ASaBs) = 0.
aec

acF@)
Therefore we may in fact assume that for all (aq,...,an) € (.7-'(1))5 we have
(3.10) y< ﬂ (T;'Bsn (TaSa)lBg)) > 2"

acFUp{ay,...,an}
Let 6 > 0 be small (how small we shall say shortly). We claim that by passing

to a subring we may assume that for all (o, 3) € (.7:(1))2< we have

2
(3.11) /‘Hf2 = TuSafoly,, = 1f2 = TaSatelly,q,,| dvy) <.

If this were not the case, then by the Theorem 2.6 we could by passing to a
subring assume that

2

(3.12) /‘||f2 = TaSafollp,, = o = TuSafollp,s,,| dv(y) =6
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for all (a, B) € (FM)2. However, recall that

IP-lim || Tsh — TSshl| = IP-lim b= Ssh]| =0

for all h € L?(X, B, ). It follows that for any oo € F) we have

2
Iﬁ]Z}_l_l(IlI)l /‘Hf2 - TO‘SO‘f2HT/3y - HfQ - TaSanHT[jS[jy dV(y) = O)
a contradiction to (3.12). This establishes that we may assume that (3.11) holds
for all (o, B) € (F(M))2.

Recall that § was chosen small. It is chosen small enough that (3.11) implies
oN
o

that for all (a, 3) € (F)2 there exists a set C(a, 8) € B with v(C(a, B8)) < EW
such that for all y € Y \ C(a, §) we have

(313) HfZ - TOcSanHTﬁy - ||f2 - TaSO‘fQHT;sSﬁy <€

We now fix some N-tuple (aq,...,an) € (.7:(1))1:. Let

Bi=Bs\ ( U E(a)).

aceFUp{ar,...,an}

We now put

B — (( N (@B <Tgsg>—1Bz>))

ﬁGFU@{al,...,aN}

\( U (E(e) UT; ' E(a) U (TyS3) " E(a)).
a,BeEFUp{an,..., an}
Then
(i) v(Bs) > 32",
(ii) For any y € By, (3.4), (3.5), (3.6), (3.8) and (3.9) hold.

(iii) For any y € Bs and any 3 € FUp{aa,...,an} we have Tgy € By and
TﬁSgy € By.

Since N = M? + 1, for any y € Bs there exist I(y) and m(y) with 1 < I(y) <
m(y) < N such that

(3.14) i(y, (al(y) U---u aN)) = i(y, (am(y) U---u QN))

and

(3.15) 3 (s (uy U~ Uan)) =5y, () U+ Uan)).
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There are less than N? possibilities for the pair (I(y),m(y)). Therefore, since
v(Bs) > %§2N, we may choose [ and m with 1 <[ <m < N and a set Bg C B;
N

with v(Bg) > % on which I(y) = I and m(y) = m are constant. Let a =
(qqU---Uam-1) and let f = (apym U---Uan). Then a < 3, so (a, 8) € (.7:(1))2<.

Let y € Bg. (3.14) says that i(y,a U 3) = i(y, 8). Since Bs C Y \ (DU E(3) U
E(aU B)) we have by (3.8) that

(3.16) |61 = Tatr g, = [ Tsd1 — Ta(Tai)|,
= || Tpp1 — Taupén ]|,
< || Tsé1 — giwm ||, + 1 Tovsdr — giwm

=[Ts1 = giws |l + 1 Tavsdr = giwaum |,
< 2e.

Also, since Tgy € Bs, we have

63~ il <

On the other hand, since T, gy € B3 we have

(317) HTafl - Toz(blHTﬁy = ||f1 - ¢1||Ta <€

ugY

(3.16), (3.17) and (3.18) give
(318) [|fi-Tafilly,, < |f1=01lly,, +é1=Tadr|ly, , [ Tadr ~Tafilly,, < 4e.
In a completely analogous fashion we may show as well that

(3.19) Hf2 — TaSQfQHTBSBy < 4e.

Recall that since (a, §) € (.7-'(1))2< there exists a set C(a, 8) € B with v(C(a, 8))
N
< % such that for all z € Y \ C(«, §) we have

(3.20) /2 = TaSafollg,. = If2 = TaSafellnys,.| <€

N

Let By = Bg \ C(a, 8). Then v(By7) > ij\r?' Suppose now that y € By, (3.20)
and (3.21) combine to give

(3.21) 1f2 = TaSafoly,, < e
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Since y € Bs, Tgy € By C By. It follows by (3.4) that

/ff1f2 d,uTﬂy > ab.

Now from (3.19) and (3.22), together with the fact that the functions f, f; and
f2 have ranges in [0, 1], we get that

ab
[ TR Tasufe dur,y >

This holds for all y € By. It follows that
abe?”
TofriTaSafody > —F——.
J T Sots >
This is (3.7). In light of previous comments, this completes the proof of Theo-
rem 3.1. O

4. COMBINATORIAL CONSEQUENCES

This section contains a few combinatorial consequences of Theorem 3.1. They
are new, and indeed unusual enough not to have any direct predecessors in the lit-
erature. The reader may wish to compare them to the results of [BH] and [BMZ].

Recall that a semigroup S is left amenable if there exists a left invariant mean
m on [°°(S). Namely, m € [°°(S)* with m(1) = 1 and m(f) > 0if f(s) > 0 for all
s € S, and with m(sf) = m(f) for all s € S and f € 1°°(S5), where sf(t) = f(st).
If S is a semigroup, a subset A C S is said to be left syndetic if there exists a
finite set H C S such that {J, .y h™'A =S, where h"'A={s € S: hs € A}.

Suppose that S is a countable, left amenable semigroup with identity and let
Q = {0,1}°. Q is a compact metrizable space under the product topology. An
S-action {T,} may be defined on Q as follows: for £ € Q, let (T,£)(h) = &(hg).
The following proposition follows Furstenberg.

Proposition 4.1. Let S be a countable left amenable semigroup with identity
e and let m be a left invariant mean. Let X = {Tplp:h € S} and put A= {n €
X : n(e) =1}. For any E C G there exists a {T}}-invariant probability measure
won X such that p(A) = m(E).

Proof. Let A be the algebra of sets generated by {T;'A: g € S}. If g1,9s,...,
gr € S and Ay, Ay, ..., Ay € {A, A}, put w(T, AN ---NT,  Ag) = m(gy P Er N
N g;'Eg), where E; = E if A; = A and E; = E°¢ if A; = A°. One easily
checks that p extends to an additive, {T;}-invariant set-function on A which, by
compactness of X and the fact that members of A are open, is a pre-measure.
Hence p extends to a measure on the Borel o-algebra, and plainly pu(A) = m(E).O
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Let G and H be left amenable semigroups with identities e and €', respectively.
G x H is left amenable as well, and any G x H-action {Uyp) : (9,h) € G x H}
has the form Uy ) = TySp, where Ty = U, o1y and Sy = U 4). If H is abelian,
we can apply Theorem 3.1 to obtain the following density combinatorial result, a
“half commutative IP Roth theorem for amenable semigroups”.

Theorem 4.2. Suppose that G is a countable, left amenable semigroup, H is
a countable abelian semigroup, and E C G x H has positive upper density. Let
(9o)aer C G be an IP-system and let (hy)acr C H be an IP-system. There exists
ac€ G, be H, and o € F such that {(a,b), (gaa,b), (gaa, hab)} C E.

Proof. Let G’ = G U {e} and let H' = H U {¢’}, where e and ¢’ are identities.
Let Q= {0,1}¢ %"’ and define a G’ x H'-action {Uigny} on Q by (Ug.1€)(a,b)
= &(ag,bh). Let { = 1p € Qand let X = {Uyzpé: g,h € G} Put A= {n ¢
X :n(e,e’) = 1}. According to Theorem 4.1 there exists a {U(y ) }-invariant
measure p on X with pu(A) > 0. Let Ty, = Uy, ey and Sy = Uep,y, @ € F.
Then {T,} is an IP-system and {S,} is a commutative IP-system of measure
preserving transformations on X. By Theorem 3.1 there exists a € F such that
w(ANT AN (ThSy) tA) > 0. Choose n € ANT; AN (T,S,) LA, Since A
is open and n € {T,S){: (g,h) € G x H}, there exists (a,b) € G x H such that
TaSpé € (ANT AN (ToSa) tA). Therefore

.f(a7 b) = f(gaav b) = g(ga(% hab) =1
In other words, {(a,b), (gaa,b), (gaa, hab)} C E. O

Remark. In the above theorem, it is not absolutely necessary that H be
abelian. It is enough to have H left amenable, and that the IP-system (h,) be
contained in an abelian subgroup Hy of H. The conclusion in this case is mildly
stronger because a positive density subset £ C G X H need not intersect G x Hy.
For example, if H is the (amenable) group of finite permutations of N, then a
subgroup of H is abelian if and only if it is generated by disjoint cycles, and all
such subgroups have zero upper density. Similar observations apply to the results
to follow, but we shall content ourselves with assuming H to be abelian as the
statements are then more natural and the difference is minor.

In the event that G is a group, we can modify Theorem 4.2 such as to give the
result a somewhat more natural look.

Corollary 4.3. Suppose that G is a countable amenable group, H is a countable
abelian semigroup, and E C G x H has positive upper density. Let (go)acr C G be
a reversed IP-system and let (ho)acr C H be an IP-system. There exists a € G,
be H, and o € F such that {(a,b), (gaa,b), (a,hsb)} C E.

Proof. Note that (g, !)aecr is an IP-system. Hence by Theorem 4.2 there exists

(¢,b) € G x H and o € F such that (c,b), (g51c,b), (95 ¢, hab)} C E. Let a =
—1

g, c. O
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Our next result is a “one-third commutative” topological multiple recurrence
theorem.

Theorem 4.4. Let J be an arbitrary countable group, let G be a countable
left amenable semigroup, let H be a countable abelian semigroup, let (X, p) be a
compact metric space, and let {T,}, {Ry}, and {S,} be actions of G, J, and H
respectively by homeomorphisms of X, such that TyR; = R;T,, R;S, = SpR;, and
TySp = STy forallge G, je J, andh € H. Let (go)acr C G and (jo)acr C J
be IP-systems, and let (ho)acr C H be an IP-system. Then for every ¢ > 0
there exists o« € F and x € X such that p(x, R; x) < €, p(z,R; Ty, %) < €, and
p(x, R Tg. Sh x) <e.

Proof. Passing to a closed subset of X if necessary, we will assume that X is
minimal with respect to the G' x J x H-action {TyR;S} : (g,7,h) € G x J x H}.
We claim that for every non-empty open set U C X and every ag € F there exists
a > ag and z € X such that {2z, T, x, Ty, Sh, z} CU.

To prove the claim, let U C X be open. Pick z € U and ¢ > 0 such that
B(z) C U. Let Y C X be a closed set which is minimal with respect to the
G x H-action {TySp : (g9,h) € G x H}. One may check that ;. ; R;Y is {R;}-,
{Ty}-, and {Sp,}-invariant, and is therefore equal to X. It follows that for some
Jo € J, Rj;lBe/g(sc)ﬂY # (). Let 6 > 0 be so small that if y, 3’ € Y with p(y,y') < 8
then p(Rj,y, Rj,y') < 5. Let U’ C R;()lB%(x) NY be an open set (open in Y) of
diameter less that §. Let yo € Y. Since the action {T,S, : (g,h) € G x H} is
minimal on Y, the set

E= {(g,h) : TgShyO € U/}

is left syndetic in G x H, and therefore we have m(FE) > 0 for every left-invariant
mean m on G x H. It follows from Theorem 4.2 that for some o > «a¢ and
(a,b) € G x H, {(a,b), (gaa,b),(gaa,had)} C E. Set y = T,Spyo € U’. Then
Ty,y € U and Ty, Sh,y € U’, so that, letting 2 = R;,y, we have z € B./s(x),
p(z, Ty, 2) < €/2, and p(z,Tg, Sh,2) < €/2. Therefore {z, Ty, 2,Ty, Sh, 2} CU.
Let € > 0 and choose zy € X arbitrarily. Let Uy be an open set of diameter
less that § containing x. According to the claim, there exists ag € F and yg € X
such that {yO,Tga0 Y05 Tgay Shay, Yot C Up. Put 1 = Rj_ml0 yo and let U; be an open
set of diameter less that § containing z; having the property that for every z € Uy

we have {R;, x,T;, Ty, x,R;, Ty, Sh, x} C Up.
ag ap aq @ @Q @Q
Suppose now that we have chosen open sets of diameter less that § Up, Uy, ...,
U; containing points xzq,1,...,Tt, and ag,aq,...,q—1 € F, with ap < a1 <

-++ < ay_1, such that whenever 0 < m < n <t we have {R;,, .z, R;, Ty .,
R, Shynt} C Usfor all w € Uj, where here jo, n = ja,,UamiiU--Ua,_; (and
similarly for g, , and h,,,). By the previous clain there exists a; > a;—1 and
yy € Uy with {yt,Tgat Yt Ty, Shatyt} C U;. Let 2441 = Rj_alt yr and let Up1q be an

open set of diameter less that § containing z;11 and having the property that for

m,n > 9m,n
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all ¥ € Uiy we have {R;, z,R;, T,, =,R;, Ty, S, x} CUy. It follows that for
0<i<tandz € U,

{Rhi,t+1x’Rh Sh z, Ry, Sh Thi,tJrl.T} cU;.

i,t4+1 i,t4+1 i,t4+1 1,t+1

Continue until for some m < n, p(m,z,) < 5. Then

p(xn’ ij,nxn) <, p(l‘m R.jm,nT

gm,n

xy) <€, and p(x,, Rj, Ty, Sh, ;Tn) <e€.
Letting x = z,, and o = o, U 1 U -+ - U a1 finishes the proof. O

Van der Waerden’s theorem ([vdW]; see also [F2]) states that for any finite
coloring of N, at least one cell contains arbitrarily long arithmetic progressions.
The following theorem can be viewed as an exotic version of this result.

Corollary 4.5. Let J be an arbitrary countable group, let G be a countable left
amenable semigroup, and let H be a countable abelian semigroup. Let (go)acr C G
and (jo)acr C J be IP-systems, and let (hy)acr C H be an IP-system. Then for
any finite partition J x G x H = U:Zl C;, there exists t, with 1 <t <r, a € F,
and (a,b,c) € JxGx H such that {(a, b, ¢), (jaa,b,c), (jad, gab, ¢), (Jat, gub, hac)}
C C;.

Proof. Let e be an identity for J, let ¢/ be an identity for G, and let e” be
an identity for H (e’ and e” are supplied, if necessary). Put G’ = G U {¢’} and
H = HU{e"}. Let Q = {1,2,...,r}JXG,XH/. We may choose a metric p on
generating the product topology such that for v,n € ©, p(v,n) < 1 if and only
if y(e,e’, ") =nle, €, e”). Commuting G-actions of homeomorphisms {R,}, {S,}
and {T,} can be defined on Q by R,v(a,b,c) = v(ag,b, c), Sgv(a,b,c) = ~v(a,bg,c),
and Tyvy(a,b,c) = y(a,b,cg). Let £ be the element of Q defined by £(j,g,h) =i
when (j,9,h) € C;. Let X = {R;T,§,zi: (j,g,h) € J x G x H}. By Theorem 4.4
there exists z € X and and a € F such that p(z, R, x) < ¢, p(z,R; Ty, x) < €,
and p(z, R;, Ty, Sh, ) < €.

There exist a,b,c € G such that y = R,T,S.£ is close enough to = that
oy, R y) < 1, ply,R;, Ty, y) < 1, and p(y, R;, Ty, Sh.y) < 1. It follows that
&(a,b,¢) = £(jaa, b, ) = &(Jaa, gab, ¢) = £(Jaa, gab, hac). In other words,

{(av ba C)7 (jolav ba C)7 (joéaa gab7 C)a (jaa7 gabv hOéc)} C Ci’
where i = £(a, b, ¢). O

Other versions of Corollary 4.5 are possible. Taking (ja)acr to be a reversed
IP-system, for example, yields a monochromatic configuration of the form

{(a’7 ba 0)7 (joza7 b= C)a (a> gab7 0)7 (aa gaba hac)}‘

Taking G to be an amenable group and assuming that both (ju)aer and (ga)acr
are reversed IP-systems yields a configuration of the form

{(a7 b, 0)7 (jaa7 Jab, C)a (a, Jab, C)u (a7 b, hac)}'
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