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ON UNIFORM EXPONENTIAL STABILITY OF PERIODIC
EVOLUTION OPERATORS IN BANACH SPACES

M. MEGAN, L. SASU and B. SASU

Abstract. The aim of this paper is to obtain some discrete-time characteriza-
tions for the uniform exponential stability of periodic evolution operators in Ba-
nach spaces. We shall also obtain a discrete-time variant for Neerven’s theorem
using Banach sequence spaces and a new proof for Neerven’s theorem.

1. INTRODUCTION

Let X be a real or a complex Banach space. The norm on X and on the space
B(X) of all bounded linear operators on X will be denoted by || - ||.

Definition 1.1. A familly ® = {®(t, s) };>s>0 of bounded linear operators is
called an evolution operator if the following properties are satisfied:

e1) ®(t,t) = I, the identity operator on X;

es) D(t,s)P(s,tg) = P(t,t0), forall t > s >ty > 0;

eg) for all z € X the function ®(t,-)x is continuous on [0,¢] and the function
(-, tp)x is continuous on [tg, 00);

eq) there exist M > 1, w > 0 such that

|®(t, s)]] < Me* %) Vt>s5>0.

Definition 1.2. An evolution operator ® = {®(¢,s)};>s>0 is said to be

i) uniformly exponentially stable (and we denote by u.e.s.) if there are
N > 1 and v > 0 such that

|®(t, s)|]] < Ne (=) Vi > s> 0;
ii) periodic if there exists 7 > 0 such that

O(t+T1,s+71)=D(t,s), Vi>s>0.
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Remark 1.1. If T = {T'(t)}+>0 is a Cp-semigroup on the Banach space X then
O = {D(t, s) }1>s>0 defined by

O(t,s) =Tt —s), Yt>s>0

is easily checked to be a 7-periodic evolution operator, for all 7 > 0.

In stability theory of Cy-semigroups in Banach spaces a notable result is given
by:

Theorem 1.1 (Neerven). Let X be a complex Banach space and let T be a
Co-semigroup on X. If E is a Banach function space over R with tlim Ug(t) =
oo and with the property that for every x € X the map t — ||T(t)x|| belongs to E
then T is u.e.s.

Nerveen’s proof (see [5]) is valid only for complex Banach spaces. In his proof
Neerven used a lemma which is not valid in real Banach spaces and in [3] he gives
an example which shows this fact.

In this paper we shall give the discrete-time variant of the Neerven’s theorem
but for periodic evolution operators. We shall also obtain neccesary and sufficient
conditions for uniform exponential stability of periodic evolution operators. All
our results are valid in real or complex Banach spaces.

2. BANACH FUNCTION SPACES

Let (©2,%, 1) be a positive o-finite measure space. By M (u) we denote the
linear space of p-measurable functions f: Q — C, identifying the functions which
are equal p-a.e.

Definition 2.1. A Banach function norm is a function N: M(u) — [0, 0]
with the following properties:
ny) N(f) =0 if and only if f =0 p-a.e.;
ng) if |f| < |g| p-ae. then N(f) < N(g);
n3) N(af)=|a|N(f), for all scalars a € C and all f with N(f) < oc;
)

ng) N(f+g) < N(f)+ N(g), for all f,g € M(p).

Let E = En be the set defined by:

E:={feM(p):||fllz:=N(f) <oc}.
It is easily seen that (E, || - ||g) is a normed linear space. If E is complete then
FE is called Banach function space over Q.

Remark 2.1. FE is an ideal in M (u), i.e. if |f] < |g| p-a.e. and g € FE then also
feEand||flle <llglle-
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Remark 2.2. If f, — f in norm in E, then there exists a subsequence (f%, )
converging to f pointwise (see [1]).

Let (2,%, 1) = (R4, £, m) where L is the o-algebra of all Lebesgue measurable
sets A C R4 and m the Lebesgue measure. For a Banach function space over R

we define
R ;o if €EE
‘IJEZR+—>R+7 \I;E(t) — { HX[O,t)HE - X[ot)
00, if X[0,t) ¢ E

where x[o,) denotes the characteristic function of [0,¢). The function ¥ is called
the fundamental function of the Banach space FE.

In what follows we shall denote by B(R) the set of all Banach function spaces
with the property that tliglo Ug(t) = oo.

Let (9,3,u) = (N,P(N), pi.) where p. is the countable measure and FE a
Banach function space over N (in this case E is called Banach sequence space).
We define

», n— ’ if cen— eFE
Up: N* =Ry, Wp(n) = { Pto..nspll: 3 Xgo....n-2)
0, if X{o0,....n—1} ¢ E

called the fundamental function of E.

In what follows we denote by B(IN) the set of all Banach sequence spaces F
with lim Ug(n) = oco.

Remark 2.3. If F is a Banach function space over Ry and (¢,), an increasing

sequence of real positive numbers with lim ¢, = co we define
n—oo

SE = {(an)n : Z anx[tnythrl) € E} !

n=0

It is easily checked that Sg is a Banach sequence space with respect to the norm

S
§ : AnX[tn,tni1)
n=0

Moreover, we have that E € B(R4) if and only if S € B(IN).

In what follows we shall give some examples of Banach sequence spaces.

(an)nllss =

E

Example 2.1. If p € [1,00) then E = [P with

lIslly = (Z IS(n)|p>
n=0

has the property that £ € B(N).

P
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Example 2.2. If p € [1,00) and a = (a,) is a sequence of strict positive real

o0
g Qy = 00
n=0

then the space E = [, of all sequences s: N — C with the property

numbers with

o0
Z an|s(n)|P < oo
n=0

is a Banach sequence space with respect to the norm:

lIslliz = (Z Oén|8(n)p>
n=0

P

Because

D=

it follows that 2 € B(N).
Example 2.3. If p € [1,00) and k = (k) is a sequence of natural numbers
with the following properties:
(i) kn > mn, for all n € N;
(ii) lim (k, —n) =00
then the space E}, of all sequences s: N — C with the property

p

kn
lIsllgp = sup [ > [s()”
neN .
j=n

is a Banach sequence space with Ef € B(N).

3. PRELIMINARY RESULTS

First we will need the following technical lemmas.

Lemma 3.1. Let A be a bounded linear operator on a Banach space X whose
spectral radius v(A) > 1. Then for all e € (0,1) and n € N there is x € X with
[|z|] =1 and

||Alz|| > e, forallj€{0,...,n}.

Proof. Let A € 0(A) with |A\| = r(A). Then there is (z,), C X with ||z,]| =1
and Az, — \z,, — 0.
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Since A/, — Mz, — 0, for every j € N, it follows that for all ¢ € (0,1) and
n € N there exists ng € N such that

[|AT 2 — N, || <1—¢, forallje{0,...,n}
Hence
AP = 1IN 2o || < ([N ang = A2 || + [[ A2, || < 1= € + || ATz, |

which implies
ATz || > AP —1+¢e>e. O

Lemma 3.2. Let E be a Banach sequence space and let (Ay,) be a sequence of
bounded linear operators on X with the property that for every x € X the sequence

szt N—= Ry, sg(n) = [|Anz|
belongs to E. Then there exists M > 0 such that

l1sz||le < M||z||, forallze X.

Proof. Let E(X) be the set of all sequences s: N — X with ||s|| € E. E(X) is
a Banach space with respect to the norm

sl e = [ ]s]] ]2

We consider the map S: X — E(X) defined by

Using the closed graph theorem it is sufficient to show that the linear map S is
closed.

Indeed, if z,, — « in X and S(z,,) — s in E(X) then from Remark 2.2 it follows
that there exists a subsequence (xg, ) such that S(zx,) — s pointwise.

Since for every j € N we have

Sk, )(4) = Ajex, — Ajz = 5(x)(j)

it follows that s = S(z), which proves the closedness of S. O
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Lemma 3.3. Let A be a bounded operator on X and E a Banach sequence
space with E € B(N). If there exists a sequence (k,) C N such that for every
r € X the sequence

5.0 N—= Ry, su(n)=|AF2]

belongs to E then the spectral radius r(A) < 1.

Proof. Suppose the contrary, i.e. r(A) > 1. Let n € N* and

prn = max{ko, k1,...,kn}.
From Lemma 3.1. it follows that there exists x,, € X with ||z,|| = 1 and
|| A2, || > % for all j € {0,...,pn}.
Hence we have
X{0,...n—1} < 28z,
which implies
Ug(n) = [Ixq0,...n-1}|lE < 2||82,||p < 2M

where M is given by Lemma 3.2.
This fact contradicts the assumption E € B(N). O

Lemma 3.4. Let ® = {®(t,5)}+>s>0 be a T-periodic evolution operator and
V = ®(r1,0). Then ® is u.e.s. if and only if r(V) < 1.

Proof. For all n € N* V™ = &(nr,0). Hence, it follows that if ® is u.e.s. then
r(V) < L
Conversely, if (V') < 1 there exists v > 0 such that (V) < e™¥7 and exists
ng € N* with
[V <e ™7, Yn > ng.

For the beginning let us prove that there exists K > 0 with
|®(t,0)]] < Ke ™, Vvt >0.

We denote by My = sup {||®(¢,s)|| : t,s € [0,7],t > s}. ft =n7+r withn e N
and r € [0,7) then

12(t,0)l| < [|@(t,n7)[| ||®(n7,0)[| < Ke™™*, ¥t >0,

where K = max{M]e™™ Me™}.

Letnowt > s>0,t=n1+r, s =kr+u, withn > kand r,u € [0,7). if n =%
then

19(t, )| = ||®(r,w)|| < My < Mye’Te 72,
and if n > k + 1 then
@ (, s)|| < [[@(, (k+ 1)7)[[[|®((k + 1)7, )|
<||®(t — (k+ 1)7,0)]|||®(r,)|| < M1 Ke'Te (=9,

It follows that @ is u.e.s. g
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4. THE MAIN RESULTS

In this section we shall give necessary and sufficient conditions for uniform
exponential stability of periodic evolution operators in Banach spaces.
Our main result is:

Theorem 4.1. Let & = {®(¢,5)}i>s>0 be a periodic evolution operator on a
Banach space X. Then the following assertions are equivalent:

i) @ is u.e.s.;
ii) there are a Banach sequence space E € B(N) and a sequence (t,) C Ry
such that for all x € X the map

$z: N =Ry, sz(n)=|P(ts,0)x||
belongs to E.
Proof. Necessity. It is sufficient to consider
E=1'cBt, =n.
Sufficiency. Since ® is periodic there is 7 > 0 such that
St +7,5+7)=2(t,9), vt >s>0.

We denote by V = ®(7,0). Let k,, = [2] + 1, for all n € N.
Since ® has exponential growth there exist M > 1,w > 0 such that

|®(t,s)|| < Me*t=9) VWt >5>0.
Then
[VEna|| = ||@(rkn, 0)z|| < [|®(Tkn, t)|] ||®(tn, 0)z]| < Me“T||®(tn, 0)z]],

for all z € X and n € N.
Since for all € X, s, belongs to F and F is an ideal we obtain that for every
z € X the map
ug: N =Ry, uy(n) =V

belongs to E. Using Lemma 3.3. we obtain that (V) < 1 and from Lemma 3.4.
® is u.e.s. O

In what follows we are going to apply Theorem 4.1. to certain Banach sequence
spaces.
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Corollary 4.1. Let ® = {®(,5)}i>s>0 be a periodic evolution operator on a
Banach space X. The following assertions are equivalent:
i) @ is u.e.s.;
il) there are two sequences of positive real numbers (o) and (t,) such that:

o0
i) > a, =oo;
n=0

37 an||®(tn, 0)x||P < oo, forallxz € X and p € [1,00);
n=0

there are two sequences of positive real numbers («y,) and (t,) such that:

0
Z Qp = 005
n=0

there exists p € [1,00) such that

Z an||®(tn, 0)z||P < oo, forallz € X.

n=0

Proof. (i) = (ii): It is sufficient to choose a,, = 1 and ¢, = n.
(i) = (iii): It is trivial.
(iii) = (i): Without lost of generality we may assume that «,, > 0 for all n € N.
Let [2 be the Banach sequence space considered in Example 2.2. Using the
hypothesis it follows that for every x € X the sequence

se: N = Ry, sz(n) = [|@(tn, 0)2]]

defines an element of I£. Using the Theorem 4.1. it follows that & is u.e.s. O

Corollary 4.2. Let (k,) C N be a sequence such that k, > n for alln € N
and
lim (k, —n) = cc.
Let & = {®(t, s) }1>s>0 be a periodic evolution operator on the Banach space X.
Then ® is u.e.s. if and only if there are p € [1,00) and a sequence (t,) C R4 such
that

kn
sup Z [|®(t;,0)z||P < oo, forallze X.
neN o

Proof. Necessity is trivial (for p =1 and ¢, = n).
Sufficiency. It follows by applying Theorem 4.1. for the space E} defined in
Example 2.3. 0

As a consequence of Theorem 4.1. we obtain a generalization for Neerven’s
theorem
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Theorem 4.2. Let ® = {®(t, s) }1>s>0 be a periodic evolution operator on the
Banach space X and E a Banach function space with E € B(R,). If for every
r € X the map

fo: Ry — Ry, fo(t) = [|®(¢,0)z]|
belongs to E then ® is u.e.s.
Proof. Let T be the period of ® and

Sg = {(an) : ZanX[nr,(nJrl)'r) € E} .

n=0
From Remark 2.3. using the hypothesis that £ € B(R.) it follows that Sg €

B(N). Let
sz N—=> Ry, sz(n)=12((n+1)7,0)x||.

We define
gzt R+ - R+7 gm(t) = Z sz(n)X[nT,(n+1)T) (t)
n=0
For every x € X we have that
00®) = S NI((n + D)7, 02l Xpur.(rsnyry (B), ¥ 0.
n=0

Let t € R;. There is n € N such that t € [n7, (n 4 1)7). It follows that

92(t) = [[®((n + )7, 0)z[| < ||@((n + D)7, )] ||@(¢, 0)]]
= |®(7, t — n7)|[[|®(, 0)x|| < Ma||®(2,0)]],

where My = sup{||®(r,s)|| : s € [0, 7]}.
Hence
gz (t) < M fo(t), vt > 0.

Since f, € F and F is an ideal we obtain that g, € E. Using the definition of Sg
we have that s, € Sg.
By applying Theorem 4.1 it follows that ® is u.e.s.
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