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ON HADAMARD — DIRICHLET ALGEBRAS

A.L. BARRENECHEA anp C.C. PENA

ABSTRACT. S. Bhatt and R. Raina studied in [1] the behaviour of some fractional
operators and Hadamard products on certain analytic functions on the unit disk.
More generally, classes of analytic functions on the unit disk constitute a matter
of actual intensive research. So, it is desirable to dispose of an adequate theoretic
frame which allow relatively simple and expeditious results on this subject. Recently
one of the authors considered topics on the structure of Hadamard algebras (cf. [3],
[4]). In this article our aim is to consider Dirichlet spaces, which constitute well
known Hilbert spaces, endowed with an abelian unitary Banach algebra structure
induced by a Hadamard type product. The maximal ideal space, complex Hadamard
homomorphisms, reproducing kernels, the generating function and spectra of their
elements are determined.

1. INTRODUCTION

For —1 < a <0 let D, be the weighted pre — Hilbert space of analytic functions
on the open unit disk for which

[ e =gy EE <o,
D

where dA(z) is Lebesgue area measure on the unit disk, with norm given by

W) 1£15, = [FOF + /D a1 oy A0
and inner product
(2) (f,9)p, = F(0) g(0) + /D df /= dgJdz (1 — |2[?)° dAﬂ(z).

In the sequel we will denote by X(D) to the space of analytic functions on the unit
disk endowed with the compact open topology or that of uniform convergence
on compact subsets of D. We will also consider the weighted Bergman space
A2(D) = X(D)NLA(D, (1—|z|*)* dA(z)/7) considered as a subspace of L2(D, (1—
|2%)* dA(2) /7).
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2. THE HILBERT STRUCTURE

Theorem 1. (Da, (,)p_) is a Hilbert space.

Proof. 1t is clear that D, is a complex vector space and that (,)p fulfils all
properties of an inner product. Let {f,}, -, be a Cauchy sequence in D,, n, m €
N. Then B

(3) = Fmllp, = 1fn(0) = fn(O) + l|dfn/dz = dfm/d2I 2 ) -

Moreover, if C' is a compact subset of D, A € C, 0 <r < 1— |\ and F € D, we
have

1
F)| = —/ F(z) dA(z
PO = | 2e P e
: F(2)] dA(z)
— z
T2 Jlaon<r
1 , 1/2
<
< (2 [ IR ae)
= ||F||A3(D) /T
and so
6 FON < 1P WLy /1~ ) < 1Pl /ist(C, €-D).
By (3) and (4) we obtain
[fn = fmllp, = ldfn/dz — dfm/dz|| 2(p)
> dist(C,C—D) max |dfy/dz — dfm/dz]

and hence {df,/dz}, -, is a uniform Cauchy sequence in X(D). Since X(D) is a
Fréchet space there is g € X(D) such that {df,/dz},~, converges to g in X(D).
Then B

(5) fulw) — £2(0) — / " g(2) a,

convergence being also uniform on compact subsets of D in (5). By (3) we can
define
fw) = lim fu0)+ [ g(2)ds weD.
n—oo 0

Thus f, — f uniformly on compact subsets of D and f € X(D). Now, let N € N
be such that ||f,, — fm|p, <1 for all positive integers m, n greater than N. Then

[ fnllp, <fn = Inllp, + 1 fnllp, <1+ fxllp,
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if n > N, ie.
/ \df = (1— |2?)

D

and by Fatou’s lemma we obtain

[ ar a-lp L8
D

™

o dA(2)

< 1+ Ifnllp,)* =1 fal0)]

IA

liminf/D \df fd=? (1= |2%)° dAW(Z)

IN

(1+Ifwllp,)* | £,

so f € Dy. Finally, let € > 0 and M € N such that [|f, — fmlp, <€ if n, m are
positive integers greater than M. If 0 < r < 1 we get

(6)  1fa(0) = fm (O + /| _ s A fd=? (1~ |2]2)° dAW(Z) <
and if n — oo in (6) then
D VO = 5 OF + [ it il (- ey T < e

If  — 17 then (7) yields | fm — fllp, < € whenever m > M, ie. f,, — f in
D,. O

3. THE BANACH STRUCTURE

The object of this section is to introduce a Banach structure on D, . So, if f, g € D,
we define their formal Hadamard product f ® g € D, as

(n) (n)
—f (07)1'3 0) ", z€eD.

(fog =Y
n=0

Let h = >°, ¢p 2" be in Dy, 0 < r < 1. Since h' converges absolutely on
compact subsets of D we have

2 adA z
[P - -
rD a0
(8) = Z ney, Meyy /7 P O |z|2)0‘dA(Z)
n>1,m>1 rD m
= Z NCp, My 20n,m / Pl (1= ph) > dp
n>1,m>1 0

= Zn2 len? 72T Be(n, a4 1).
n=1
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If r — 17 by (1) and (8) we obtain

2 2 2
(9) 1hl, = leol” + D n? feal” Be(n,a+1).

n=1

In particular, h = 0 if and only if h(z) =0 for all z € D.
Remark 2. If f e X(D) we write

- (n)
e =lim { 7f n!(O) ’

Since f converges absolutely and uniformly on compact subsets of D then |z| 7 <
1 i z € D. Thus ry < 1. On the other hand, if the above condition holds it
is immediate that f € X (D). In other words, X (D) is the set of holomorphic
functions f at zero such that ry < 1.

Remark 3. If (an),,~o and (b,),~, are sequences of non negative real numbers

then Tm |ay, by|"™ <Tim |an|"™ Tim |b,|"/". Since the Taylor series expansion
is unique whenever it exists, by Remark 2 the Hadamard product is closed within
X(D), ie. ©:X(D)xX(D)— X(D). Moreover, ryoq <1f 14 if f, g€ X(D).

Proposition 4. (¢f. [2]) If f, g € X(D) then

Fogw =5

z|=r

f(z) g (g) %, |lw| <r < 1.

Corollary 5. If f, g € X (D) then
(oo™ w = o[ 1) (

2mi |z|=r
w [f(2) © (=" g™ ()] (w) if w#0,

(£ (0) g™(0)] /n! if w=0.

Theorem 6. If —1 < a < 0 the space D, is an abelian Banach algebra
without unit respect to Hadamard product.

g) dz

sy lw| < r < 1.

z

Proof. By Th. 1 we know that (D, ||.|p_ ) is a Banach space. On the other
hand, we observe that Be(l, 1+ «a) = 1/(1 + «), i.e. Be(l, 1 +a«a) > 1. If
n? Be(n, 1+ «a) > 1 for an integer n > 1 then

1 2
(n+1)? Be(n+1, 1+a) = % n? Be(n, 1+ )
(n+1)2
n(n+1+a)
and (n+1)? Be(n+1, 1+ a) > 1. Therefore n? Be(n, 1+ «) > 1 for all positive

integers. In consequence, if f = Y °  a, 2" and g = > .-, b, 2" are two
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elements of D, and N € N then

N
lag bol* + Zn2 lay, by|> Be(n,a+1) <

n=1

N
< |a0|2+Zn2 |an|® Be(n, o+ 1)
n=1
2 2
< Ao, lgllp,

and by (9) it follows that f ® g € Dy and |f @ gllp. < [ fllp, l9lp, -
Finally, let us suppose that g € D, is a unit. If f € D, and w € D then

1 w, 1 1
w0 0= [ e -

N
lbo|* + Zn2 b,> Be(n,o+ 1)
n=1

K

1 w 1
- 2mi /z=2w|/<1+|w> 1) [g(z) 1—

If 0<r<l1, f=2"n=1, 2, ... from equation (10) we obtain that

1

. 9(z) —
270 J |z =2fw| /(14 ]w]) [ ==

1]dz

P

} dz.
z

13

But w — 2 |w| /(14 |w|) is a surjective function between D and [0, 1) and whence

L [gcz) -

211 |z|=r

1 dz
1—2z| 27
whenever 0 < r < 1. In consequence

1 d”—l[ 1
e 96 - | =0
(n—1)!dzn1 1—z], .,

for all n € N, i.e. g(z) = 1/(1 — z). But the series Y > n? Be(n,a + 1) diverges

as we already know that its general term is greater than one, i.e. g ¢ D,,.

O

Corollary 7. The set B, = {2" [6,0 + n? Be(n, a+ 1)]7Y?},5¢ is an or-

thonormal basis of Dg.

Proof. Tt is easy to see that B, is an orthonormal set and by (9) the Bessel —

Parseval equality holds.

O

Remark 8. We observe that o can not be greater than zero in Th.6. For

instance, ||z © z||lp, = |z[p, = (1 —|—a)71/2

. 2 .
cie |z0z|p, > |z, if a>0.
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4. THE SPECTRAL ANALYSIS

Remark 9. Let D, x C be the Banach algebra obtained from D, by the usual
method of adjunction of a unit. We will also denote this algebra by D,,.

Theorem 10. Given (f,a) € D, we write
®)(0)/pt+a if peNo,
((f,0), ) =

a if p=oc.
Then X, = {%p};ozo is the set of all complex valued homomorphisms on D, i.e.
X is the maximal ideal space of D,,.

Proof. Let f € D, be represented by f = > > f(0)/n! 2" as an element
of X(D). By applying (9) it follows that

f- Z f(n) 0)/n! 2"

n=0

=0.

(11) hm ‘
Da

So, if s is a non zero complex valued homomorphism on D, then it must be
bounded and

(12) ((f, —a+z F(0)/nt ((",0), 5) -

Since (z*,0) ® (2",0) = dxp (2",0) for each k, h € Ny we have
<(2k70), %> <(zh,0),%> = <(zk,0) o (2",0), %> = Okh <(zh70)7%>.

Since s # 0 there must be a unique p € Ny such that <(zk70), %> = dkp, k € Np.
Therefore we write s = 2, and the claim follows. O

Corollary 11. If f € D, and p € N then
FPO (@ +1), = F0) donfo+ [ ()7 (=)

Proof. With the above notation, by (12) we obtain

<(fa a)v(zp71)>’Da a+z f(n) /n| Z 70)7(Zp’0)>1)a

dA(z)

™

(p)
a-+ M, a e C.
(a+1)p
In particular, if a = 0 the result follows by (2). O
Corollary 12. The classical Dirac’s delta functional is given as (f,1>Da =
f(0). Moreover, with the notation of Th. 10 we have

(f7 )7((a+p) %51) if peN,
<(f7a’)a%p> = < >Da
<(f>a)’(051)>pa Zf p = Q.
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5. GENERATING FUNCTIONS AND REPRODUCING KERNELS

Theorem 13. D,, is a functional Hilbert space, it has the generating function

© n
(13) na(z)zl—i—z (n:a)z;’ z €D,
n=1

and the reproducing kernel

(14) Ku(z,t) =kal(z t) = 1+/t (1—zw) ' —1] d_w7 (2,t) € D x D.
0

w

Proof. By D’Alembert test the series in (13) converges absolutely on D. If
(z,w) € D x D then

L (FIYEE s § (17 pu -z

n=1 n=1
and
1-zw) > t-1 = [n+a n a1
< =(1- Tt 1.
L=z <3 ("0°) =

Then the function K, is well defined and

/ (1—zw)—o1-1)
D

1—Jw?)®

L (1~ lwf?)

i.e. the function w — Y >7, ("F*)(z w)"/n belongs to D, for each z € D, i.e.
t — K, (z,t) belongs to D, for each z € D. Now, D,, is a functional Hilbert space
because if f € D, and z € D then

£() = <f<w>,1+§j %> = (). Kol w))p,

2

dA(w) [(1 —|z)77t - 1}

1+«

<

)

and so
[(1—|zp—o-t — 1]
< 1 .
IF ) <fllp, \/ + T a
Finally, ko (2) =Y 00, 2"/ Hz"||2Da and (13) follows from Corollary 7. O

6. ON UNITS AND SPECTRA

Theorem 14. An element (f,a) € D, is invertible if and only if
(i) 0 ¢ {a} U {a + (o)/n!} and (i) T | £ (0)/(f™ (0) + n! a)| < 1.

n>0
Proof. If (f,a) is a unit and (g,b) € D, is its inverse then
(fia) ©(g9,b) = (f © g+ ag + bf,ab) = (0,1).
In particular b = a~! and if n € Ny then
F(0)

™) (0) ¢™ (0 () (0
00 g0 g L
n!? n! n!
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FO0) | 970 _ o £

(15) ( n! n! n!

and (i) holds. Since g € X(D) then (ii) follows by (15) and Remark 2. Conversely,
let us define

I 4 I ¢ D.
D= L ) et 2

Then g € X(D) and f©g+a g+ (1/a) f = 0. We must prove that dg/dw belongs
to A%2(D). Since a dg/dw = —a~! df /dw — d(f ® g)/dw it will be enough to see
that [z df /dz ® g(2)] (w)/w € A2(D). For, by Corollary 5 there exist numbers
0<d < 1and K > 0such that [d(f ® g)/dw| < K if |w| < . Furthermore, by (ii)
there is N € N such that |f(") 0)/(f™(0) + n! a)‘ <1ifn > N. Since functions
f, g as well as all of their derivatives converge uniformly on closed subsets of D
if § < r <1 we have

/6<|w<r

_ - fOM0)  f™(0) wn
= /MST 2 (4m) T Fo0) 1ol a

n=0

2 2
(1= )" dA@w) _
E

L/ df /dz g(w/z) dz
|z|=(14|wl])/2

21 ™

|w

* (1= [w)* dA(w)
|2

™

|w

2
Be(n,a+1) (r —§)"t

o0

f“*" 0 f™(0)

(1
+n) (1+n)! fM0O)+n!a

< 22 (14n & Be(n+1,a+1) +
Ao ™) | .
(1+n) A5n) fO0) tnla Be(n,a+1) (r — )"t
(1+n) (n) 2
< 21, + X |0+ I BB B a1 - e,

By the monotone convergence theorem if r — 1~ we deduce that

w — _ S2\a+1
/D|d(f®g)/dw2(1—|w2)adA7§ ) 1-(1-42)

<K
- a+1

2
+2 || fllp, +

2

fa+m) (o) Be(n,a+1)(1— 6" < 0o

(L+n (1+n)! f(0)+n!a

and dg/dw € A%(D). In consequence, (f,a) becomes invertible and

(f,a)~" = (g,1/a). O
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Corollary 15. If (f,a) € D, its spectrum is:
o(f,a)=cl {CH— f(”)(O)/n!}nZO
Corollary 16. Let f € D, and lethy(g) = fOg, g € Do. Then b, is a compact
operator on Dq, o(hy) = {f(”)(O)/n!}nZO and o,(hy) = {f(”)(O)/n!}nZO. If
0¢op(hy) then 0 € oc(hy).
Proof. We have

f— Z FM0)/n! 2" N >0.
Since each hZ N Fm(0)/nl 2n has finite rank by (11) the operator h; becomes

compact. It is now easy to determine the spectrum and the point spectrum of .
If 0 ¢ op(hy) then

)

Da

Hbf —byn | sm)/m e ‘B(D )

o0

(n)
R(bf)={g€Da: > [Tl

n=0 <0)
In particular, f ¢ R (hs). Moreover, by (11) we have

N (n)
g-— bf(Z hngg )

so R (hy) is dense in D, and 0 € o.(hy). O

n? Be(n, a+1)<+oo}.

hm

o
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