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ON k-ABELIAN p-FILIFORM LIE ALGEBRAS 1

0. R. CAMPOAMOR STURSBERG

ABSTRACT. We classify the (n — 5)-filiform Lie algebras which have the additional
property of a non-abelian derived subalgebra. We show that this property is strongly
related with the structure of the Lie algebra of derivations; explicitly we show that
if a (n — 5)-filiform Lie algebra is characteristically nilpotent, then it must be 2-
abelian. We also give applications to the construction of solvable rigid laws whose
nilradical is k-abelian with mixed characteristic sequence, as well as applications
to the theory of nilalgebras of parabolic subalgebras of the exceptional simple Lie
algebra Fg.

1. GENERALITIES

Definition 1. A Lie algebra law over C" is a bilinear alternated mapping
€ Hom (C™ x C™,C™) which satisfies the conditions
1L p(X,X)=0,VXeC"
2. p(X,p (Y, 2) +p(Z,p (X, Y) + (Y, (Z,X)) =0, VX, Y, Z e C?
( Jacobi identity ).
If v is a Lie algebra law, the pair g = (C", u) is called Lie algebra. From now
on we identify the Lie algebra with its law u.

Remark 2. We say that u is the law of g, and where necessary we use the
bracket notation to describe the law :

(X, Y]=p(X,Y), VXY €g.
The nondefined brackets are zero or obtained by antisymmetry.

Let g, = (C™, ) be a nilpotent Lie algebra. For any nonzero vector X €
9,—C'g, let ¢ (X)) be the ordered sequence of similitude invariants for the nilpotent
operator ad, (X), i.e., the ordered sequence of dimensions of Jordan blocks of this
operator. The set of these sequences is ordered lexicographically.

Definition 3. The characteristic sequence of g, is an isomorphism invariant
¢ (gn) defined by

clgn) = max {c(X)}.

A nonzero vector X € g, — Clg,, for which ¢(X) = c¢(g,) is called characteristic
vector.
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Remark 4. In particular, the algebras with maximal characteristic sequence
(n —1,1) correspond to the filiform algebras introduced by Vergne [12]. Thus it is
natural to generalize this concept to lower sequences.

Definition 5. A nilpotent Lie algebra g, is called p-filiform if its characteristic
sequence is (n —p,1,.P..;1).

Remark 6. This definition was first given in [6]. The (n — 1)-filiform Lie al-
gebras are abelian, while the (n — 2)-filiform are the direct sum of an Heisenberg
algebra Yopt1 and abelian algebras. A classification of the (n — 3)-filiform can also
be found in [6]. These and any (n — 4)-filiform Lie algebra have non trivial di-
agonalizable derivations [2]. This fact is important, for it is telling us that their
structure is relatively simple. To search for nilpotent algebras with rank zero (
i.e, with no nonzero diagonalizable derivations ) we must start with the (n —5)-
filiform Lie algebras. As the difficulty of distinguishing isomorphism classes in-
creases considerably for bigger indexes, it seems reasonable to consider additional
assumptions made on the algebras to be classified. For example, the filtration given
by the central descending sequence can be used to impose additional conditions on
the p-filiformness.

Remark 7. For indexes p > (n —4) the number of isomorphism classes is
finite. The index p = (n—5) is the first for which an infinity of isomorphism
classes exists.

Definition 8. Let g, be a nilpotent Lie algebra. The smallest integer k£ such
that the ideal C*g,, is abelian is called commutativity index of g,,.

Definition 9. A Lie nilpotent algebra g, is called k-abelian if & is the smallest
positive integer such that

Cy (CFg) D CFg and C, (C*'g) pCF g
where Cy (I) denotes the centralizer of [ in g.

Remark 10. The preceding definition is equivalent to impose that the commu-
tativity index of g, is exactly k. In [8] a less restrictive definition of k-abelianity
is considered. The purpose there is to study certain topological properties of the
variety of filiform laws §™. Our definition is more restrictive: the k-abelian Lie
algebras do mot contain the (k — 1)-abelian algebras; the reason is justified by the
important structural difference between algebras having its ideal C*g,, abelian and
those having it not. On the other side we avoid unnecessary repetitions.

As we are considering here the (n — 5)-filiform Lie algebras, we have to deter-
mine which abelianity indexes are admissible. Only the nonsplit algebras are of
interest for us, thus from now on we will understand nonsplit Lie algebra when
we say Lie algebra.
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Lemma 11. Let g, be an (n — 5)-filiform Lie algebra. Then there exists a basis
{wi, ., we,01, ., 0n_6} of (C™)" such that the law is expressible as
dwl = d(UQ =0
dws = w1 Awo
n—6

dws = wy /\W3+Za?9i/\aJ2
=1
n—=6

dw5 = w1 /\(U4 + Z (af&z /\CAJg +OZ§01 /\(.dz) +ﬂ2&)3 /\C{JQ
=1
n—6

dwe = w1 Aws + Z (a?&i N wy —I—Oé?Hi N w3 +ozf91 /\WQ)
=1

+ Z a}jﬁi/\Hj + 61 (LU5 A wa —(U3/\(U4) + Bows N wo + P3ws A wo
1<i,j<n—6

dgj' :5g9i/\w2 _ﬁl,j (w5/\w2 —W3/\W4) +ﬂ37jW3/\WQ7 1 Sj S n—=6
The proof is trivial.
Lemma 12. Any (n — 5)-filiform Lie algebra g, is either 1 or 2-abelian.

Proof. If the algebra is 1-abelian, it is simply an algebra whose derived algebra
is abelian [5]. If it is 2-abelian, then there exist X,Y € Clg,, such that 0 # [X,Y].
From the above equations it is immediate to derive the possibilities:
1. dim Clg,, =6
2. dim C'g, =5 and 3X,Y € Clg, such that [X,Y] # 0
3. dim Clg, =4 and 3X,Y € C'g, such that [X,Y] # 0.

O

Remark 13. From this lemma we see how important is to consider our stronger
version of the k-abelianity. In particular we will see its connection with the char-
acteristic nilpotence.

Notation 14. For n > 7 let g{ be the Lie algebra whose Maurer-Cartan equa-
tions are

dwi = dwy =0
dwj:wl/\wj_l, 3§j§6
d0; =0,1<j<n—6

Let {X1,..,X¢,Y1,..,Y,—6} be a dual basis of {w1,..,ws,b1,..,06}. Let Vi =
(X1,..,X6)c and Vo = (Y1, .., Y—6)c. We write B (V;,V;) to denote the space of
bilinear alternated mappings from V; to V;.

Let us consider the following applications :
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Lyl e B(Vo,V1), 1<4,j<n—6:

Voo Xe i i=k,j=1
Wiy (i Y= { 0 otherwise
2. ) € Hom (Vo x Vi,V1), j =2,3,4

j _ +j )
¥; (Ye, Xi) = { 0 otherwise

3. p1re€B(V1,V2),1<k<n—6:
01,5 (X5, X2) = 11 (X3, X4) = Y5
4. w3, € B(V1,V2),1<k<n—6:
e3.k (X3, X2) =Yg
5. 01 € B(Vi,VA) :
o1 (X5, X2) = 1 (X3, X4) = X
6. po € B(V1,V1):
o1 (Xi, X2) = Xpso, k=34

7. o3 € B(Vi, 1) :
3 (X3, X2) = X6

where the undefined brackets are zero or obtained by antisymmetry.

Lemma 15. Forn > 7,1 <k <n—6 andl = 2, 3,4 the mappings 7p1,k7'¢3,k7¢£>
1.k P31, P1, P2, 3 are 2-cocycles of the subspace Z2 (gh, gi).

Notation 16. For convenience we introduce the following notation:

J
> brw s
t=1

m>k
where the sum is only defined whenever m > k + 1.
Proposition 17. Any nonsplit (n — 5)-filiform Lie algebra with dim C'g,, =6
is isomorphic to one of the following laws:
1' g%ﬂ’l (m 2 4) :

m—3

aa" + 1,1 + P32+ Y5 + Z Va1 2

t=2
m>4

2. g3, (m>5):

m—3

95" + 011+ P32 + U5 + Z Var—1.20

t=2
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3' gngrl (m Z 4) :

m—3
0" o1 s HUS + D W0

t=2
m>4

4. gh, (m>4):

m—3

R C R SR Ay

t=2
m>4

5. 95, (m>4):

m—3

90" + w11+ w2+ w32+ Y5+ Z Vo121

t=2
m>4

Proof. Suppose 31 # 0 for k # 1. We can take 8,1 =1and 31, =0 for i > 2,
as well as 81 = 0. The Jacobi conditions imply

af=af=al =0, af =) Bxal;, Y Bsraf;, =0
E>2
Let B3 1 # 0 for k # 1, so that we can choose 832 = 1, 83, = 0 for k # 2. A change

of basis allows to take 33 = 0. From the conditions above we deduce af = a} = 0.

Consider the change w = aw; + wy with a # 0. Then we have

a?,i:()ajZQ
alfy=0,j>2

There are two cases :

1. If a3 # 0 we suppose a3 = 1 and a? = 0, Vi # 2 through a linear change.
Reordering the forms 6; we can suppose aj, | 5, = 1 for 2 <t < 28, a}yj
for the remaining. We obtain a unique class of nonsplit Lie algebras in even
dimension and isomorphic to g3, ..

2. Ifa3 =0

(a) If o # 0 with i > 3 we can suppose a3 = 1 and a? =0 for j # 3.
Reordering the 6; we obtain one algebra in even and one algebra in
odd dimension, which are respectively isomorphic to g3,, and g3, ;.

(b) If &} = 0 for i > 3 we obtain in an analogous way two even dimensional
algebras, respectively isomorphic to g3,, and g3,,.

O

Remark 18. [t is very easy to see that the obtained algebras are pairwise non
isomorphic, as their infinitesimal deformations are not cohomologous cocycles in
the cohomology space H? (g%’”,g%m). This calculations are routine and will be

ommited in future.
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Remark 19. From the linear system associated ( for the elementary properties
of these systems see [1] ) to the algebras above it follows the existence of nonzero
eigenvectors for diagonalizable derivations, so that the rank is at least one. Then
the algebra of derivations has nonzero semi-simple derivations.

Notation 20. We define the set
b2 = {g | g is nonsplit, 2-abelian and (n — 5)-filiform }

We now express conditions making reference to the reduced system of forms
given before :
We say that g € by satisfies property (P1) if

dim Clg=5
Bin=1

Remark 21. The general condition would be (1 #0 forak >1 and B3, =0
for any k. Now a elementary change of basis allows to reduce it to the preceding
form.

Proposition 22. Let g, be an (n — 5)-filiform Lie algebra satisfying the prop-
erty (P1). The g, is isomorphic to one of the following laws:

1' gngrl (m 2 4) :

m—3

g0 + o1 +¥5 + Z V3t 2041
t=2
2. g8, (m>4):
m—3

g%m tp11+ w% + Z w%tfl,%

t=2
m>4

3. @311 (m23):

m—3

g o1 e+ Z Vot 2041

t=2
m>3

4. g3 (M 23):

m—3

g%’”“ + @11+ p3+ Z Yot 241

t=1
m>3

5. Ghyy1 (m>3):

m—1

gt oia + Z ¢%t,2t+l

t=1
m>3
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Proof. (33 = 0 for all k. The characteristic sequence implies a} = o33 = 0 for

all i. Moreover, a change of basis of the type wy = wy — -wy allows to suppose
4
ai; =0.

1. If 3a3 # 0 we suppose a3 = 1,03 = 0,Vi # 2. A change of basis allows
B3 = 0. There are two possibilities: an even dimensional algebra isomorphic
to g7, and an odd dimensional one isomorphic to g3, ;.

2. o =0,Vi.

(a) If B2 # 0 we put (2 =1 and B3 = 0 with a linear change of basis. We
obtain a unique algebra in odd dimension isomorphic to g5, ;.

(b) If B3 = 0 there are two possibilities, depending on B3 : we obtain two
odd dimensional algebras which are respectively isomorphic to g3,
and gégn—&-l‘

O
A Lie algebra g € ho satisfies property (P2) if
dim Clg, =5
B3t #0fort>1

Proposition 23. Let g, be an algebra with property (P2). Then g, is iso-
morphic to one of the following laws:
L g1 (m>3):

m—3

g0 s Y + U + Z V32041

t=1
m>3

2. gop, (m > 4)

m—3

R R U R SR ST A

t=2
m>4

3. ghy (m = 4)

m—3
90" 4 p31 + U + U5 + Z Pae—1,2¢

t=2
m>4
4 it (m>4):
m—3
90"+ osa U+ Z 7/’%t,2t+1
t=1
5. Gl (m 2 1)
m—3

g0+ s o1 H UL+ U5+ Z Ut 201
t=1
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930, (m > 4) :

m—3
90" +ps1 + @1+ YT +v3 + Z Vi1,
e
9341 (M >3)
m—3
AR S R U S A P
>3
9%787#1 (m = 4)
m—3
90" + 031+ o1+ Ul + Z V2041
s
3 (M > 5)
m—4
85" + 3.1 + o1+ Y3y + U5 + U5 + Z V112042
b
gap, (m > 4) :
m—3
g0 + 31 1+ U5+ Z bat_1,2
71:L:>24
9%71n+1 (m>4):
m—3
gngrl T3+ e1+ 1/}%’ + Z T/J%t,zwl
t=1
g3 (m>4)
m—3
g%m t 31+ e1+ 1/’3 + Z %H,zt
s
B3 (M > 3)
m—3
93’”“ + 31+ p1+ Z w%t,2t+1
t=1
24, .
92mi1 (m>3):
m—3
g™ + o3 + o + U + 9T + Z Yot 2041
t=1

m>3
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gon (m > 4) :

m—3
95" + P31 + g + YT+ YT+ s + Z V3i_1.0¢
4
g3, (m > 4):
m—3
90" + o310 + 02+ U + U5 + Z Va1,
s
G5t (M >3)
m—3
90" + 31+ o2+ Y + Z bat 2041
s
o1 (M >4)
m—3
g 4 31+ 1 + 2 + Y3+ Y+ Z V3t 241
i
83, (m >5) :
m—4
93" + P31+ P12 + s + b5 + g + Z ¢5t+1,2t+2
b
g3, (m > 4) -
m—3
95" + P31+ o1+ 2 + s + Z V3106
s
gg}nJrl (m >4):
m—3
R I I Z Uat 2041
t=1
gor (m > 4)
m—3
i R R R T A
s

Proof. The starting assumptions are 81, = 0 for all k and (3 # 0 for some
k > 1. We can suppose 31 = 1, and from the Jacobi conditions we obtain

a2 =0, af, =2a2B, 1> 2

From the characteristic sequence we deduce the nullity of o3 for all 4, so that
al; =0 Vi as well.
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1. a3 =1 : a combination of the linear changes of basis allow to take 31 = 0.
(a) af =1

(i)

(i)

If a} = 0, Vi > 2 we reorder the {0y, .., 0,6} such that ag, ; 5, =
1forl1<t< ”776 and the remaining brackets zero. The decisive
structure constant is (. If it is zero we obtain an odd dimen-
sional Lie algebra isomorphic to gi!, ;. If not, B2 = o is an
essential parameter. So we obtain an infinite family of odd di-
mensional Lie algebras isomorphic to the family ggfﬁrl.

Jat # 0,4 > 2. Without loss of generality we can choose a3 # 0
and the remaining zero for ¢« > 3. It is easy to deduce a%j =
0, Vj. Reordering {03, .., 0,,_¢} in the previous manner we obtain
an even dimensional Lie algebra and an infinite family of even
dimensional algebras, which are respectively isomorphic to gi2,

25,
and g5,

(b) Now take aj =0

(i)

(i)

If there is an index i > 2 such that o} # 0 we can suppose
a3 = 1 and the remaining zero. Reordering the {03, ..,0,,_¢} as
before we obtain two even dimensional Lie algebras, respectively
isomorphic to g32, and ¢3¢, .

af =0, Vi. A similar reordering of the 6; gives two Lie algebras
in odd dimension isomorphic to g3, ., and g3, ;.

2. Suppose now a3 = 0.
(a) aj =1, a} =0 Vi > 2. A linear change allows to annihilate 3.

(i)

(i)

a3 =1, and the remaining zero.

There are two possible cases, depending on a3, : if it is nonzero
we obtain an odd dimensional algebra isomorphic to g3, and
if it is zero an algebra in even dimension isomorphic to g6, .

a3 =0 for any i > 2 : we obtain an odd dimensional Lie algebra
isomorphic to g3’ ;.

a3 # 0 and o = 0,Vi > 3. With a linear change we can suppose
a3 =0.

A-1) af =1 and af = 0 for i > 4. A linear change allows to
suppose ozéj = 0 for all j. If aéj = 0 for all j we obtain the
algebras g% | and g3 ... If not, reorder {f,..,0,_¢} such
that ad, = 1. We obtain the algebras g3,,, g3,

A-2) a} =0 Vi. If ad; = 0 we obtain the Lie algebras g3",, g3 ,
and if agg # 0 we obtain the algebras g3}, and g3}, ;.

ad =0 Vi.

B-1) a3 = 1, aéj = 0. We obtain two Lie algebras in even di-
mension isomorphic to g32, and g32,.

B-2) a} = 0 for i > 2: there is only one algebra in odd dimension
which is isomorphic to ¢33, ;.

O
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There is only one remaining case, namely the corresponding to the (n — 5)-
filiform 2-abelian Lie algebras with minimal dimension of its derived algebra.

Proposition 24. Let g,, be an 2-abelian algebra with dim Clg, = 4. Then g,
is isomorphic to one of the following laws:

1. g3 (m>4):

m—3
g™ + o1+ yf + s + Z Pae—1,2¢
R
2. g3, (m>4):
m—3
g™ + o1+ o2 + U + Uy + Z Pap—1,2¢
R
3. @iy (m>4):
m—3
00" o T Y Ul + D Ydaen
R
4 ggfnﬂ (m > 4)
m—3
aa" o1+ 2 P+ U5 + s + Z Yot 2041
s
5 Q%H (m > 3)
m—3
g(2)m+1 +o1+ 97 + Ut + Z w%t,2t+1
s
6. g3y, (m >4):
m—3

95" + @1+ Ui+ Z b1t
t=1

T gy (m>4) :

m—3

e I R o S
t=1

3. 939n+1 (m>3):

m—3
g0t o+ + Z w%t,2t+1
t=1
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9. Gomr (M >3):
m—3

9(2)m+1 + o1tz + w% + Z ¢%t,2t+1

t=1
m>3

10. g57,1 (m>3):

m—3
g e F Ul + Z Var.2041

t=1
m>3

11 g8y (m=3):
m—3

" et e F U+ DY hiarn

t=1
m>3

12. g3t (m > 3):

m—3
9(2)m tp1t Z ¢%t71,2t
"3
13. g30 (m >3):

m—3

95" + o1+ w2 + Z V1,2

t=1
m>3

Proof. The starting assumptions for this case are
B1#0 and (B35, =0,k>1
In particular the Jacobi condition forces a? = 0 Vi.
1. Suppose 31 and o # 0 (so a?— =0 fori>2 ) .
We observe that if there exists an oj; # 0 then a linear change of basis

allows to suppose af = a;* = 0. So we have the conditions
(1) dia;j = dja;; =0, 1 <i,j
(a) Jof # 0 with i > 2 .We can suppose a3 = 1 (so aj; =0 by (1)) and
at=0,vi>2.
(i) If aj; = 0 for all j we obtain two even dimensional algebras

isomorphic to g3, and g3 .

ii o or an index j we can suppose aj; = 1. We obtain
"If}j 0 f index j 1, = 1. We obtai
two odd dimensional algebras isomorphic respectively to g3> |,
and g%?n+1'
(b) a} =0, Vi >2
(i) If of # 0, then af; = 0 by (1). Reordering {fa,..,0, ¢} we
obtain an algebra isomorphic to g3’ 11
1 a7 =0and « we obtain two algebras isomorphic to g
ii) If o] =0 and aj, # 0 btai lgebras i hi 38
and g39 .
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(iii) If of = aj; = 0, Vj we obtain two algebras in odd dimension
isomorphic to g3% . | and g3l . ;.
2. Suppose 31 # 0 and o = 0, Vi. Additionally we can suppose 3 = 0.

(a) If af # 0 for an index i > 1let o] = 1 and o =0, Vi > 2 and ag; = 0

by (1). We obtain two algebras isomorphic g32 . | and g33 ;.
(b) If d; = 0 Vi we obtain two even dimensional algebras respectively

isomorphic to gas and g3> .

O

Remark 25. Observe that the algebras g32, ., and g3, ., are central extensions
of the five dimensional filiform algebras [t and I2.

Corollary 26. Any nonsplit (n — 5)-filiform 2-abelian Lie algebra is isomorphic
to one of the laws g*, i € {1,..,45}.

Remark 27. As we have seen that a (n — 5)-filiform Lie algebra is either 1-
or 2-abelian, the global classification follows from determining the isomorphism
classes of the 1-abelian ones.

1.1. Characteristically nilpotent (n — 5)-filiform Lie algebras

The first example of a nilpotent Lie algebra all whose derivations are nilpotent
was given by Dixmier and Lister in 1957 [7], as an answer to a question formu-
lated by Jacobson [9] two years earlier. This new class of Lie algebras was soon
recognized to be very important, and called characteristically nilpotent, as they
verify a certain sequence for derivations which is a kind of generalization of the
central descending sequence for nilpotent Lie algebras ( [7], [10]).

Definition 28. A Lie algebra g is called characteristically nilpotent if the Lie
algebra of derivations Der (g) is nilpotent.

Remark 29. [t is easily seen that the original definition given by Dixmier and
Lister is equivalent to the given above [10].

Remark 30. It is trivial to verify that there do not exist characteristically
nilpotent, (n — p)-filiform Lie algebras for indexes p = 1,2. For p = 3,4, it has
been shown that these algebras have rank r > 1 [2], and that almost any of these
laws is the nilradical of a solvable, rigid law.

Lemma 31. Let g be an (n—>5)-filiform,1-abelian Lie algebra. Then rank(g) > 1.

Proof. If dim C'g = 4, the assertion follows immediately from the linear sys-
tem (S) associated to the algebra, as this system admits nontrivial solutions. If
dim C'g = 5, the only case for which the system could have zero solution is
B2 = P31 = 1, and the distinct values of (af, a?, af). For any of these starting
conditions it is routine to prove the existence of a nonzero semisimple deriva-

tion. O
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Lemma 32. Let g € hs. Ifa}j #0 for1 <i,j <n—6 such that
ﬁl,k:/ﬁ?),k:ai;:o’ k:ivja t:27354
then rank (g) > 1.

Proof. Consider the endomorphism defined by
(V) =i, d(Y;) = -

and zero over the undefined images, where (X1, .., Xg, Y1, .., Y,,_¢) is the dual basis
of (w1, ..,ws, 01, ..,0,—¢). Clearly d is a nonzero semisimple derivation of g. O

Proposition 33. A (n — 5)-filiform Lie algebra g, is characteristically nilpo-
tent if and only if it is isomorphic to one of the following laws:

4, :
gt 88%, ov, g7 (a#£0), g¥, g%, g7, gt

ge2 0%, g2 (a#£0), g2, g2t o

Corollary 34. There are characteristically nilpotent Lie algebras g, with nilpo-
tence index 5 for the dimensions n =7,8,9,14,15,16,17,18 and n > 21.

Proof. As the sum of characteristically nilpotent algebras is characteristically
nilpotent [11], the assertion follows from the previous proposition. O

Remark 35. In fact, for any n > 7 there exist characteristically nilpotent Lie
algebras of nilindex 5. However, the algebras to be added are not p-filiform any
more [3].

1.2. Nilradicals of rigid algebras as factors of k-abelian Lie algebras

The second application of k-abelian Lie algebras is of interest for the theory of
rigid Lie algebras. In this paragraph we prove the existence, by giving a family
for dimensions 2m +2 (m > 4), of (m — 1)-abelian Lie algebras g of characteristic
sequence (2m — 1,2,1) all whose factor algebras CL"g (k > m) are isomorphic to
the nilradical of a solvable rigid law.

For m > 4 let g,, be the Lie algebra whose Maurer-Cartan equations are

dwlzde:O
dwj:wl/\wj_l, 3§j§2m—1

m
dwapm = w1 A wam—1 + Z (—1) wj A wama1—j
=2
dwom+1 = wa A ws
dwam42 = w1 A W41 +wa A wy
It is elementary to verify that this algebra has a characteristic sequence
(2m — 1,2,1). Moreover, it is (m — 1)-abelian, for the exterior product wy, Awm4+1
proves that [C™2g,,, C"?g,,] # 0 and [C™ 'g,,, C™ g, ] = 0.
Notation 36. The dual basis of {wy, .., w242} will be denoted as:
(X1, .., Xom+2)-
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Lemma 37. Forany4 < m < k < 2m—2 the factor algebra C%’;m has equations
dwi = dws =0
doj =1 Awj1, 3<j<k+1
dwomi1 = wa A ws

dwomyo = w1 AWamt1 + w2 Awy

where w; = w; mod C*g,,. Moreover, this algebra is 1-abelian of characteristic
sequence (k,2,1).

The proof is trivial.

Proposition 38. For any 4 < m < k the algebra CE,‘J; is isomorphic to the
nilradical of a solvable, rigid Lie algebra ty, j.

Proof. Let vy, 1, = C%’;’ @ t, be the semidirect product of c%g by the torus

t, defined by its weights :

A Aot (B— 1A A=A+ (E—3+ )\ B<j<k+1)
)\Qm_l,_l 22)\2+(2]€— 1) A1, Ao = 200 + 2k

over the basis {Xl, ey Xk+1, X2m+1, X2m+2} dual to {L;l, .oy &k+1,@2m+1,@2m+2}.
Then the law is given by

V17X2m+1:| =(2k—-1) Xom41, |:V17X2m+2:| =2kX2m42

V2,XJ} =X;(2<i<k+1), [mej} =2X, (j =2m+1,2m +2)

Xlan] =X;11(2<j<k), |:X27X3] =aXom+1, {X2,X4] =bXom1

Thus the only nonzero brackets not involving the vector )_( 1 are
|:X27X3:| = aXomt1, {X27X4] =bXom+1

Now Jacobi implies a = b, and by a change of basis @ = 1. Thus the law is rigid,

and t; is a maximal torus of derivations of C?;S O

Corollary 39. For any 4 < m < k the factor algebra
g’VYL
(C’“gm)
<X2m+2>
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is 1-abelian of characteristic sequence (k,1,1) and isomorphic to the nilradical of
a solvable rigid law s, 1. Moreover

T,k

Smk X T
<X2m+2>

2. OTHER 2-ABELIAN NILPOTENT LIE ALGEBRAS

In this final section we show by examples how the concept of k-abelianity arises
naturally in the study of parabolic subalgebras of classical Lie algebras.

Let Eg be the simple exceptional Lie algebra of dimension 78. Let ® be a
root system respect to a Cartan subalgebra h and A = {a1,..,a6} a basis of
fundamental roots. Recall that the standard Borel subalgebra of Fj is given by

B(A)=b+ ) La
acedt

where L, is the weight space associated to the root a. Recall also that any
parabolic subalgebra p is determined, up to isomorphism, by a subsystem A; C A
such that p is conjugated to the subalgebra

P(A)=b+ > Lg
aE‘I’lLJ(b;,r

where ®; is the set of roots expressed in terms of A\A; and &5 = &+ N (®\d4).
It is elementary to see that the nilradical is

n(A) = > La
ae@;
and called (Fg, A1)-nilalgebra.
Let us consider the following subsets A; C A:

{alv a4} ) {O{4,C¥6} ) {013, Oé5} ) {Oég, a4} ) {044,015} ) {a23 Oég} 5
r— {az, a5}, {as, au}, {1, 2,03}, {2, a5, a6},
{a1, 00,05}, {ag, 3,06}, {o1, 4,06},
{a1, 00,06}, {01, 3,05}, {as, a5, a6}

As known, the maximal root of Eg is
6
0 = aq + 200 + 2a3 + 3ay + 205 + ag = Zkaiai
i=1

We define the A;-height of § as
hAl (5) = Z kai
;€AY

and the subsets
Aq (k) = {a € <I>;r | ha, () = k}
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Proposition 40. For any Ay € L the (Eg, Ay1)-nilalgebra n (Ay) is 2-abelian.

Proof. As known, for the ideals C*n of the descending central sequence we have

ChFn = Z L,

a€A(j)
J>k+1

Thus, if the derived subalgebra is not abelian, it suffices to show the existence
of two roots o, 3 € A;(2) such that o + 8 € ®J and that for any two roots
7,6 € A1 (3) we have v + ¢ ¢ ®F. Moreover, let §; = Z?Zl o, €D

1. Ay ={ar,a4} s takea =61 —as —ap, f=0—a1 —ag —ay; a+ =90
2. Ay ={azg,a5}:a=0,0=0—-—a1—asg+tas; a+ =19

3. A ={ag, a5} ta=01—a1 —az—ag, f=01; a+F=0—az—ay

4. Alz{ag,ag}:a:c;h /6:51—Ck1—0£2—0[6; a+ﬁ:5—a2—a4

5. A1:{OZ27044}Za:(517ﬂ:(51—041—066+a4;Oé+ﬁ:(5

0. Alz{al,ag,ag}:az&—él,ﬁzél—ag;a—i—B:(S—ag

7. Alz{oq,ag,a5}ta:5—51,ﬁ2(51—052;(1+ﬁ:5—042

8. Al—{Otl,Oég,OéG}IOt:(Sl*OZ(j, 52(517011702; (X‘FB:(S*()ZQ*OM
9. Ay ={an,aq, a6}t =01 —ag, f=0—a1 —ay at+f=0—az—
10. Alz{al,ag,a(;}:a:51—a1,5:51+a4;a+ﬂ:5

11. Ay ={an, a3, a5}t a=8 —as—ap, f=01+ag; a+F=0—

Let X, X3 be generators of the weight spaces L, and Lg : then the preceding
relations show that

[(Xo, Xp] = Xayp #0

proving that the derived subalgebra is not abelian.
Finally, it is trivial to see that for any subset A listed above we have

[021‘1 (Al) ,CQH (Al)] =0

Observe that the eleven considered cases in fact cover all the subsets enumerated
in L, since we are only interested on isomorphism classes. Therefore we only need
to prove the result for the pairwise non-isomorphic algebras. O

Remark 41. This example suggests to study the k-abelianity properties of
graded Lie algebras. This procedure, establishing concrete properties on the filtra-
tion associated to the central descending sequence, can be used to classify naturally
graded Lie algebras for specific characteristic sequences [4].
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