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POINTWISE WEIGHTED VECTOR
ERGODIC THEOREM IN L! (X)

K. EL BERDAN

ABSTRACT. In this paper we prove the almost everywhere convergence of weighted
multiparameter averages of linear surjective isometries in L!(X) and power bounded
in LP(X),1 < p < oo.

Throughout this paper X will be denoted a Banach space with norm ||.|| and
(Q,8,1) a o-finite measure space. For 1 < p < oo, LP(X) = LP(Q,X) =
= LP((Q, 5, 1), X) denoted the usual Banach space of X —valued strongly mea-
surable functions f on Q with the norm given by

1

P
1 = (f1ran) <siti <<,
Iflleo = esssup{|f(w)|;w € N} < 0 if p=oc.
Let d > 1 be an integer, and let T3,...,T; be linear surjective isometries on

L'(©Q, X) such that each T; is power bounded in L*°(Q, X). Thus T}, 1 < i < d, can
be considered to be power bounded in LP (), X) for each 1 < p < oo, by the Riesz
convexity theorem.We will be concerned with classes of weights {a(k);k € Z }
such that the limit of averages

1 Nl
lim — ) a(k)TXf

IN|—oc [N kZ:O )
exists a.e. for all f € L'(X), where T¥ = T ...de with N = (Ny,...,Ng) and
k= (k‘l,...,kﬁd), |N|=N1...Nd, ete....

The class of weights we will consider are the Besicovich sequences in Zz{. In
the case d = 1, Besicovitch sequences are defined to be the class of sequences a(k)
such that given € > 0, there is a trigonometric polynomial . such that

n—1
1
lim sup - Z la(k) — (k)| < e
" k=0
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and bounded Besicovitch weights are bounded weights in this class. Let us define
the d-dimensional analogs of Besicovitch sequences: We say that the sequence
{a(k)} to be r-Besicovich if for every € > 0 there is a sequence of trigonometric
polynomials in d variables such that

N—o0

N-1

, 1 .

lim sup N E |a(k) _¢E(k)| <e.
k=0

We denote this class by B(r). We say that {a(k)} to be r-bounded Besicovitch
sequence if {a(k)} € B(r) N1*. Let o = supy ai. We call that the Banach space
X is without 1-projections iff there is no projection P on X such that [|z| =
= |Pz|| + ||z — Pz|| for all x € X.

In the vector case, R. V. Chacon proved the a.e. convergence of the averages
% Zz;é T* f when X being reflexive Banach space, T is linear operator on L'(X)
contraction in both L'(X) and in L*°(X) and f € L'(X). Yoshimoto [13] re-
marked that Chacon’s theorem remains true if the operator T' is contraction in
L'(©, X) but power bounded in L>(Q, X).

In [8] it was shown that Chacon’s theorem remains true for the weighted aver-
ages - EZ;S a(k)T* f where a(k) is a 1-Besicovitch bounded sequence.

In the real case (X = R) and using linear modulus of non positive oper-
ator, R. Jones and J. Olsen proved [11] the a.e convergence of the averages
Wll Zfz_ol a(k)T*f with N = (n,...,n) and f € L' for Dunford-Schwartz op-
erators. Akcoglu and Chacon proved [1] the almost everywhere convergence of the

Cesaro average A, (T)f = %Z?:_ol Tif for all f € L'(Q,R), when T is a linear
operator on L!(, R) contrction in L' (2, R) and in LI(Q, R) for some ¢ €]1, +o0].

Using the linear modulus A. Brunel proved [4] the almost everywhere con-
vergence of the multiparameter averages A, (T4,...,Ty)f = An(Th) ... An(Ty)f

when Ty, ..., Ty are linear commuting operators on L' (€, R) contraction in both
L'(Q,R) and in L>=(Q, R).
Our aim is to prove that if the operators 11, ...,Ty (possibly not commuting)

are linear surjective isometries on L'(X) and contractions (or power bounded) in
L>°(X) then, we have a.e. convergence of the averages ﬁ 25;01 a(k)TXf with
N = (n,...,n) for all fe L'(X).

This result maybe considered to be a multidimensional version of Chacon’s
theorem [5] for surjective isometries in L' (X) and for the weighted averages, of
course, the extension of Chacon’s theorem to multidimensional case remains an
open problem.

Using a representation of surjective isometries due to S. Guerre and Y. Raynaud
[10] we give a vector multiparameter version of Jones-Olsen’s result. In fact, the
difficulty in vector case is that: for a vector operator T' on L'(X) we cannot
always find a DPO (dominated positive linear operator) 7, which is a contraction
on L' = L}(R) (analog to the linear modulus) and verify that for all f € L!(X)

(1) 1Tl <7D -
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(We give a counter example proving that the operators 7 does not exist in general).
In [10] Guerre and Raynaud proved in proposition 6.1 that if an isometry T' admits
a DPO, 7 then we have | Tf|| = 7 (|| f||) for all f € LP(X).

Our main result is the following:

Theorem 1. Let Ty, ..., T, be commuting linear surjective isometries on L'(X)
and power bounded in L (X). a(k) is a d-dimensional r-Besicovitch bounded se-
quences. Then, for f € L*(X) we have the almost everywhere convergence of the
averages Wll Zi\:ol a(k)TXf with N = (n,...,n) as n — oo.

We need the following lemma:

Lemma 1. Let Ty,...,Ty be commuting linear surjective isometries on L'(X)
and power bounded in L>°(X). Let F* = supy ﬁ Zﬁ:ol a(k)TXf|| then, for all
f € LY (X) and any a > 0, there exists a positive real xq such that

ap{F* > a} < x4 / 11 dp.

Proof. We shall use the norm resolution [10, p. 368]. Let Z is Boole algebra
(they are commuting). We define a measure pz on P;(Z) and a surjective mapping
Ny : Z — P1(Z) which is the norme resolution on P;(Z) verifying

(1) Vz € Z, ||z[| = [Nz(2)[ 1 (5, (2)) -

(ii) Y(u,v) € Z% V(a, B) € R?

Nz(ow + fv) < |a| Nz(u) + [ Nz (v).

Guerre and Raynaud showed [10] that for each linear surjective isometry T': Z — Z
that there is a positive surjective isometry

7 LY (P1(2)) — LL(Pi(2))
such that
(2) Nz(Tf)=71(Nzf).

Let Z = LY(X) = L(Q, 8,1, X). In [9] it was proved that if X is separable
space (without loss of generality we can suppose that X is separable) then

Pi(Z) = B @ P1(X).
Let pz = u ® pux with these notations we can write for f € L1(X)
N (F) € LNB© Py(X)) = I} (L, x))
Nz(f)(w) = Nx (f(w))
and
1f(@)llx = [Nx (f(w))|L3r(7:1(z)) = ‘Nz(f)(w)h#(pl(z))-
Denote by N = Nz = Np1(x), (2) shows that for all j € N we have
T/(Nf) = N(T7f)
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and since X is reflexive Banach space then it has a finite number of 1-projections
(because otherwise X D I! ). Let
P(X)=10={1,...,K}.
We can decompose the space X as
X=X,o' Xoo'...0' Xk

where X; is a Banach space without 1-projections for ¢ =1,..., K. If z € X then
x = (z;)1<i<k and theorem of x will be

K
lzllx =D llillx,
i=1

where||z;| k. is the norm in the space X;. We can write that the measure px on
the set {1,..., K} is a countable measure The space L'(Q x {1,..., K}) identifies
to the space L'(,1}) and the norm resolutions N = Nz : L}(X) — LY(Q x
x{1,...,K}) and Nx : X — L} ({1,..., K}) = [}, are related by

Nx (f(w)) (@) = N(f)(w,i) = [ fi(w)lx,

and as Nx (z)) (i) = |lzi[| 5, we obtain

1@y, =3 5@, = 3 N (/
i=1 i=1

flw, @) = [N f(w, g

3)

HMN

(3) gives the norm in X in terms of the norm resolution on L*(Q2 x {1,..., K}). In
its definition the operator 7 acts in L*(Q x {1,...,K}) = L'(Q,1}) and verifies
VieN

PN =7 (i) reere] = (179l
By (2) Wehaveforga:NfELl(Q’:Qx{l,...,K}) with f € L1(Q, X)

||7'%0||L1(Qf) = ”T(Nf)HLl(Q’) = HN(Tf)HLl(Q,X)
”NfHLl(Q’) = HfHLl(Q,X) = ||90||L1(Q/)

)1< i <K N(T]f>

which proves that 7 is isometry on L'(€2,1L). In what follows we will prove that
sup H N St a( )kaH is finite a.e. for all f € L'(Q, X). O

To complete the proof we need the following proposition:

Proposition 1. Let T be a surjective isometry in L(X) and contracting in
LX) (1 < q<o0), then its DPO T is a contraction on Li(I}) and if T is power
bounded in LY(X) then is power bounded in LY(Q,{1,...,k}) = LI 1}).
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Proof. Let q €]1,+oc0[. If T' is a contraction in L9(X),we can write

q 1/q

T (Nl ey = /(Z (w z) dw]
1_< q 1/q

_ /(Z (Tf)(w z) dw]

_ / ( > Il )qdw] e [irs ] "

HTfIILq(X) <Al oy = MAx 1 Lo

I
\Mw

= IN 1l gty
La

If T is power bounded in L9(X) we can write
[ (Nf)HLq(Q’) = HN(ij)HLq(l}{) - HijHLq(X)
”fHLq(X) = HNfHLQ(l}{)

IA

Clearly
IO zaqey S MOl Laqay < K (. M zaqa )

and then we get
17 N D oy < 117 N D gy < KT NNl

which proves that 7 is power bounded in L2()'), 1 < ¢ < 0.

We have two cases to consider:

Case 1. The space X is without 1-projections.

By [10] if T}, j = 1,...,d, are surjective isometries on L'(X) and contraction
(resp. power bounded) in L?(X), 1 < g < oo, then, by Proposition 1.6 in [10]
(resp. Proposition 2) they are majorizable by (DPO) 7;, j = 1,...,d, which are
isometries in L! and contraction in L4 (resp. power bounded in L9(2'), 1 < ¢ < oo.

To the operators 7p,...,7q we associate the Brunel operator U which is a
contraction in L' and a contraction (resp. a power bounded) in L9,1 < ¢ < oo.
Moreover, the operator U verifies [12, p. 213]

| Nl N-1
sup || Z a(k)T*f|| = sup — Z a(k)T*f
n || IN] k=0 " k=0
N-1 N-1
1
< sup o Z a(k)T*f ‘ < asup Z X ||fH
n =0 k=0

A
=~
=
a
w
=i
T
= -
S
=
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In this case we obtain by applying the maximal weak inequality to the operator
U (which is Dunford-Schwarz operators)

ap {F* > a} < ap {sgpAnw) 1l > a/axd} < axa /Q 11 dy.

Case 2. The space X is reflexive Banach space:
The operators 71, ..., 74 are isometries in L'(€' = Q ® IT) and power bounded
in L>(Y) apply the Proposition 2 with ¢ = oo to obtain that Brunel’s operator U
associated to the family 7q,...,7q is also a contraction in L' and power bounded
in L*°. Using (3) and the fact that ux is a countable measure we get

N-1
sup a(k ka < SupZN< Z ka) 1 1)
" k=0 i=1 k=0
(@ <Y sw (If ak)r ) (NF) (@)
= p k=0
< xd ZsupAn(U)Nf(w, i)

By Yoshimoto [13], we can write

K
ap{F*>a} < au{ZsupAn(U)Nf(wJ)>a/xd}
i=1 "

K
< an {U {sup 4, @)¥ 011) > a/kxd}}
N =1
< Zau {S?LpAn(U)Nf(w,i) > a/k:xd}
<

Wy /Q N F i) (4@ ux)

= XalNflzia)
= axa Il = @xa /S 1] dp.
O

Before giving the proof of our main result, we state a result of Jones-Olsen in
[11, pp. 351]

Theorem 2. For all r > 1 we have B (r) N> = B (1) Ni*™.

By this theorem it suffices to prove theorem 1 for the 1-Besicovitch bounded
sequences.
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Proof of Theorem 1. We have to prove that the averages INI Zk o a( )Tk f

converge a.e. on a dense set on L' (X). Let L> (X) such a set. For every ¢ > 0
we have

| Nl ;| Nl
] 2 AT = 5 > (alk) = e () Tf + |N| Z V() TS
k=0 k=0
and then for all f € L™ (X) we have
()
| Nl | Nl | Nl
‘ — 3 a1y | < | 37 (alk) — (k) T + || S v (k)T |
| | k=0 ‘ k=0 k=0
| N-1 | N-1
SN la(k) — ve (k)| | Tf[| + | > (kTS ‘
k=0 k=0

In the case 1 we have

‘N| Z k) — v (k) [ Tf]| < |N| Z la(k) — ()| 7 |1 £]
N—
< Il Z k)| <elflla
k=0
In the case 2 we have
| Nl | Nl K
N > la(k) — (k)| |T*f| < N la(k) — ¥e (k)| [ZN (T*f) (ﬂ)]
k= k= i=1
’ 1 N—Ol K
- N la(k) — - (k)| [ZTka(wi)]
k=0 i=1
K

i=1

We have seen in [7, pp. 28] that a.e. convergence holds for the averages
|N| Z ka Let (A1,...,Aq) € C% with |\;] = 1,7 =1,2,...,d then the theo-
rem holds when a (k) = A¥* .. A5 since Tk =\ ARk s also a d-parameter
sequences of surjective isometries operators on L' (X) and power bounded in
L (X) when a (k) = 1. Clearly the a.e. convergence holds for finite linear com-
binations of such sequences, and hence holds for trigonometric ploynomial in d
variables, which proves the convergence a.e. of the second term of (5) and then
we have a.e. convergence of

N-—

=

a(k)Txf
k=0
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for all f € L° (X). The Banach principle combining with Lemma 1 end the
proof of Theorem 1 in the contraction (resp. power bounded) case by applying
Akcoglu-Chacon’s Theorem (resp. Yoshimoto’s) Theorem to the operator U.

Remark 1.In the case when X is without 1-projections we obtain that Akcoglu-
Chacon’s theorem [2] can be extended to vector case and for linear surjective
isometries.

Remark 2. If p = 2, Burkholder [12] constructed a surjective isometry in L?
for which the pointwise ergodic theorem is false. For this reason we can prove that
if X is reflexive Banach lattice, and if T1,...,Ty are (non-commuting) surjective
isometries on LP(X), 1 < p # 2 < oo, then Vf € LP(X) :

1 N—-1 1 N-1
SUP N Y alk)T*f < |l|[swp Vx <| a(k)T“f>
N k=0 LP(92,X) N k=0 Le(M) || Le (0, X)
N-1
1
= sup NX ﬁ a(k)ka>
N k=0 L (1IRQ)
;] Nl
< |lsup N Z a(k)T (N f)
N k=0 Lr(II®N)
d
p
S (pl) INFllr (oo

d
p
= o (527) Whiar-

The least inequality is true by applying Akcoglu’s theorem d times successively
on the operators 7q,...,74.

For the commuting case. Using Brunel operator we obtain the following strong
estimates

< Xd
LP(9,X)

sup [|[Ag (Th,.... To) f]
N

p
2o 0

Remark 3. 1. If T is power bounded in L?(X) then its DPO; 7 is power
bounded in L%(). But we don’t know if 7 is a contraction in L4(Q) = L(1%.)
when T is in L2(X). For this reason in the case ” X has 1-projection”, we cannot
obtain an extension of Akcoglu-Chacon’s theorem.

2. If P1(X) is singleton and if T' is a contraction in L?(X), then 7 is contraction
in L1(Y), 1 < g < oc.

Now, we can find the results of [7] and [8] as corollary:

Corollary 1. Let Ty,...,T; be d commuting linear surjective isometries on
LY(X) and power bounded in L°°(X). Then, for f € LP(X) we have the almost
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everywhere convergence of the averages

n—1 n—1
An(Tl,...,Td)f:%Z...ZTil...Tidf

i1=0 i1q=0

as n — oQ.

Corollary 2. Let X be a reflexive Banach space and let 61, ... ,604 be d preserving
measure transformations on a o—finite space. If T;f = fol;, j = 1,...,d, and
if the transformations are commuting then the averages A, (T1,...,Tq)f converge
a.e. for all f € L'(X).

In the following we give an example of vector operator which is not majorizable
by a dominated positive operator contraction in L®.

Example 1. Let Q = {1,2} be probability space, pu(1) = u(2) = 1/2, and let
X = R? (reflexive Banach space) with norm ||(z,y)| = |z| + |y|. The Banach
space L' ({1, 2}7R2) will be of dimension 4. The operator T will be represented
by a square matrix of order 4. Let T' = (a;j)1<i,j<4 if such an operator (DPO) 7
exists then it will verify for all ¢ € L!

o =sup{[[Tf; [If <} < 7o

We shall prove that for an operator T, 7y is not contracting in L'. From this we
deduce that 7 is also not contracting. The condition ||T'f||; < || f||; implies that

Z?:l lai;] <1 for j=1,...,4. The operator 7y is contracting in L' if
(%) |a11] + |az1] + |asz| + |ase| <1
() larz| + [age| + |azi| + a4 | < 1.

But if we take a1l = 1/2; a21 = A31 = Q41 = 1071 and a19 = 422 = Q32 = Q42 = 1/4
and 0 elsewhere then while the operator T is L!(X)—contraction we have the
conditions () and (*#) are not satisfied. This implies that 7q is not L!-contraction.
Consequently, 7 is not L'-contraction. A similar calculation shows that 7y is not
LP-contraction although the operator T is. Since X = [} has two projections, by
its definition, DPO and as 7y is not contraction in L' ('), we then get that T does
not have a DPO. By Chacon’s theorem the Cesaro averages A, (T')f converge a.e.
for all f € L}(X) while the operator T' is not majorilized by a DPO.

Remark 4.

. By a similar argument of that of Brunel [4] Theorem 1 remains true when X is
a reflexive Banach lattice space and the operators T7i,...,Ty are positive linear
operators contraction in both L!'(X) and in L% (X).

. The commutation of 71,...,74 is not needed to the construction of the Brunel
operator U.

. If X is withoutl-projections the contraction of the operator T in L™ (X)) assumed
in [5] can be replaced by the contraction in some L?(X) with ¢ €]1, +o0].
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