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CONNECTIVITY OF PATH GRAPHS

D. FERRERO

ABSTRACT. The aim of this paper is to lower bound the connectivity of k-path
graphs. From the bounds obtained, we give conditions to guarantee maximum
connectivity. Then, it is shown that those maximally connected graphs satisfying
the previous conditions are also super-A. While doing so, we derive some properties
about the girth and the diameter of path graphs. Finally, the results are extended
to path graphs resulting from the iteration of the k-path graph operator.

1. INTRODUCTION

The k-path graph corresponding to a graph G has for vertices the set of all paths
of length k in G. Two vertices are connected by an edge whenever the intersection
of the corresponding paths forms a path of length £ — 1 in G, and their union
forms either a cycle or a path of length £+ 1 in G. Intuitively, this means that the
vertices are adjacent if and only if one can be obtained from the other by ‘shifting’
the corresponding paths in G. Following the notation used by Knor and Niepel,
the k-path graph of G will be denoted as Py (G). Path graphs were introduced
by Broersma and Hoede in [3] as a natural generalization of line graphs. Indeed,
for every graph G, the graph P;(G) coincides with the line graph of G. A char-
acterization of Pp-path graphs is given in [3] and [9], some important structural
properties of path graphs are presented in [1], [11], [12], and [13], while distance
properties of path graphs are studied in [2] and [7]. The edge connectivity and
super edge-connectivity of line graphs was studied by Jixiang Meng [14]. The con-
nectivity of path graphs was studied by Xueliang Li [10] and later by Knor, Niepel
and Mallah [6, 8]. Note that the path graph can be thought of as an operator on
graphs, and therefore, we can study graphs arising from the iteration of the k-path
graph operator. Indeed, the s-iterated k-path graph of G is the graph P3(G) de-
fined as Pi(G) if s =1, and Pk(P,:*I(G)) if s > 1. Given a path ug,u, ..., u; in
G, the corresponding vertex in Py (G) will be denoted by U = ugus . . . ug.

We recall next the definition of some concepts related to the connectivity of a
graph and refer the reader to [4, 5] for additional information. A graph G is called
connected if every pair of vertices is joined by a path. An edge cutin a graph G is
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a set A of edges such that G — A is not connected. The edge-connectivity A\(G) of a
graph G is the cardinality of a minimal edge cut of G. Since A\(G) < §(G), a graph
G is said to be mazimally edge-connected when A(G) = 6(G). A minimal edge cut
(C,C) is called trivial if C = {v} or C' = {v} for some vertex v with deg(v) = §(G).
A maximally edge-connected graph is called super-A if every edge cut (C,C) of
cardinality 6(G) is trivial. The superconnectivity of a graph is denoted by A1 (G)
and it is defined as A\ (G) = min{|(C, C)|, (C,C) is a non trivial edge cut}. Then,
a graph G is super-A if and only if A1 (G) > §(G).

Following the notation of [6], for a graph G and two integers k and ¢, k > 2
and 0 <t < k-2, by Py, we denote an induced tree in G with diameter k 4+t and
a diametric path (z;, zi—1,...,21,00,01,...Vk—t,Y1,Y2,...,y:) such that all the
endvertices of Py, are at distance no greater than ¢ from vy or vg_q, the degrees
of v1,v9...v5_4_1 are 2 in Py, and no vertex in V(Pk*ﬂf) — {v1,v9. . Vg1 } i
adjacent with a vertex in V(G) — V(P,;’"t). The path vy, vs...vx_¢_1 is the base of
Py ;, and for a path A of length k we say that A € By, if and only if the base of
Py, is a subpath of A.

Theorem A. [6] Let G be a connected graph with girth at least k + 1. Then,
Py (G) is disconnected if and only if G contains a Py,, 0 <t <k — 2, and a path
A of length k, such that A ¢ Py .

After a section presenting sufficient conditions for an iterated k-path graph
to be connected, Section 3 is devoted to the study of the edge connectivity and
superconnectivity of connected path graphs and the results are extended to iterated
path graphs, when possible.

The main results in Section 2 are:

Let k be a positive integer and let G be a connected graph with minimum degree
d > 2(k —1). Then,
a. PyG is connected. (Theorem 2.4)
b. If G has diameter D, then the diameter of Py(G) is at most D + 2k.
(Theorem 2.6)

Regarding measures of the connectivity, the main results in Section 3 are:

a. Let k be a positive integer and let G be a connected graph with minimum
degree 0 > 2(k — 1). Then, AM(P,(G)) > 2(6 — (k —1)). (Theorem 3.4)

b. Let k be a positive integer and let G be a connected d-regular graph with
0 > 2(k —1). Then,
1. P,(G) is maximally connected. (Corollary 3.5)
2. Py(G) is super-A. (Theorem 3.7)

2. CONNECTED k-PATH GRAPHS

Knor and Niepel [6] provided in Theorem A a characterization of connected k-path
graphs Py (G) of graphs with large girth. In this section, we present a lower bound
on the minimum degree of a connected graph which suffices to assure that its
k-path graph is connected. Thus, this result complements the previous one, and
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as it will be shown, gives a condition that is preserved under the path graph
iteration.

Lemma 2.1. Let k be a positive integer and let G be a graph with minimum
degree § > 2(k—1). If U and V are two vertices in Pi(G) determined by paths in
G which share an endvertex, then there is a path of length 2k joining U and V.

Proof. Let the vertices U and V' be determined by the paths U = upuy . .. ux and
V =wguy ... v in G. Since the paths ug, u1,...,ux and vy, vy, . .., v, share an end-
vertex, whitout loss of generality we can assume ug = vg. Since 6 > 2(k—1), there
exists a vertex xp € N(ug) \ {v1,...,ux-1,v1,...,0k-1}, and as a consequence,
there exist vertices Uy = zjpuous ... up—1 and Vi = zpvovr...v—1 in Pi(G),
Uy € N(U) and V; € N(V). Notice that the paths ug, u1,...,ur and vg, vy, ..., vk
could eventually share other vertices in addition to an endvertex. Indeed, we
can repeat the previous reasonament with U; and V) and obtain a vertex
Zp—1 € N(xg)\{uo,-..,uk—2,0,...,05—2} and vertices Uy = xp_1ZpUoU1 . . . Uf—2
and Vo = xp_1250001 ... Vp—2 in Py(G), U2 € N(Uy) and Va2 € N(V;). Repeat-
ing this procedure k times we will obtain two paths in Px(G), Ug...UrU and
VVi... Vi, where U, = x1...2ug and Vi = x1...2x5v9. Then, Uy = Vi, because
ug = vg, and we have a path in Py (G), the path U, Uy, ..., Ux—1,Ux, Vi_1, ..., V1,
V', joining U and V. Clearly, the length of that path is 2k. O

The above lemma can be extended to two vertices in Py, (G) whose corresponding
paths in G share a vertex, which is not neccessarily and endvertex. We are going
to prove it, but to simplify the writing we first introduce some notation.

Let P = ag,aq,...,a, be a walk in G. If r > k and no two vertices at dis-
tance smaller than or equal to k in P coincide, there exist vertices aga; . ..ar and
Ar—jQr—k+1 - - - 0 Pi(G). Moreover, the path P induces a path in P (G) between
them, which is going to be denoted as I(P) or equivalently, Ix(ag,as,...,ar).
Note that It (P) has length r — k.

Lemma 2.2. Let k be a positive integer and let G be a graph with minimum
degree § > 2(k—1). If U and V are two vertices in Py(G) determined by paths in
G which share a vertex, then there is a path of length at most 2k joining U and V.

Proof. Let the vertices U and V be determined by the paths U = uguq ... ug
and V = vgv1 ... v, in G. If the paths ug,us,...,ux and vg,v1,...,vx share an
endvertex it suffices to apply Lemma 2.1. If not, there exist vertices us and vy such
that us = vy and {ug,...,us—1} N{vo,...,ve—1} = 0. Without loss of generality
we can assume s > t. Then, proceeding as in the proof of Lemma 2.1, since
d > 2(k —1) it is possible to construct a path xg,...,zs41,uo which gives rise to
the paths I (g, ..., Tst1,U0, -, Uk) a0 Tp(Thy oo oy Tsp1, U0y -« oy Usgy Vgl - vy V)
in P;(G). The union of these two paths determines a path in Py (G) joining U and
the vertex ug_¢ ... us_1v¢ ... v,. At the same time, the vertex ug_; ... us_10¢ ... V%
is connected to V. Indeed, if we procceed as before, since § > 2(k — 1)
we can find a path vk, yo,...,%—1 in G from which arise the paths
I(Us—t . Us—1Vt oo VK, Yoy - -+, Yi—1) and  Ix(vo...vk,Y0,...,4—1) in Pr(G).
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Thus, the union of those paths connects the vertex us_¢...us_10¢...v, with V.
As a consequence, there is path joining U and V obtained from the union of the
previous paths. Furthermore, the lengths of the four original paths used to connect
U and V are respectively k — s, k —t, t and t, so their union has length 2k — s +¢
and since s > t, it is at most 2k. O

Lemma 2.3. Let k be a positive integer and let G be a connected graph with
minimum degree 6 > 2(k — 1). If U and V are two wvertices in Py(G) whose
corresponding paths in G do not share any vertex, then there is a of length at most
2k + D(G) path joining U and V.

Proof. Let the vertices U and V be determined by the paths U = uguq ... ug

and V = wgvy...v; in G. Let us assume that the shortest path between
{ug,...,up} and {wg,...,v;} is the shortest path between the vertices us
and v, denoted by us = z9,21,...,2¢4 = v;. Note that because of this choice,
{ug, .- supt N{z1,...,24-1} = 0 and {vo,..., v} N{21,...,24-1} = 0. Since
0 > 2(k — 1) there exist paths z,...,xsy1,u0 and vg, Yo, ..., Yr—1, in such a way
that there are also paths Ij(xg,...,ZTst1, U0y Uk), Tp(Tk,. ..y Tsp1, U0, - -, Us,

Zlyeey Zd—1yUVty -y Vky Y0y - - -y Yt—1) and Ix(vo, ..., Uk, Yo, - -, Yt—1) in Pi(G). The
union of those three paths forms a path joining U and V. Besides, the lengths of
those three paths are respectively k—s, d+ k—t and t. Therefore, the total length
will be 2k +d — s. Since s > 0 and d < D(G), we conclude that the length of the
path between U and V is at most 2k + D(G). O

As a direct consequence of the previous lemmas we can obtain the following
theorem.

Theorem 2.4. Let k be a positive integer and let G be a connected graph with
minimum degree 6 > 2(k — 1). Then Py(G) is connected.

Corollary 2.5. Let k be a positive integer and let G be a connected graph with
manimum degree 6 > 2(k — 1). Then, for every s > 1, P{G is connected.

Proof. It is enough to see that the minimum degree of Py (G) is lower bounded
by 2(d — (k — 1)) which is greater than 2(k — 1) because § > 2(k — 1). The proof
can be then completed by induction on s using Theorem 2.4. O

Also considering the statements about the length of the paths obtained in the
previous lemmas we can establish the following results regarding the diameter.

Theorem 2.6. Let k be a positive integer and let G be a connected graph with
minimum degree 6 > 2(k — 1). Then D(Px(G)) < D(G) + 2k.

As above, the following corollary can be proved by induction.

Corollary 2.7. Let k be a positive integer and let G be a connected graph with
minimum degree 6 > 2(k —1). Then, for every s > 1, D(P:(G)) < D(G) + 2sk.
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3. CONNECTIVITY AND SUPERCONNECTIVITY

This section is devoted to measure the connectivity of connected path graphs.

Lemma 3.1. Let k be a positive integer and let G be a connected graph with
minimum degree § > k. Then, there exist 6 — k edge disjoint paths of length 3
between any two adjacent vertices in Py(G).

Proof. Let U = uguy ... ux and V = uy ... uguk4+1 be two adjacent vertices in
Pi(G). Since § > k, there exist b; € N(ug) — {u1 ... up—1,up+1},0=1,...,0 — k
and ¢; € N(u1) —{uo,u2...ux}, j=1,...,0—k, and as a consequence, there exist
vertices us ... ugb; and cjuq ... ug in Py(G). Let v be an isomorphism in the integer
set {1,...,0 — k}, then we can assign each b; with one particular c,;). Therefore,
there is a path P; : w,uy ... upbi, cyyus ... ug, v in Py(G), which obviously has
length 3 and joins U and V. Let us see that these paths are edge disjoint. In
fact, the only case in which two different paths P; and P; could share a vertex is if
Uz ... urb; = cyyua - . . ug, which implies in particular uz = u1, that is not possible
because ug, u1,...uy is a path in G. Therefore, we have obtained the § — k paths

between U and V claimed. O
Uouy ... Uk Uy ... UgUkg41
Uy ... Ukbi Cy@)UL - - - Uk

Figure 1. Paths given in Lemma 3.1.

Since cycles of length at least k 4+ 1 are fixed points under the k-path graph
operator, the previous lemma gives rise to the following corollary, which illustrates
an interesting property of k-path graphs.

Corollary 3.2. Let k be an integer and let G be a connected graph with mini-
mum degree 6 > k. Then, the girth of P.(G) is 3 if k =1 or 2 and G has triangles,
and 4 otherwise.

The above corollary shows that Theorem A does not work for iterated path
graphs if k£ > 4.

Lemma 3.3. Let k be a positive integer and let G be a connected graph with
minimum degree § > 2(k — 1). Then, there exist 6 — (k — 1) edge disjoint paths of
length 3k — 1 between any two adjacent vertices in Py (G).

Proof. Let U = uguy ... ux and V = uy ... ugug4+1 be two adjacent vertices in
P(G). Since § > k, for each i = 1,...,6 — (k — 1) there exists a choice of vertices



64 D. FERRERO

a, ..., a}; and bj, ... ,b}H_l which determine the walks in G

i i i i Y i
P :ay, ... ap,ug,u1, by, ... by and Qi i by g, .., by, UL, Uk

Moreover, since § > 2(k — 1), for any integers 4,7, 1 <4,7 < d—(k—1)) we can
choose the vertices so that af, # ai and b # bg if i # j. Let v be an isomorphism
in the integer set {1,...,0 — (k — 1)}, then we can associate each path P, with a
path Q,;y. Now, the union of the paths I (F;) and Ix(Q~ ;) determines a path
between U and V in Py (G). Observe that the resulting paths are disjoint, because
the choice of P; and @, (;) guarantees that they do not share any subsequence of
length & and the vertices that Ij.(P;) and Ij.(Q(;)) have in common correspond to

common subpaths of length k. ([
ab ai uo Ui Uz U U1
by
br11

Figure 2. Paths given in Lemma 3.3.

Theorem 3.4. Let k be a positive integer and let G be a connected graph with
minimum degree 6 > 2(k —1). Then, \(Py(G)) > 2(§ — (k —1)).

Proof. As a consequence of Lemma 3.1 and Lemma 3.3, there are 6 —k internally
disjoint paths of length 3 and § — (k — 1) internally disjoint paths of length 3k — 1
joining any two adjacent vertices U and V in P,(G). Let us show that a path
of length 3 cannot share an internal vertex with a path of length 3k — 1. Let
U=uwpuy...up and V =wuj ... ugugs1, a path Py of length 3 can be written as

Py Uyuy .. ugbs, cyyur .. ug, V, forevery s=1,...6 — k

where b; and ¢, ;) are chosen as in Theorem 3.1. Analogously, a path @Q; of length
3k — 1 can be expressed as

) t t t t t t
Qi U,apug.. . Up—1,...,05...QLU0UL, s ... QLuoU1bsy, . . .,

ulbg...bf€+1,...,uk...u1bt2,v, foreveryt=1,...0 — (k—1)
where ab, ..., aj and bb, ..., b | are chosen as in Theorem 3.3.
Therefore, the general expression for an internal vertex in Q; is either

t t t C
aj...apug...uj_q forevery j=2,...k
or

a? . akuguibh ... b§-71 for every j =3,...k
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or
uj...ulbg...b};rzfj for every j =1,... k.

Let us see that there are no possible values of s,t and j for which a vertex in the
above form could coincide with any of the two internal vertices of P;. Reasoning by
contradiction, let us suppose that such s,t and j exist. For the vertex wuy ... uxbs
we consider the following cases:

1. If az» coabug .. .uz;l = uy...uibs, then u§»72 = uy and since 2 < j < k this
implies that 0 < j —2 <k —2 s0 ug...u, cannot be a path in G.

2. If a? ooabugubh . ~b§'—1 = uy...ugbs, then a? = u; and since 3 < j < k the
vertex u; appears at least twice in the sequence a§- .
must determine a path in G.

3. Ifuj...ugbh... bfﬁzfj = u1...ukbs, then u; = u; and since j # 1 the sequence
ug . .. ur cannot determine a path in G.

- ajuoupdh ... bh_, which

Analogously, for the vertex c,(s)u1 ... ux we consider the following cases:

t

t t t
L Ifaj...apuo ... uj_y = cys)u1 - .. uk, then u;j

J
sequence ug . ..U is not a path in G.

2. If az- oabugurbh L b§»71 = Cy(s)U1 - . - U, since 3 < j < k the vertex u; already
appears in the sequence uq ...uy, which is not possible because it is a path
in G.

3. If w; ...ulbg...b}iﬂ_j = Cy(s)U1--- U, then it must be j = 2 and j where

bl = ug which is not possible because of the choice of b5 in Theorem 3.1.

_1 = uy, and since 2 < j < k the

The previous paths, together with the edge between U and V form a set of
2(6 — (k — 1)) edge disjoint paths joining U and V. As a consequence, for each
edge (U, V) contained in an edge cut, there must be at least 2(6 — (k — 1)) — 1
more edges in the edge cut, in order to disconnect the pair of vertices U and V.
Then, follows immediately that A(Px(G)) > 2(6 — (k — 1)). O

Note that in general §(Py(G)) > 2(§ — (k — 1)), but if G is d-regular, then
§(Px(G)) =2(6 — (k— 1)), so we can derive the following result.

Corollary 3.5. Let k be a positive integer and let G be a connected §-regular
graph with § > 2(k — 1). Then, Py(G) is maximally connected. O

Since the condition § > 2(k — 1) is preserved under the path graph iteration,
by induction, Theorem 3.4 can be extended to iterated path graphs.

Corollary 3.6. Let k be a positive integer and let G be a connected §-regular
graph with 6 > 2(k — 1). Then, for every positive integer s, P(G) is mazimally
connected.

The study of the superconnectivity of a graph is interesting once it is known
that the graph is maximally connected. For that reason, and as a consequence of
Corollary 3.5, we restrict the study of the superconnectivity to connected §-regular
graphs G where P (G) is connected.

Theorem 3.7. Let k be a positive integer and let G be a connected §-reqular
graph with § > 2(k —1). Then, Py(G) is super-A.
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Proof. Let A be a non trivial edge cut in Py(G), we will show that |A| must be
greater than §(P;(G)). Suppose that |A| < 6(Px(G)). Since Pi(G) is maximally
connected, it can only be |A| = §(Py(G)). As a consequence of Lemma 3.1 and
Lemma 3.3, A must contain at least one edge in each of the 2(6 — k + 1) edge
disjoint paths joining the endpoints of every in A. But precisely because those
paths are edge disjoint and the set A is not trivial, the set A must contain at least
d(Px(G)) + 1 more edges. O

The previous theorem gives rise to a trivial lower bound for the superconnec-
tivity of path graphs, which is A (Px(G)) > 2(0 —k+1) + 1.

As before, by induction we can obtain the following corollary.

Corollary 3.8. Let k be a positive integer and let G be a connected graph with
minimum degree § > 2(k—1). Then, for every positive integer s, P (G) is super-A
and M\ (PE(G)) >2(0 —(k—1))+1. O

Notice that the proofs for Lemmas 3.1 and 3.3, as well as the proofs for Theo-
rem 3.4 and its corollaries and Theorem 3.7 also work if the bound on the degree,
d > 2(k — 1), is replaced by a more relaxed one, § > k, but together with a lower
bound on the girth g, which must be ¢ > k£ + 1. However, as a consequence of
Lemma 3.1, the new results cannot be extended to iterated path graphs if k > 4.
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