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COMMON FIXED POINTS
VIA WEAKLY BIASED GREGUS TYPE MAPPINGS

LJ. B. CIRIC anp J. S. UME

ABSTRACT. In this paper we investigate generalized Gregus$ type mappings. We
proved some common fixed point theorems for four mappings, using the concept of
weakly biased mappings.

1. INTRODUCTION

Generalizing the concept of commuting mapping, Sessa [11] introduced concept of
weakly commuting mappings, and Jungck [5] the concept of compatible mappings.
Further generalization of compatible mappings are given by Jungck et al. [6],
Pathak and Khan [10] and Pathak et al. [9]. Recently Jungck and Pathak [7]
introduced the concept of biased mappings, very general notion of compatible
mappings.

Definition 1.1. [7] Let A and S be self-maps of a metric space (X,d). The
pair {A, S} is S-biased iff whenever {z,} is a sequence in X and Az,, Sz, —
t € X, then

ad(SAzy, St,) < ad(ASz,, Az,) if @ =liminf and if & = limsup.

Definition 1.2. [7] Let A and S be self-maps of X. The pair {A, S} is weakly
S-biased iff Ap = Sp implies d(SAp, Sp) < d(ASp, Ap).

Clearly, every biased mappings are weakly biased mappings (see Proposition 1.1
in [7]).

Gregus, Jr. in [4] obtained a fixed point theorem for non-expansive type map-
pings on normed spaces. This result has been found very useful and has many
generalizations (see [1]-[3], [8], [12]). The purpose of this note is to use the con-
cept of weakly biased mappings and to prove some common fixed point theorems
for generalized Gregus-type mappings, defined by the non-expansive condition (1)
bellow. Our results generalize recent results of Shahzad and Sahar [12] and Pathak
and Fisher [8].

Received November 20, 2002.

2000 Mathematics Subject Classification. Primary 47H10, 54H25.

Key words and phrases. Gregus type mapping, weakly biased mappings, common fixed point.
This work was sponsored by Fuji Film.



186 LJ. B. CIRIC anp J. S. UME

2. MAIN RESULTS
Theorem 2.1. Let A, B, S and T be selfmappings of a normed space X and

let C be a closed and convez subset of X satisfying the following condition:

(1) [|Sz =Tyl < al|Az — By||” + (1 — o) max{A||Sz — By||”, A|[Ty — Ax|["}

+r - min{[|Az — Sz[|?, || By — Tyl["}

forallz, ye C, where 0 < a<1,0< A< 1, p>0,7r>0 and suppose that

(2) A(C) 2 (1 =K)A(C) + ES(C),

(3) B(C) 2 (1 - K)B(C) + K'T(C),

for some fixed k, k' such that 0 < k < 1, 0 < k' < 1. If for some xg € C,
a sequence {x,} in C defined inductively for n =0,1,2,... by

(4) AJL‘Qn_H = (1 — k)AJEQn + kS.’L’Qn,
(5) Bxopyo = (1 — k')Bropi1 + k' Tronga

converges to a point z € C, if A and B are continuous at z, and if {S, A} is weakly
A-biased, {T, B} is weakly B-biased, then A, B, S and T have a unique common
fized point w =Tz in C. Further, if A and B are continuous at w, then S and T
are continuous at w.

Proof. First, we prove that
(6) Az=Bz=8z=T-z.
From (4) it follows that
kSxo, = Axont1 — (1 — k) Axay,,

and since 0 < k < 1, x,, — z and A is continuous at z,

(7) lim Szo, = lim Az, = Az.
Similarly, we get
(8) lim Txo,41 = lim Bz, = Bz.

Assume that Az # Bz. Then, using (1) with = x4, and y = 2,11, we obtain
[Szon — Taon|l” < aflAzen — Bropial”
+ (1 — ) Amax{||Sza, — Bxonit1]||?, ||[Txan+1 — Axanl||P}
+ - min{||Aze, — Sxas||P, || Bxant1 — Trant1]|P}-
Letting n — oo, by virtue of (7) and (8), it follows that
[[Az = B2|[" < (1 = (1 —a)(1 = A))|[Az — Bz]]?,
a contradiction, as (1 —«)(1 —A) > 0. Thus, Az = Bz.
Now suppose that Tz # Az. Then from (1) we have
[|Sz2n — Tz||P < a||Azay, — Bz||P + (1 — a)Amax{||Sza, — Bz||",||Tz — Aza,||P}
+r - min{||Aza, — Sx2,||P, ||Bz — Tz||P}.
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Letting n — oo, we get, as Bz = Az and ||Aza, — Sa,|| — 0,
Az = T2P < (1 — )| Az — T2,
a contradiction. Thus, Az = T'z. Similarly, Sz = Bz. Therefore, we proved that
Az =Bz=8Sz=1Tx.
Set
w=Az=Bz=5z=Txz.
Since {5, A} is weakly A-biased, we have
||ASz — Az|| < ||SAz — SZ||,
that is,
[[Aw = vl < [|Sw — w|.
We show that Sw = w, and hence Aw = w. From (1) we get

[[Sw—w|lf = [[Sw—Tz|[f <allAw —w|P
+ (1 -a)dmax{||Sw —w|?,||lw — Aw||P} + r||Bz — Tz||?
< (1-(1T=a)1=N)[[Sw—wl.

This implies ||Sw — w||? = 0. Hence Sw = w and so Aw = w. Similarly, we can
prove that Tw = Bw = w. Therefore, we have

(9) w=Aw=Bw=5Sv=Tw.

Now we prove that, if A and B are continuous at w, then S and T are continuous
at w. Let {y,} be an arbitrary sequence in C' converging to w. From (1) we have

1Syn = SwllP = [[Syn — Tw||” < al|Ayn — Bwl|?
+ (1 - a)dmax{||Sy, — Bw||”,||Tw — Ay, ||’} + r||Bw — Tw|P.
Hence we get, by (9),
[1Syn — Swl]? < (a+ (1 = a)A) max{[|Syn — Swl[?, |[[Ayn — Aw|["}.
Hence,as 0 < a+ (1 —a)A < 1,
1Sy — Swl|[P < [|Ayn — Aw|[P.

Letting n — oo we obtain, as A is continuos,

lim Sy, = Sw.

n—oo
Thus, S is continuous at w. Similarly, we can prove that T' is continuous at w.

The uniqueness of the common fixed point follows from (1). For, if ' = Aw’ =
Buw' = Sw’ = Tw', then we have

llw = W[IP = [[Sw = Tw'||P < (1 = (1 = a)(1 = A))[|w — ||
This implies w’ = w. O

If in Theorem 2.1 r =0, S =T and A = B, then we have the following corollary.
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Corollary 2.2. Let T and A be two self-mappings of a normed space X and
let C be a closed and conver subset of X satisfying the following condition:

| Tz =Tyl < «ofBx— By|l’
+ (1 —«a)max{\|Tz — Byl||", \||Ty — Bz||’},
B(C)2 (1 —-k)B(C)+kT(C)
for all x, y € C, where 0 < a < 1,0 < A < 1, p > 0, and for some fized k
such that 0 < k < 1. Suppose, for some xg € C, the sequence {x,} in C defined
inductively forn=20,1,2,... by
Bxpy1 = (1 — k)Bxy + kTax,
converges to a point z in C and the pair {T, B} is B-biased. If B is continuous at

z, then B and T have a unique common fixed point. Further, if B is continuous
at Bz, then T is continuous at a common fized point.

1
Remark 2.3. Corollary 2.1 with A = 3 C bounded and the pair {T, B} is

B-biased, becomes Theorem 2.11 of Shahzad and Sahar in [12]. Thus, Corol-
lary 2.2 is a generalization of Theorem 2.1 in [12].

1
Remark 2.4. When B = I, the identity mapping, and A = > then our
Corollary 2.2 becomes Corollary 2.3 of Shahzad and Sahar in [12].

Theorem 2.5. Let A, B, S and T be self-mappings of a normed space X . Let
C be a closed and convexr subset of X such that

(10) A(C) D (1 - K)A(C) + kS(C),
(11) B(C)2> (1 -K)B(C)+KT(C),
where 0 <k <1, 0< k' <1 and such that
2a||Az — By||*?
ISz — By|[P + || Ty — Az
(12) +(1 — a)max{||Sz — By||", |[Ty — Az|["}) +

[Sz —Ty|[P < o

+ r-min{||Az — Sxz||?, ||By — Ty||"}
for all x, y € C for which
max{|[Sz — Byl|,||Ty — Az||} # 0,

where0 < a<1,p>0,r >0 andp:[0,+00) — [0,+00) is upper semicontinuous
function such that p(t) <t for allt > 0. If for some xg € C, a sequence {x,} in
C defined inductively forn =0,1,2,... by

(13) Ax2n+1 = (1 - k')Ax2n + kS-rQna
(14) B[L‘Qn+2 = (1 — k/)BJZQnJ,.l + /{J/Tl‘gn+1

converges to a point z in C, if A and B are continuous at z, and if {S, A} is weakly
A-biased, {T, B} is weakly B-biased, then A, B, S and T have a unique common
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fixed point w = Az in C. Further, if A and B are continuous at Az, then S and
T are continuous at a common fized point.

Proof. Similarly as in Theorem 2.1 we can prove that

(15) lim Az, = lim Sz., = Az,
(16) lim Bx,, = lim Txs,4+1 = Bz.
n—oo

If we suppose that Az # Bz, then for large enough n, ||Sza, — Bxa,y1]| > 0.
Thus, from (12) we have
20&||Al’2n — B$271+1H2p
1Sz2n — Brangal[P + | To2nt1 — Azan|[P
(17) + (1 — o) max{|[Szan — Brons1||”, [[T22n+1 — Az2n|'}) +

+ - min{||Azg, — Swon||?, ||[Bronyr — Tropg1|[P}-

[ST2n — Tzans1]|P < ¢ (

Since (15) and (16) imply that argument ¢,, of ¢(¢,) in (17) tends to ||Az — Bz||P
as n — oo and as ¢(t) is upper semicontinuous, letting n — oo in (17) we get

1Az = Bz[|P < (|| Az — B2||") < ||Az — Bz|]",

a contradiction. Thus, Az = Bz.
Now, if we assume that ||Az—Tz|| > 0, then for large enough n, ||Azs, — Tz|| > 0.
Thus, from (12) we obtain

2a||Axa, — Bz||??
[|Sza, — Bz||P + || Axe, — Tz||P
+ (1 — o) max{||Sza, — Bz||?,||Az2n — T2||P}) +
+ - min{||Aza, — Sz2,|[P, ||Bz — Tz||"}.

1S22n —T2|[" < o

+

Letting n — oo we get, as ||Aza, — Sxa,|| — 0,
|14z = Tz[|P < o((1 — a)||[Az = TZ2|]") < (1 — )| Az — T=|]?,
a contradiction. Thus, Az = T'z. Similarly Sz = Bz. Therefore, we proved that
w=Az=Bz=S5z="T-z.
Since the pair {5, A} is weakly A-biased and {T, B} is weakly B-biased, similarly
as in Theorem 2.1 we can prove that

(18) w=Aw = Bw = Sw=Tw.

Now we prove that, if A and B are continuous at w, then S and T are continuous
at a common fixed point w. We show that

(19) |5z — Sw|| < [|Az — Awl|

forall z € C.
Suppose that ||[Sz — Sw|| > ||Ax — Aw||. Then from (12) and (18) we have, as

plt) <t,
[|Sz — Swl||P =||Sz —Tw|]P < a||Az — Aw||P + (1 — a)||Sz — Sw||P < ||Sz — Sw|?,
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a contradiction. Thus (19) holds. Since A is continous at w, (19) implies that
S is contiunuos at w. Similarly it can be proved that T is contiunuos at w. The
uniqueness of a common fixed point follows from (12). O

Remark 2.6. In Theorem 2.6 of Shahzad and Sahar in [12], the argument of
a function p(t) is
a||Az — By|[* :
t= + min{||Sz — By||?, ||Ty — Az||’},
wax{([5 — Byl [Ty~ Aagpy IS = By = Al
and coefficient r is zero. It is easy to verify that Theorem 2.5 remains true with
this argument of ¢(¢) and r > 0.

Remark 2.7. If S =T and A = B in Theorem 2.5, then we have the corollary,
which generalizes Corollary 2.7 in [12]. Further, if A = B = I, the identity
mapping on X, then we obtain the corollary which generalizes Corollary 2.8 in
[12], and if in addition ¢(t) = At; 0 < A < 1, then we have the corollary which
generalizes Corollary 2.9 in [12]. For details, we refer to [12], and for many
illustrative examples, to [7]-[10] and [12].
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