
Acta Math. Univ. Comenianae
Vol. LXXII, 2(2003), pp. 185–190

185

COMMON FIXED POINTS
VIA WEAKLY BIASED GREGUŠ TYPE MAPPINGS

LJ. B. ĆIRIĆ and J. S. UME

Abstract. In this paper we investigate generalized Greguš type mappings. We
proved some common fixed point theorems for four mappings, using the concept of

weakly biased mappings.

1. Introduction

Generalizing the concept of commuting mapping, Sessa [11] introduced concept of
weakly commuting mappings, and Jungck [5] the concept of compatible mappings.
Further generalization of compatible mappings are given by Jungck et al. [6],
Pathak and Khan [10] and Pathak et al. [9]. Recently Jungck and Pathak [7]
introduced the concept of biased mappings, very general notion of compatible
mappings.

Definition 1.1. [7] Let A and S be self-maps of a metric space (X, d). The
pair {A,S} is S-biased iff whenever {xn} is a sequence in X and Axn, Sxn →
t ∈ X, then

αd(SAxn, Sxn) ≤ αd(ASxn, Axn) if α = lim inf and if α = lim sup .

Definition 1.2. [7] Let A and S be self-maps of X. The pair {A,S} is weakly
S-biased iff Ap = Sp implies d(SAp, Sp) ≤ d(ASp,Ap).

Clearly, every biased mappings are weakly biased mappings (see Proposition 1.1
in [7]).

Greguš, Jr. in [4] obtained a fixed point theorem for non-expansive type map-
pings on normed spaces. This result has been found very useful and has many
generalizations (see [1]–[3], [8], [12]). The purpose of this note is to use the con-
cept of weakly biased mappings and to prove some common fixed point theorems
for generalized Greguš-type mappings, defined by the non-expansive condition (1)
bellow. Our results generalize recent results of Shahzad and Sahar [12] and Pathak
and Fisher [8].

Received November 20, 2002.
2000 Mathematics Subject Classification. Primary 47H10, 54H25.
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186 LJ. B. ĆIRIĆ and J. S. UME

2. Main results

Theorem 2.1. Let A, B, S and T be selfmappings of a normed space X and
let C be a closed and convex subset of X satisfying the following condition:

||Sx− Ty||p ≤ α||Ax−By||p + (1− α) max{λ||Sx−By||p, λ||Ty −Ax||p}(1)

+r ·min{||Ax− Sx||p, ||By − Ty||p}
for all x, y ∈ C, where 0 < α < 1, 0 < λ < 1, p > 0, r ≥ 0 and suppose that

A(C) ⊇ (1− k)A(C) + kS(C),(2)

B(C) ⊇ (1− k′)B(C) + k′T (C),(3)

for some fixed k, k′ such that 0 < k < 1, 0 < k′ < 1. If for some x0 ∈ C,
a sequence {xn} in C defined inductively for n = 0, 1, 2, . . . by

Ax2n+1 = (1− k)Ax2n + kSx2n,(4)

Bx2n+2 = (1− k′)Bx2n+1 + k′Tx2n+1(5)

converges to a point z ∈ C, if A and B are continuous at z, and if {S, A} is weakly
A-biased, {T,B} is weakly B-biased, then A, B, S and T have a unique common
fixed point ω = Tz in C. Further, if A and B are continuous at ω, then S and T
are continuous at ω.

Proof. First, we prove that

Az = Bz = Sz = Tz.(6)

From (4) it follows that

kSx2n = Ax2n+1 − (1− k)Ax2n,

and since 0 < k < 1, xn → z and A is continuous at z,

lim
n→∞

Sx2n = lim
n→∞

Axn = Az.(7)

Similarly, we get

lim
n→∞

Tx2n+1 = lim
n→∞

Bxn = Bz.(8)

Assume that Az 6= Bz. Then, using (1) with x = x2n and y = x2n+1, we obtain

||Sx2n − Tx2n+1||p ≤ α||Ax2n −Bx2n+1||p

+ (1− α)λ max{||Sx2n −Bx2n+1||p, ||Tx2n+1 −Ax2n||p}
+ r ·min{||Ax2n − Sx2n||p, ||Bx2n+1 − Tx2n+1||p}.

Letting n →∞, by virtue of (7) and (8), it follows that

||Az −Bz||p ≤ (1− (1− α)(1− λ))||Az −Bz||p,
a contradiction, as (1− α)(1− λ) > 0. Thus, Az = Bz.

Now suppose that Tz 6= Az. Then from (1) we have

||Sx2n − Tz||p ≤ α||Ax2n −Bz||p + (1− α)λ max{||Sx2n −Bz||p, ||Tz −Ax2n||p}
+r ·min{||Ax2n − Sx2n||p, ||Bz − Tz||p}.
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Letting n →∞, we get, as Bz = Az and ||Ax2n − Sx2n|| → 0,

||Az − Tz||p ≤ (1− α)λ||Az − Tz||p,

a contradiction. Thus, Az = Tz. Similarly, Sz = Bz. Therefore, we proved that
Az = Bz = Sz = Tz.

Set
ω = Az = Bz = Sz = Tz.

Since {S, A} is weakly A-biased, we have

||ASz −Az|| ≤ ||SAz − Sz||,

that is,
||Aω − ω|| ≤ ||Sω − ω||.

We show that Sω = ω, and hence Aω = ω. From (1) we get

||Sω − ω||p = ||Sω − Tz||p ≤ α||Aω − ω||p

+ (1− α)λ max{||Sω − ω||p, ||ω −Aω||p}+ r||Bz − Tz||p

≤ (1− (1− α)(1− λ))||Sω − ω||p.

This implies ||Sω − ω||p = 0. Hence Sω = ω and so Aω = ω. Similarly, we can
prove that Tω = Bω = ω. Therefore, we have

ω = Aω = Bω = Sω = Tω.(9)

Now we prove that, if A and B are continuous at ω, then S and T are continuous
at ω. Let {yn} be an arbitrary sequence in C converging to ω. From (1) we have

||Syn − Sω||p = ||Syn − Tω||p ≤ α||Ayn −Bω||p

+ (1− α)λ max{||Syn −Bω||p, ||Tω −Ayn||p}+ r||Bω − Tω||p.

Hence we get, by (9),

||Syn − Sω||p ≤ (α + (1− α)λ) max{||Syn − Sω||p, ||Ayn −Aω||p}.

Hence, as 0 < α + (1− α)λ < 1,

||Syn − Sω||p ≤ ||Ayn −Aω||p.

Letting n →∞ we obtain, as A is continuos,

lim
n→∞

Syn = Sω.

Thus, S is continuous at ω. Similarly, we can prove that T is continuous at ω.
The uniqueness of the common fixed point follows from (1). For, if ω′ = Aω′ =

Bω′ = Sω′ = Tω′, then we have

||ω − ω′||p = ||Sω − Tω′||p ≤ (1− (1− α)(1− λ))||ω − ω′||p.

This implies ω′ = ω. �

If in Theorem 2.1 r = 0, S = T and A = B, then we have the following corollary.
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Corollary 2.2. Let T and A be two self-mappings of a normed space X and
let C be a closed and convex subset of X satisfying the following condition:

||Tx− Ty||p ≤ α||Bx−By||p

+ (1− α) max{λ||Tx−By||p, λ||Ty −Bx||p},
B(C) ⊇ (1− k)B(C) + kT (C)

for all x, y ∈ C, where 0 < α < 1, 0 < λ < 1, p > 0, and for some fixed k
such that 0 < k < 1. Suppose, for some x0 ∈ C, the sequence {xn} in C defined
inductively for n = 0, 1, 2, . . . by

Bxn+1 = (1− k)Bxn + kTxn

converges to a point z in C and the pair {T,B} is B-biased. If B is continuous at
z, then B and T have a unique common fixed point. Further, if B is continuous
at Bz, then T is continuous at a common fixed point.

Remark 2.3. Corollary 2.1 with λ =
1
2
, C bounded and the pair {T,B} is

B-biased, becomes Theorem 2.11 of Shahzad and Sahar in [12]. Thus, Corol-
lary 2.2 is a generalization of Theorem 2.1 in [12].

Remark 2.4. When B = I, the identity mapping, and λ =
1
2
, then our

Corollary 2.2 becomes Corollary 2.3 of Shahzad and Sahar in [12].

Theorem 2.5. Let A, B, S and T be self-mappings of a normed space X. Let
C be a closed and convex subset of X such that

A(C) ⊇ (1− k)A(C) + kS(C),(10)

B(C) ⊇ (1− k′)B(C) + k′T (C),(11)

where 0 < k < 1, 0 < k′ < 1 and such that

||Sx− Ty||p ≤ ϕ (
2α||Ax−By||2p

||Sx−By||p + ||Ty −Ax||p
+

+(1− α) max{||Sx−By||p, ||Ty −Ax||p}) +(12)

+ r ·min{||Ax− Sx||p, ||By − Ty||p}
for all x, y ∈ C for which

max{||Sx−By||, ||Ty −Ax||} 6= 0,

where 0 < α < 1, p > 0, r ≥ 0 and ϕ : [0,+∞) → [0,+∞) is upper semicontinuous
function such that ϕ(t) < t for all t > 0. If for some x0 ∈ C, a sequence {xn} in
C defined inductively for n = 0, 1, 2, . . . by

Ax2n+1 = (1− k)Ax2n + kSx2n,(13)

Bx2n+2 = (1− k′)Bx2n+1 + k′Tx2n+1(14)

converges to a point z in C, if A and B are continuous at z, and if {S, A} is weakly
A-biased, {T,B} is weakly B-biased, then A, B, S and T have a unique common
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fixed point ω = Az in C. Further, if A and B are continuous at Az, then S and
T are continuous at a common fixed point.

Proof. Similarly as in Theorem 2.1 we can prove that

lim
n→∞

Axn = lim
n→∞

Sx2n = Az,(15)

limBxn = lim
n→∞

Tx2n+1 = Bz.(16)

If we suppose that Az 6= Bz, then for large enough n, ||Sx2n − Bx2n+1|| > 0.
Thus, from (12) we have

||Sx2n − Tx2n+1||p ≤ ϕ (
2α||Ax2n −Bx2n+1||2p

||Sx2n −Bx2n+1||p + ||Tx2n+1 −Ax2n||p
+

+ (1− α) max{||Sx2n −Bx2n+1||p, ||Tx2n+1 −Ax2n||p}) +(17)

+ r ·min{||Ax2n − Sx2n||p, ||Bx2n+1 − Tx2n+1||p}.

Since (15) and (16) imply that argument tn of ϕ(tn) in (17) tends to ||Az −Bz||p
as n →∞ and as ϕ(t) is upper semicontinuous, letting n →∞ in (17) we get

||Az −Bz||p ≤ ϕ(||Az −Bz||p) < ||Az −Bz||p,

a contradiction. Thus, Az = Bz.
Now, if we assume that ||Az−Tz|| > 0, then for large enough n, ||Ax2n − Tz|| > 0.
Thus, from (12) we obtain

||Sx2n − Tz||p ≤ ϕ (
2α||Ax2n −Bz||2p

||Sx2n −Bz||p + ||Ax2n − Tz||p
+

+ (1− α) max{||Sx2n −Bz||p, ||Ax2n − Tz||p}) +

+ r ·min{||Ax2n − Sx2n||p, ||Bz − Tz||p}.

Letting n →∞ we get, as ||Ax2n − Sx2n|| → 0,

||Az − Tz||p ≤ ϕ((1− α)||Az − Tz||p) < (1− α)||Az − Tz||p,

a contradiction. Thus, Az = Tz. Similarly Sz = Bz. Therefore, we proved that

ω = Az = Bz = Sz = Tz.

Since the pair {S, A} is weakly A-biased and {T,B} is weakly B-biased, similarly
as in Theorem 2.1 we can prove that

ω = Aω = Bω = Sω = Tω.(18)

Now we prove that, if A and B are continuous at ω, then S and T are continuous
at a common fixed point ω. We show that

||Sx− Sω|| ≤ ||Ax−Aω||(19)

for all x ∈ C.
Suppose that ||Sx− Sω|| > ||Ax− Aω||. Then from (12) and (18) we have, as

ϕ(t) < t,

||Sx−Sω||p = ||Sx−Tω||p < α||Ax−Aω||p + (1−α)||Sx−Sω||p < ||Sx−Sω||p,
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a contradiction. Thus (19) holds. Since A is continous at ω, (19) implies that
S is contiunuos at ω. Similarly it can be proved that T is contiunuos at ω. The
uniqueness of a common fixed point follows from (12). �

Remark 2.6. In Theorem 2.6 of Shahzad and Sahar in [12], the argument of
a function ϕ(t) is

t =
α||Ax−By||2p

max{||Sx−By||p, ||Ty −Ax||p}
+ min{||Sx−By||p, ||Ty −Ax||p},

and coefficient r is zero. It is easy to verify that Theorem 2.5 remains true with
this argument of ϕ(t) and r > 0.

Remark 2.7. If S = T and A = B in Theorem 2.5, then we have the corollary,
which generalizes Corollary 2.7 in [12]. Further, if A = B = I, the identity
mapping on X, then we obtain the corollary which generalizes Corollary 2.8 in
[12], and if in addition ϕ(t) = λt; 0 < λ < 1, then we have the corollary which
generalizes Corollary 2.9 in [12]. For details, we refer to [12], and for many
illustrative examples, to [7]–[10] and [12].
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174–178.
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