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LINEAR CONNECTIONS
ON ALMOST COMMUTATIVE ALGEBRAS

C. CIUPALA

ABSTRACT. In this paper we study linear connection on bimodules over almost
commutative algebras using the framework of noncommutative geometry. We also
present its curvature and its torsion. As an example there are presented linear
connections on N-dimmensional quantum hyperplane over two kind of bimodules.

1. INTRODUCTION

There are some ways to introduce the notion of linear connection in noncom-
mutative geometry. In [8] there is introduced the notion of linear connection in
noncommutative geometry on an algebra A, in [5] there are presented linear con-
nections on central bimodules, in [6] there are studied the F—connections over
a graded Lie-Cartan pair (L, A) and in [2] there are linear connection on colour
bimodules over a colour algebra.

In this paper we use the framework of noncommutative geometry to present
linear connections on bimodules over an almost commutative algebra. These con-
nections are a natural generalizations of E—connections over a graded Lie-Cartan
pair (L, A) from [6] in the case L = p-DerA.

The paper is organized as follows: In the second paragraph we review the basic
notions concerning almost commutative algebras, the derivations on almost com-
mutative algebras (see [1]). In the third paragraph we introduce linear connection
on a bimodule over an almost commutative algebra and we define its curvature.
Then we study some properties of the curvature and thus we deduce the Bianchi
identity. In the particular case when the bimodule M is p-DerA we obtain linear
connections on an almost commutative algebra and in this situation we present its
torsion. Some examples of almost commutative algebras and connections on these
algebras are presented.

In the last section we exemplified shortly the N-dimensional quantum hyper-
plane (as in [1]) and we show our construction of linear connections on N-dimen-
sional quantum hyperplane over two kind of bimodules: p-Der(S%) and Q'(S%).

Received February 17, 2003.
2000 Mathematics Subject Classification. Primary 81R60, 16W99, 53C04.
Key words and phrases. Noncommutative geometry, quantum hyperplane, linear connections.



198 C. CIUPALA

2. ALMOST COMMUTATIVE ALGEBRA

In this section we present shortly a class of noncommutative algebras which are
almost commutative algebras, for more details see [1].

Let G be an abelian group, additively written, and let A be a G-graded algebra.
This means that as a vector space A has a G-grading A = ®,cqAq, and that one
has moreover A, Ay C Aats (a,b € G). The G-degree of a (nonzero) homogeneous
element f of A is denoted as |f|. Futhermore let p : G x G — k be a map which
satisfies

(1) pla,b) = p(b,a)™?, a,be G,
(2) pla+b,c)=pla,c)p(b,c),  abced.
This implies p(a,b) # 0, p(0,b) = 1, and p(c,¢) = %1, for all a,b,¢c € G,

¢ # 0. We define for homogeneous elements f and g in A an expression, which is
p-commutator of f and g as:

(3) £, 9], = fa—p(Ifl1g])gf

This expression as it stands make sense only for homogeneous element f and g,
but can be extended linearly to general elements. The p-bracket has the following
properties:

(4) [Aa, Ab} C Aa+ba a, be G,
(5) [f. 91, = —p(f119D]g: flp,

p(|f| ’ |h|)_1[f7 [gv h}P}P + p(|g| ’ |f|)_1[g7 [hv f]ﬂ]ﬂ +
(6) + p(al gD~ R [f el =0, fogh € A

Eq. (5) may be called p-antisymmetric and Eq. (6) the p-Jacobi identity.
A p-derivation X of A, of degree | X]|, is a bilinear map X : A — A, of G-degree
| X|, such that one has for all homogeneous elements f and g in A

(7) X(fg9) = (Xf)g +p(IX], [f)f(Xg).

It is known that the p-commutator of two derivations is again a p-derivation
and the linear space of all p-derivations is a p-Lie algebra, denoted by p-DerA.

A G-graded algebra A with a given cocycle p will be called p-commutative if
fa=p(f],1g])gf for all homogeneous elements f and g in A.

One verifies immediately that for such an A, p-DerA is not only a p-Lie algebra
but also a left A-module with the action of A on p-DerA defined by

(8) (fX)g=[f(Xg)  [.9€ A X € p-DerA.

Let M be a G-graded left module over a p-commutative algebra A, with the
usual properties, in particular |fv| =|f| + |¢| for f € A, ¢» € M. Then M is also
a right A-module with the right action on M defined by

(9) Of = p(l 1 fD)f.
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In fact M is a bimodule over A, i.e.

(10) fg) = (fv)g  fge A, X e M.

Because there is no essential difference between left and right modules over a
p-commutative algebra and because of the properties of p we have the possibility
of doing multilinear algebra in terms of A modules, starting from p-DerA, and
that is all that the general pseudogeometric formalism that we will develop.

In this context it can be introduce p-forms: QY(A) := A, and QP(A) for
p=1,2,..., as the G-graded vector space of p-linear maps a,, : x(p-Derd) — A,
p-linear in sense of A-modules

(11) ap(le,...7Xp) :fap(X17~-~7Xp)7
(12) ap(Xl, [N ,Xjf, Xj-i—l, ce ,Xp) = Oép()(]_7 ce ,Xj, fXj_H_, Xp)
and p-alternating

Oép(Xl, ce an7Xj+17 N 7)(p) =
(13) = _P(lXj| ) |Xj+1‘)ap(X17 cs X, X ?X:D)

forj=1,...,p—1; Xy € p-DerA, k=1,...,p; f € Aand X f is the right A-action
on p-DerA defined by (9).
QP(A) is in natural way a G-graded right A-module with

(14) lap| = lap(Xa, ., Xp)[ = (1Xaf 4o 4+ [Xp])
and with the right action of A defined as
(15) (pf)(X1,. ... Xp) =0p(Xy,..., Xp) f.

The direct sum Q(A) = @52, (A) is again a G-graded A-module.
One defines exterior differentiation as a linear map d : Q(A) — Q(A), carrying
QP (A) into QPFL(A), as
doo(X) = X(f),
and for p=1,2,...,

p+1 j—1
do‘p(le s 7Xp+1) = Z(_l)Jilp(Z |X’L| ) ‘X]DX]ap(Xla s 7Xja cee 7Xp+1)+
j=1 i=1
j—1 j—1
(16) + Y YT IXGL X DA Xl Xk x
1<j<k<p+1 i=1 =1
k—1 N N
X p( Z ‘X7,| s |Xk‘)ap([X]an]7 s 7X1a s 7Xja s ana s aXp-‘rl)'
i=j+1

One can show that d has degree 0, and that d? = 0.
In additional to d there are other linear operators in Q(A). One has, for
X € p-DerA, a contraction ix defined as
p—1
(17) ixap(X1, .., Xp1) 1= pO_ 1Xil L XDy (X, X1, Xpo1)
i=1
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and Lie derivative Lx given by

P
Lxoy(X1,..., X)) = pOO_|Xil, XX (0p(X, X1, ..., Xpo1)) —
=1
p p
(18) > o IXil X Dap(X, L (X, X)L X)),
=1 =1

with of course ixag =0, ap € Q(A). Note that |ix| = |Lx| = |X].

3. LINEAR CONNECTIONS ON BIMODULES OVER
ALMOST COMMUTATIVE ALGEBRAS

In this paragraph we present our theory on the connections on bimodules over an
almost commutative algebra A. We present the curvature of these connections and
we show that the curvature is a p-symmetric operator from p-DerA x p-DerA into
End(M). In the particular case when the bimodule M is p-DerA we present the
torsion of a connection. We give some examples of almost commutative algebras
and connections on these algebras.

In this paragraph A=) A is almost commutative algebra. M is a G-graded
left A-bimodule.

acG

Definition 1. A connection on M is a linear map of p-DerA into the linear
endomorphisms of M
V : p-DerA — End(M),

such that one has:

(19) VX : Mp — Mp+‘X|,

(20) Vax(m) = aVx(m),

and

(21) Vx (am) = p(| X[, |m[) X (a)m + aVx (m),

for all p € G, a € A, and homogeneous elements X € p-DerA and m € M.
Let V be a connection as above. Its curvature R is the map
R : (p-DerA) x (p-DerA) — End(M)
(X,)Y)— Rxy

defined by:
(22) Rxy(m) = [Vx, Vy](m) = Vix,yj(m)
for any X,Y € p-DerA, and m € M, where the brackets are:

[Vx,Vy] =VxVy —p(|X],[Y)VyVx

and
[X,Y]=XoY —p(|X]|,[Y])Y o X.
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Theorem 1. The curvature of any connection V has the following properties:
1. A-linearity:

(23) Roxy(m) = aRxy,

2. Rxy is A—linear:

(24) Rx y(am) = aRx y(m)
3. R is a p-symmetric map:

(25) Rxy = —p(|X|,[Y]) Ry x
foranya € A, me M, X,Y € p-DerA.

Proof. The relation (23) is obvious from the definition of the connection.
Let us prove the relation (24)
Rx y(am) = [Vx,Vyl|(am) — Vix yj(am) =

= VxVy(am) — p(|X], [Y)VyVx(am)-V|x yi(am) =

= Vx(p(IY],|m)Y (a)m + aVy(m)) —
= p(|X], YD) Vy (p(IX], Im]) X (a)m + aVx (m)) —
= p(I X[+ Y], ImD[X, Y](a)m — aVx yj(m) =
= p(I X, Im) X (p(|Y], [m)Y (a))m + p(|Y], Im|)Y (a)Vx (m) +
+ p(I X[, Y]+ [m) X (a)Vy(m) + aVx Vy(m) —
= p(| X[, YD)p(IY], Im))Y (p(1 X, m[) X (a))m —
= p(I X[, YD)p(1X] , Im[) X (a)Vy(m) —
= p(IXT, YDp(Y], X + [m])Y (a)Vx (m) —
= p(|X],[Y])aVy Vx (m) —
= p(IX[+ Y], Im))[X, Y](a)m — aVx,yy(m) =
= aRx y(m).
In the last equality we used the followings relations:
. X(p(IY],Im])a) = p(|Y],|m|) X (a)

p(IXT 5 mDX (p(IY'], [m)Y (@) = p(|XT, [Y Dp(IY], [mD)Y (p(IX T, [m[) X (a)) =
= p(IX]+ Y], [m)[X, Y](a). O
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From previous theorem and from (6) we obtain the following Bianchi identity
of linear connection over an almost commutative algebra A.

Theorem 2. The curvature R of the connection V satisfies the following Bian-
chi identity:

p(1Z],1XD[Vx, Ry z] + p(|X], [Y)[Vy, Rz x| + p(IY],|Z])[Vz, BRxy] =
p(1Z], 1 X)) Rix yy,z + p(IX], [Y) Ry, z1,x + (Y], |Z]) Rz x,v -

Next we present the case when the bimodule M is p-DerA.
By definition a linear connection on an almost commutative algebra A is a lin-
ear connection over the bimodule p-DerA.
If V is a linear connection on an almost commutative algebra A we define its
torsion as follows:
T : p-DerA x p-DerA — p-DerA,
for any homogeneous X,Y € p-DerA.

Remark 1. From the properties of the p-bracket and from the definition of the
torsion T of an almost commutative algebra A, we have that T' € Q2?(A).

Example 1. In the case when the function p is trivial (G = Z, p(a,3) = 1
for any «,8 € G) the algebra A is commutative and we obtain the classical
notion of connection on a smooth vector bundle E of finite rank over a smooth
finite-dimensional paracompact manifold V' by taking the algebra A = C*°(V) of
smooth functions on V' and the module I'(E) of smooth sections of E.

Example 2. We consider the case when A =3 ., A, is a Z-graded algebra
and the function p is
p:ZxZ—k pla,B) = (1),

for any «, § €Z.
Then A is a super-commutative algebra and the connection on A has the
following form:

1. Vux, (m) = aVyx, (m),

2. Vx, (amy) = (=12 X, (a)ma + aVix, (ma),
for any m € M, X € p-DerA, a € A, and a, X € Z.
Then the bracket is:

[Xa, X5] = Xa X5 — (1) XX,
and the curvature of the connection V has the form:
R(Xa,Xp) =Vx,Vx, — (-1)*Vx,Vx, + Vix. x,
The Bianchi identity is:
(1) Vx., Bx, x,] + (1) [Vx,, Rx, x. ]+ (DY [V, Bx, x,] =

(_1)a>\R[Xa1Xﬁ]1X/\ + (_1)ﬁaR[X/17X>\]’Xa + (_1)>\BR[X/\ 7on]7Xﬁ'
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The torsion T of V is given by:
To(Xa,Xp) = Vx, X5 — (—1)*’Vx, Xo — [Xa, Xg).

Example 3. In the case when the group G is Zy, A = A° @ A! and the map
p 2o X Ly — k is given by:
pla,b) = (=1)*
then A is Zo-graded commutative algebra (see [6]).
p-DerA is a Zo-Lie-superalgebra with the usual bracket:

[(Xa, V3] = Xo Y — (=1)*V3 X,,.

It follows that (p-DerA, A) is a graded Lie-Cartan pair and if E is an A-bimodule,
then the notion of E-connection from [6] is a particular case of our connection
over the bimodule E. In this case the curvature of a E-connection is curvature of
connections from formula (22).

In the particular case when the bimodule F is p-DerA then the torsion of
p-Der A-connection is the torsion from formula (26).

4. LINEAR CONNECTIONS ON QUANTUM HYPERPLANE

In this paragraph we study linear connections on N-dimensional quantum hyper-
plane using the notion of linear connection introduced in section 3.

First we present the definition of N-dimensional quantum hyperplane and the
principal aspects of p-derivations and one-forms on the quantum hyperplane.

We follow the notations from [1] for the basic notions concerning N-dimensional
quantum hyperplane.

4.1. N-dimensional quantum hyperplane

The N-dimensional quantum hyperplane is characterized by the algebra S% gener-
ated by the unit element and N linearly independent elements x1, . . ., x v satisfying
the relations:
TiTj = qTix;, 1< j
for some fixed q € k, ¢ # 0.
S% is a ZN —graded algebra

oo

S;ZV: @ (S?V)m.--mv’

with (S?\/')ny--nN the one-dimensional subspace spanned by products ™ ...x™V.
The Z~-degree of these elements is denoted by

nl..

.an|

|z =n=(n1,...,nN).

Define a function p : ZY x ZV — k as
(27) p(n,n') = qzé\,’k:l Ak

with o, = 1for j <k, 0 for j = k and —1 for j > k. The N-dimensional quantum
hyperplane S% is an almost commutative algebra with the function p from (27).
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We are in a special case where we have coordinate vector fields, the p-derivations

0/0x;, j = 1,...N, of ZN-degree |0/0x;|, with |0/0z;| = — |z;| and defined by
0/0x;(x;) = d;;. One has
0 0 0 0

2 29 _ L2 <k
(28) dz; Oz, Tz, oz’ =<
and

0 n n (ni+...4nj) (.1 nj—1 n
(29) —(a .. 2) = n¢'™ Pt ),

8wj

which follows from the Leibniz relation

) B B
87j(f9) = (axjf> g+p (‘a%

The p-derivations p-DerS%, is a free ST —module of rank N with

1)1 (59).

9 9
Oxr1’" " Ozn

as
the basis. An arbitrary p-derivation X can be written as

)
(30) X=>% Xig—
i=1 ¢

with X; = X (x;) € Sk, fori=1,...,N.
Q1 (S%) is the S%,—module of one-forms and is also free of rank N. The coordi-

nate of one-forms dx1,...,dzy, defined by
(31) da; (X) = X(x;)
or
7]

form a basis in Q' (S%), dual to the basis %, e % in p—DerS%. Note that
|dx;| = |z;|. For any f € S% there is the following relation:

al 0
33 df = de;)—1f.
(53) =3 ()5

An arbitrary one-form can be written as

N

(34) o] = Z(dwi)Ai,

i=1

with

0



LINEAR CONNECTIONS ON ALMOST COMMUTATIVE ALGEBRAS 205

4.2. Linear connections on N-dimensional quantum hyperplane
Remark that any linear connection along the field X = Zf\; X; % is given by

N
Vx = ZXiV%

i=1

so any linear connections is well defined if is given along the field 57— for i =
., IN. We use the notation
0 g 0 .
(36) V%%Z 9 gy forzs,j=1,...,N,

where the coefficients I‘k. € 8%, 4,5,k =1,...,N are denoted by connection
coefficients. It follows that

0N ey D D00
Vit mjaxk - 9 Dk i o qax z;l ’ja:r

for i,j,k =1,...,N. In general

0 N i 0
va% (x?1 x7VNm> — —niq(nl"r.u"rnz)qazk(‘,L.Tl”.x? 1 x%N)TM+
0
zka

The curvature R of the linear connection v/ is given by the curvature coefficients:
R! ik € Sy defined by:

ni nN
it T

0 . ..
Raf -3 d, Ri’j’kaiﬂ fore,5,k=1,...,N.
From the properties of curvature we obtain that R! gk = 0"7Rl ik for any
i,7,k,1 € 1,...,N. The relation between curvature coefficient and connection

coefficients is given by

ore .
R = —pllail, F?k‘) aj +T%, T,
p
(37) =" (=p(lzs] s TF o) a BT T ) = T+ g™ T
9 « ! L
where F” r = V.o _o —— and it satisfies I' =q* 5, for any 4,74, k,l =

9z dz; JIf
1,...,N.
The torsion of any connection is given by the torsion coefficients Tk defined as
follows:
o 0 0
38 To(=—,—)=TF —
(38) 4 (axi Ox; ) "1 Oy,



206 C. CIUPALA

Evidently, the relations between torsion coefficients and connection coefficients
are:

0] 0 g 0
TR~ —(TF. — gk _ | 2 2
Y3 Oy I3y —a “)&ck Ox;’ Ox;j
4.3. Linear connections on quantum hyperplane
over the bimodule Q'(S%)

We follow ideas from the previous section we present linear connections over bi-
module Q' (S%) over the quantum hyperplane. Without any confusion we use the
notation

(39) V%dszff,jda:k, fori,j=1,...,N,

where the coefficients Fi-fj € S%, i,j,k =1,...,N are again denoted connection
coefficients over bimodule Q! (S%). We obtain that

v%(.’]ﬂ'?l...x%]vdl‘k) — —niq(n’1+"'+ni)qaik(l‘?l...x?Fl ...x%N)dl'k-‘r
7

n n l
+ait N Ddy

The curvature R of the linear connection v/ is given by the curvature coefficients:
R, € 8% defined by:

R_» aidxk:Réjkdxl fori,j,k=1,...,N.
x;? zj o

We have that Ré,]yk = aiiRl]-)i7k, for any 4,j,k,0 € 1,..., N and the relation

between curvature coefficients and connection coefficients is given by same relation
like (37).
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