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COMPARISON THEOREMS FOR PSEUDOCONJUGATE
POINTS OF HALF-LINEAR ORDINARY DIFFERENTIAL
EQUATIONS OF THE SECOND ORDER

K. ROSTAS

ABSTRACT. This paper generalizes well known comparison theorems for linear dif-
ferential equations of the second order to half-linear differential equations of second
order. We are concerned with pseudoconjugate and deconjugate points of solutions
of these equations.

1. INTRODUCTION

In this paper we are concerned with the behavior of solutions of nonlinear ordinary
differential equations of the form

alyl = [r(@)y/[* Y] +p(@)ly|* 'y =0, x>z0>0,

where o > 0 is a constant and r and p are continuous functions defined on an
interval I C [zg,00) with 7(z) > 0 for = € I, which, with notation

u™* = |u|*sgnu = (|u|*"tu), u€R,
can be written shortly as

(1) laly] = [r(2)(y")**] + p(2)y™™ = 0.

The equations of the form (1) are sometimes called half-linear because if y is
a solution of the equation l,[y] = 0 and ¢ is any real constant, then the function
cy is also the solution of the equation (1).

The domain D;_ (I) of the operator [, is defined to be the set of all continuous
functions y defined on I such that y and r(x)(y")** are continuously differentiable
on I.

Let y(z) be a solution of Eq. (1) satisfying the condition y(a) = 0 for some
a € 1. A value x = b from I is called a conjugate (resp. pseudoconjugate point to
x=aif b>aand y(b) =0 (resp. ¥'(b) = 0) (see [7]).

If y(x) is a solution of (1) satisfying y'(a) = 0 for some a € I, then a value
x="b € Iis called a focal (resp. deconjugate) point to x = a if b > a and y(b) =0
(resp. y'(b) = 0) (see [7]).

Received April 23, 2003.

2000 Mathematics Subject Classification. Primary 34C10.

Key words and phrases. Half-linear differential equations, conjugate, pseudoconjugate, de-
conjugate points, Picone’s identity.



224 K. ROSTAS

Along with the equation (1) consider also another half-linear equation
(2) L.[z] = [R(z)(2")*] + P(z)z** =0, x> xo,

where R and P are continuous on I with R(x) > 0 for x € I. The domain Dy, (I)
of the half-linear operator L, is defined similarly as D;_(I).

In the case @ = 1, i.e. if equations (1) and (2) are linear, the following com-
parison results concerning pseudoconjugate points (Theorem A) and deconjugate
points (Theorem B) are known (see [4]).

Theorem A If z(x) is a solution of

(3) (R(x)z") + P(x)z=0
for which z(a) = 2’'(c) = 0 with z'(x) # 0 on [a,c) and if

(®) [ 1®=nEP + o= P)Pds =0
then any nontrivial solution y(x) of

(5) (r(z)y') + p(z)y =0

with y(a) = 0 has the property that y'(§) = 0 for some point © = £ € (a, ], with
& =c only if y(x) = kz(x), where k is a constant.

Theorem B Let r(z), R(x), p(x) and P(z) be positive and continuous on the
interval [a,b]. If the derivative z'(x) of a solution z(x) of the equation (3) has
consecutive zeros at x = c¢1 and x = co (a < ¢1 < ca < b), and if

R(z) 2 r(z), p(z)= P(x)

holds on [a,b], then the derivative y'(x) of any nontrivial solution y(x) of the
equation (5) with the property y'(c1) = 0 will have a zero on the interval (cq,ca].

The purpose of this paper is to generalize Theorems A and B to the case of
half-linear equations, i.e., nonlinear differential equations of the form (1) and (2).
The proofs are based on a half-linear version of the well known Picone’s identity
(see [3]) and the reciprocity principle (see [1]) which connects the pair of equations
(1) and (2) with another pair of the half-linear equations

((p(x))*l/“(y’l)“/a)*)/ + (r(2)) "M () VO = 0
and

((P(m))_l/a(zi)(l/a)*)/ n (R(x))_l/a(zl)(l/a)* -0
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2. COMPARISON THEOREM FOR PSEUDOCONJUGATE POINTS

In what follows we employ the following result from [3].

Lemma 1. Let y, z, r(y')** and R(2')** be continuously differentiable func-
tions on an interval I and let y(x) # 0 in I. Then

d ? Qacx ok acx ok
o Lo [p7BE™ ==y |
a+1
© = @ [l o]y

|Z‘o¢+1

—(a+1)2 (gy’) a*}

e (r(y")™)"

Our first result is comparison theorem for pseudoconjugate points which gen-
eralizes Theorem A from the introduction.

Theorem 1. If z(x) is a solution of Eq. (2) for which z(a) = 2'(c) = 0 with
Z'(z) # 0 on [a,c) and if

™ Vald = [ TR = DI 4 (o= P+ a2 0,

then any nontrivial solution y(x) of (1) with y(a) = 0 has the property that
y' (&) = 0 for some point x = £ € (a,c], with &€ = ¢ only if y(x) = kz(x), where k
18 a constant.

Proof. We can suppose that y(z) # 0 on the whole interval (a, ¢] because oth-
erwise the proof of the theorem would be trivial.

If, in the Picone’s identity (6), we use that y and z are solutions of the equations
(1) and (2), respectively, then we obtain

T e 7 B =)} = (R = PR
—(a+ 1)2'(§y')a*]

ya*
(8)
Integrating (8) on [u,v] and passing to the limit as « — a* and v — ¢~ , we have

(9)

z /a+1

ol ol

tim [ (5 RE) 2 0))] = [ (R o= P s
o a
c a+1 ax
+ lim r[|z'\o‘+1 + a‘iy' —(a+ 1)z’<iy'> }dx.
u—at [, Yy Yy

If y(a) = 0 (resp.z’(c) = 0), then due to the fact that zeros of nontrivial solutions
of second order half-linear equations are simple (see [6]) 3/(a) (resp. z(c)) must be
a nonzero finite value. Since, obviously, lim,_, .+ z(u)r(u)(y' (u))** = 0 and also

i GO g (e Sy S

uma (y(uw))e y(u) uat y(u) umsat g ()
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by I'Hospital rule , we have

: Z(U) Qk !/ Qo Qk / ok |
Jim e W)™ RO () = () ) ()] = 0.
Thus, (9) is reduced to
z(e)[*Tr(c
(e A (@)

(y(c))o

Since |2/[*T! + «

¢ z a+1
= va[zH/ r[lz’la“w\fy’
a Y

a+1 ax

— (a+ l)z’(iy’) is nonnegative (see [3]), then

—(a+1)7 (gy')a*} dzx.

/

zZ
m

()" 1r(e)

IR E
(10) W) =

holds.

We may suppose without loss of generality that y'(a) and z’(a) are positive,
ie., y(x) >0 and z(z) > 0 on (a,c|.
If y/'(z) does not have a zero on a < z < ¢, ie., y'(c) > 0, then we obtain
contradiction with (2). Thus y’(¢) < 0 and so there exists a value x = £ on
(a,c] with the property y'(§) = 0. The case y'(c) = 0 occurs when |2/[**1 +

>0

z ettt 2 N\OF O . .
a’fy —(a+1)z (fy) =0, i.e., if 2/ = —y' which is equivalent with the
Y Y Y
fact that y(z) = kz(z) where k is a constant. The proof is complete. O

Remark. Theorem 1 says that the solution y(z) will have a maximum resp.
minimum on (a, ¢] not later than z(z).

Corollary. If R(z) > r(z), p(x) > P(z) on [a.c], then the assertion of
Theorem 1 is valid.

3. COMPARISON THEOREM FOR DECONJUGATE POINTS
In this section we generalize comparison theorem for deconjugate points for half-
linear equations.

Theorem 2. Let r(x), R(z), p(x) and P(zx) be positive and continuous on the
interval [a,b]. If the derivative z'(x) of a solution z(z) of the equation (2) has
consecutive zeros at x = c¢1 and x = ¢z (a < ¢1 < ¢cg < b), and if
(11) R(z) 2 r(z), p(z)= P(x)
holds onla, b], then the derivative y'(z) of any nontrivial solution y(x) of the equa-
tion (1) with the property y'(c1) = 0 will have a zero on the interval (c1,ca].

In the proof we will use the following theorem (see [3]):

Sturm-Picone comparison theorem Let A, a, B and b be continuous func-
tions on an interval [a, B] with A(xz) > 0 and a(x) > 0 on [a, 5] and v > 0 be
a constant. If u(x) is a solution of the half-linear differential equation

[A() ()] + Bla)uw™ =0
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for which u(a)) = u(B) = 0 and if A(z) > a(x), b(z) > B(x) on [a, (], then any
nontrivial solution v(x) of
[a(z)(®")"] + b(x)o"" =0
with v(a) = 0 has the property that v(c) = 0 for some point x = ¢ € («, ], with
¢ = only if v(x) = ku(zx), where k is a constant.
Proof. To prove Theorem 2 substitute zi(z) = R(x)(z/)** and yi(x) =

r(x)(y")** in (2) and (1), respectively. It follows that z; satisfies the differential
equation

!/
12 (P + (Ra) ) 0 =0
with z1(c1) = z1(c2) = 0, and y; satisfies the differential equation
!
(13) (@) @) ) 4 (@) ) = 0
with y1(c1) = 0. We note that from conditions (11) the inequalities
1 1 1 1 1 1 1 1
14 — )" > ()" — )" > (=—)"
(14) (P(a:)) - (p(x)) ’ (r(m)) - (R(x))
follows.
An application of the Sturm-Picone comparison theorem to equations (12) and
(13) completes the proof. O

4. GENERALIZED SINE FUNCTION

Let S(z) be the solution of the equation
(15) ((z)*) +az* =0

determined by the initial conditions z(0) = 0 and 2/(0) = 1. The function S(x)
has the properties

S@IH +]S @) =1 and (v +7a) = —S(a)

for all x € (—o0, c0), where 7, is given by

2m
a+1
Ta= "7
sin
a+1
and further S(%) = 1 and S'(%) = 0 (see [2]). The function S(z) is called

generalized sine function (see [2]).
This function will be used in the proof of the next theorem, in which we determine
an upper bound for pseudoconjugate poins of x = 0.

Theorem 3. If there exists a constant k > 0 such that

To/2k
[ o) - ake s i)t =0
0
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then the derivative of a nontrivial solution y(z) of the differential equation
((¥)*) +plx)y** =0

with properties y(0) = 0, y'(0) > 0 will have a zero in the interval (0, 52]. The

zero will be on the open interval except when p(x) = ak®tL.

Proof. Observe that if y(x) has a zero on (0, 3¢, the theorem is immediate.
Let y(z) have no zero on (0, 32]. We consider the following half-linear differen-
tial equation

(16) ((Z/)a*)l + akaJrlZa* =0
with the initial conditions z(0) = 0 and 2’(0) = 1. As easily seen, a solution of

the differential equation (16) is S(kx). To prove the theorem, consider Picone’s
identity (8)

? k(1 ax Quk (1) aok ma/2k o/ 2k a+1 a+1
{ e —w)] )7 = [(p — ek )|z do +
o /2k z a+1 z Quk
4 / [l a2y [ (@t 02 () a,
0 Yy Yy

where z(x) = S(kx). The right-hand side of (17) is positive, which implies that
T

wE

E ax

ey

hence y'(35) < 0, i.e., there exists a zero of y/'(x) on the interval (0, Z&]. If y is
a constant multiple of z then the second integral in (17) must be zero and this

implies that p(z) = ak®*1. O
REFERENCES

1. Dosly O., Methods of oscillation theory of half-linear second order differentia equations,
Czechoslovak Math. J. 50 (125) 2000, 657-671.

2. Elbert A., A half-linear second order differential equation, Colloquia Mathematica Societatis
Janos Bolyai: Qualitative Theory of Differential Equationa, Szeged (1979), 153-180.

3. Jaros J. and Kusano T., A Picone type identity for second order half-linear differential equa-

tions, Acta Math. Univ. Comenianae LXVIII1 (1999), 137-151.

. Leighton W., Some elementary Sturm Theory, Jour. of Diff. Eqns. bf 4, (1968), 187-193.

, More elementary Sturm Theory, Applicable Analysis 3 (1973), 187-203.

6. Li H. J. and Yeh C. C., Sturmian comparison theorem for half-linear second order differential
equations, Proc. Roy. Soc. Edinburgh 125A (1995), 1193-1204.

7. Reid W. T., Sturmian Theory for Ordinary Differential Equations, Springer-Verlag, New
York, Heidelberg, Berlin 1980, 21-23.

o

K. Rostéds, Comenius University in Bratislava 842 48 Bratislava, Mlynsk4 dolina KMA M179,

e-mail: laszlooval@post.sk



