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CERTAIN RESULTS INVOLVING A CLASS OF FUNCTIONS
ASSOCITATED WITH THE HURWITZ ZETA FUNCTION

R. K. RAINA axp P. K. CHHAJED

ABSTRACT. The purpose of this paper is to consider a new generalization of the
Hurwitz zeta function. Generating functions, Mellin transform, and a series identity
are obtained for this generalized class of functions. Some of the results are used to
provide a further generalization of the Lambert transform. Relevance with various
known results are depicted invariably. Multivariable extensions are also pointed out
briefly.

1. INTRODUCTION AND PRELIMINARIES

The generalized (Hurwitz’s) zeta function is defined by ([1], [2])

oo

(1.1) ((s,a) = Z(a+n)_s (a#0,—-1,-2,...; R(s) > 1),

n=0

so that when a = 1, we have

(1.2) ((s,1) =D n™* =((s),
n=0

where ((s) is the Riemann zeta function. The function ®(x,s,a) extends (1.1)
further, and this generalized Hurwitz-Lerch zeta function [1, p. 316], is defined by

o}

(1.3) ®(x,s,a) = Z(a—k n) ‘z"
n=0
(a #0,-1,-2,..., |z| <1; R(s) > 1,when |z| =1).
Evidently, we have
(1.4) (L,5,1) = ((s),
(1.5) ®(1,5,0) = ((s,a).
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The function ®(z, s, a) has the integral representation
1 /oo —1,—at —t\—1
— e (1 —xe ") Ndt.
I'(s) Jo
(R(a) > 0; either |z| <1, x # 1,and R(s) >0, or z =1, R(s) > 1).

In the present paper we introduce a class of functions @g‘ (z, @, a, b) which is defined
by

(1.6) b(z,s,a) =

1 e Y
1. A — a—1_—at—bt 1— —t\—p
(1.7) 0y, (z, o, a,b) (o) /0 t“ e (1 —xe™")"Hdt
(A>0, p>1, R(a) >0, R(b) >0; when R(b) =0,
then either |z| <1 (x #1), R(a) >0, or x =1, R(«a))

The various results obtained in this paper include series representation, Mellin
transform, and generating functions involving the above class of functions (1.7).
Some of the results are used to consider a new generalization of the Lambert trans-
form. Relevance with several new and known results are pointed out. Multivariable
extensions are also briefly indicated in the concluding section.

Special Cases of (1.7)

(i) When A = =1, z =1, we have

01(1,a,a,b) = la,a)
1 o ta—le—at—b/t
(1.8) = F(a) /0 (1 — e*t) dt,

(0<a<1, R(b)>0;b=0, Rla) > 1)
where (p(av,a) is the extended Hurwitz zeta function defined by [1, p. 308].

(ii) When A = p =1, b =0, we have

O1(z,a,a,0) = @(z,0,a)
1 e <] tozflefat
1. p—
(1.9) F(a)/o A= ze 1y

(R(a) > 0; either x| <1 (z#1),R(a)>00rxz=1, R(a)>1)
where ®(z, v, a) is the generalized zeta function defined by (1.6).

(iii) When A=p =1, x = —1, a =1, then

O1(-La,1,b) = (1-2""¢ (. a)
1 0o ta—le—at—b/t
1.10 = dt
(1-10) r<a>/o (ET

where ( (e, a) is the extended Hurwitz zeta function defined by [1, p. 309].
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(iv) When b =0, then
A
0, (z, @, a,0)

¢, (z, v, a)
1 o 1,—at
(1.11) = F(a)/o (l_xe_t)ﬂdt,

(u>1, R(a) >0; either 2| <1 (z#1), Rla) >0, orz =1, R(a) > p)
which was studied recently by Goyal and Laddha [3].

The series representation of (1.11) is given by

(1.12) P (7, a,a) = iM

|
— (a+n)n!

(1= 1,R(a) > 0,R(a) > 0,]2] < 1),
2. SERIES REPRETENTATION AND MELLIN TRANSFORM

In this section we first find series representation and the Mellin transform of the

class of functions © (7, a, a,b) (defined by (1.7)).
Making use of (1.7), changing the order of integration and summation (under
the prescribed conditions stated with (1.7)), we have

1 o _
@f;(x,a,a,b) = @/0 po—1g—at—bt A(l—me_t)_“dt
1 - —-1,—at —t\— > (—b)m A
= o t* at(] — H X pmAm g
oy [, e <mzz i

m

> _ o)
_ 1 Z ( b) / t(x—/\m—le—at(l _ we_t)_”dt.
T(a) &= ml J,

This gives the series representation as

(2.1) @f;(x,oz, a,b) = I‘(la) Z o= /XZ)(ib)m @, (z,a = Am, a)
m=0 ’

(A>0, p>1, R(a) >0, R(b) >0, R(a) #vA (v €N), |z| <1).
To find the Mellin transform of the function @f;(a:,a, a,b), we have from the

definition of the Mellin transform [1, p. 10]:

m{O) (z,0,a,0)} = /bH@A z,a,a,b)db

—lg—at—bt~ A
—_— ———dt | db
IN(e / / (1 —ze t)mr
0
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1 7 to—lg—at 7 -
= b e Tdb | dt
') / (1 —xe t)r (/ ¢ ) ’
0 0
x a+As—1,—at
_ I'(s) /t e
Ia) ) (1—=ze t)r
0
Thus
(2.2) m, {©) (2, a,a,b)} = w@*(w a+ s, a)
- S 1 ) ) ) - ]-—\(a) 12 ) ) -

(A>0, p>1, R(s) >0, R(a) >0; either |z| <1 (x #1),
R(a) > =AR(s), or z =1, R(a) > 1 — AR(s))

For s = 1 in (2.2), we at once have

I(a+A)

e ) (z, a0+ A a).

(2.3) /@ﬁ(x, a,a,b)db =
0

3. GENERATING RELATIONS

Using (2.1) and (1.12), we have

fa+k—1 )
Z( & )@ﬁ(m,a—i—l@a,b)tk

a+k—1\ 1 > _pm .

()" X fat+k—1\T(a+k—xm) _, A
= = k — Am,a)t
n; m! ,;) k Tath) Cel@atk=Ama)
B i (=b)™ i at+k—1 F(a+k—/\m)tk s (1)na™
N = oml o~ k Ta+ k) = (a+mn)ormtknl

= (=) & ()™ Zfa+k—-1\T(a+k—Im)tk
_ Z(m)' Z( Iz _( ) (

— v a+ n)x—Ampl k I(a+k)(a+n)k
D e S (e I
_ F(la) ni L(a— A;Zx—b)m 2 - n(/i)t)x -

- r(la) im_éﬂ)( P 0~ m o)
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Hence
N R A U &
(3.1) Z & O, (z,a+k,a,b)t
k=0
— (e —Am) (-b)"
Z (@ = Am) ) ) (z, 0 — Am,a —t)
m:O

(A>0, > 1, R(a) > 0, RB) >0, R(a) £ ¥R (v € N), o] < 1, [t] < [al).
If weput A=p=1,2=11n (3.1), then in view of (1.7), we have

o0

(3.2) Z (a —H]; - 1) Go(a+ K, a)t”
k=0
-y F(O‘_:#C(a_m’a_t),
m=0 ’

where (p(x, a) is the extended Hurwitz zeta function defined by (1.8). The result
[1, p. 321, Eqn. 7.220] corresponds to (3.2), when b = 0.
On the other hand, when A = pn =1, b = 0 in (3.1), then in view of (1.9) we

receive
oo

k—1
(3.3) > (a +k )cb(a:,a +k,a)th = ®(x, 0,0 — t)
k=0
(a# 1, |t] <lal).
This result was given by Raina and Srivastava [6, p. 302].
For A\=p=1,and z = —1 (3.1) in view of (1.10) and (1.11) gives

(34 Y (‘”: - 1>g;(a+ k. a)
k=0
1 o0

pm
= d(—1,a —m,a —t).
1 —2l-« mZ:O (1 _ Oé)mm! ( y & — 1M, 4 )

Next, using (2.1) and (1.12), we have

N (a+2k -1\ ok
kZ:O ( ok )@H(x,a + 2k, a,b)t

_ Z(a+;lg_l)t2k2 T(a+ 2k — dm)(—b)™ @7 (2,0 + 2k — A, a)

— — I'(a+ 2k)m!
ol K () T(a+ 2k Am) oy
 T(a) zz: m! kZ:o (2k Z (a+1) O‘+2k Am )
B 1 (o — /\m (=)™ ad (a0 — Am)gpt?F
- T(a) Zz a—i—z“ /\T”Z'Z (a + )%+ (2k)!
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L STl dam) ()t (wa
B r(a)mZ::0 m! ;2@“)@*%%!

—(a—Am) —(a—Am)
t t
() (- ) ]
a—+1 a—+1

Thus
= (a+2k—1\ ok
(3.5) ];] < o )@”(az, o+ 2k, a,b)t

B 1 & I'(a— A m)(=b)™
- 2(a) mZ:: m!

[@;(a:,a —Am,a —t) + @} (z,a — Am,a + t)],
0

under the same conditions as stated with (3.1).
Setting A = p =1, z =1 in (3.5), then in view of (1.8) and (1.12), we have

(3.6) i (a + ;]: a 1) G+ 2k, a)t?*

1a) Z I'(a—m)(=b)™ [C(a—m,a—t)+C(a—m,a+t)].

m!
m=0

The result [1, p. 32, Eqn. (7.223)] corresponds to (3.6) when a =1, b= 0.
If we put A=p =1and x =—1 in (3.5), then in view of (1.10) and (1.11), we
have

37 Y (O‘ + ;Z - 1) G (a + 2k, a)t?*

k=0

— T'(a—m)(=b)™(1 — 21 -Fm
3 ( )(=b)™( )

1
2T (a)(1 — 2179) m!

m=0

G —=mya—1t) + o —m,a+t)].



FUNCTIONS ASSOCIATED WITH THE HURWITZ ZETA FUNCTION 95

Similarly we can establish the relation:

o+ 2k\ 9kt1
. E e +2k +1,a,b)t*"
(3.8) 2 (Zk; 1) et ,a,b)

. T(a— Am)(=b)™
a)ﬁ;} ( ')( )

@ (@, = Am,a —t) — @ (z, 0 — Am,a+ )]

under the same condition as stated with (3.1).
Now we turn again to (2.1), and find a generating function which involves
additional parameters. We have

’fl

v

(0)n

i 9)(n Pln @)‘x 0+¢—v+n,a, b)
(©)
(

()
)
()so i F(H—Hp—v—)\m)(—b)mqbz(x’@_i_@_v_i_n_)\m’a)

_ |
V)pn! L= D(0+ ¢ —v+n)m

2
> (0)n(©)nt™ O+ ¢ —v+n—Am)(=b)™
Z() (9—|—<p—v+nn'z m

i (1)r”
kl(a + k)é-i—tp—v-‘rn—/\m

=
i Z (04 ¢ —v — Am)(—=b)™
B F9+g0—ym‘(a+k)9+¢ v—Am

=0
. - (9)71(90)71(9 +o—v— )\m)nt”
Z (V)n(@+ ¢ —v)p(a+ k) n!

T(0+ ¢ —v—m)(u)r(=b)"a* .0+ p—v=m;
Fg+w_v(a+k)0+tpv/\m 1k 3F2(v0+<pv t/CH'k)

Hence
— (9)'”((;0)'” A t"
(3.9) nz:% ) 0, (2,0 + ¢ —v+n,a,b) py
B 1 i L0+ p—v—Am)(p)g(—b)mzk
- TO+p—0) o (a + k)f+e—v=Ammlkl
s (358 s )

(RO + ) > R(v) >0, RO+¢—v)#rA(reN), |t/a] <1).



96 R. K. RAINA anp P. K. CHHAJED
Substituting A = g =1, = 1 in (3.9), then in view of (1.9) we have

(3.10) i O)n (@) @ +e—v+n,a )::

n=0

V)p
_ f: 0"'(,0_'1} ( b)m F(0¢9+¢vmt/a+k)

a+k9+tpvmm|3 v,0+p—v

RO+ ¢) > R(v) >0, |t/a] < 1).
For A\=v=1,b=0, (3.9) in view of (1.10) yields

- (0)n(P)n "
(3.11) nE:O ), <I>(x,0+<p—v+n,a)a
= N 7])k 2F1 (9’80; t/a + k’)
2 vy 2N W),

which is due to Raina and Srivastava [6, p. 302].
Again using (2.1), we can express

(3.12) @;\L(x,a,a,b)

1 & T(a—xm)(=b)™
= ¢* -
o) Z: - w0 —Am,a)
_ i o — Am)(=b)™ io: (#)n—1z™"!
N I‘(a — m! —(a+n—1)>m(n—1)1
Appealing to the series identity of Srivastva [5] (see also [1, p. 316, Eqn. 7.176])
o ) =>> flak+j) (geN),
k=1 J=1k=0
then (3.12) gives
A
O, (z, o, a,b)

j—1
W)ng+i—1 gt

I'(ng+j) (a+ng+j—1)a—Am

ﬂ
’Sr—l

]
—
N

|
3|¥
L
3
M@
M8

LSS AT S (g
) 7 m! —1n=0T ' ngtj=1)* "
m= 7=1n=0I'(ng + j) (@ + ==
which yields
(3.13) @2(x,oz,a,b)
1 & & Do — Am)(=b)mgrm—« a+j—1
= — P q _ Jj—1
o) Z - (x a—Am )
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For b = 0, (3.13) reduces to the identity

q .
1 ‘
(3.14) @i‘t(:v,ma, 0)=q¢“ Z o), (xq, Q, W) i1,
° q
Jj=1

which when z = p = 1 reduces to the following known identity ([5], see also [1,
p. 317])

q .
(315) 62(170[7 a, 0) == C(OZ, CL) = q_a < <a7 aﬂ_l) .
j=1

q

4. GENERALIZED LAMBERT TRANSFORM

Suppose f(t) (Vt € [0,00)) is a continuous function such that
(4.1) fFt)=0(")  (t— o),

then, the Lambert transform of f(t) is defined by

(42)  F(s)= LM{f(t)} = / N ﬁf@)dt (R(s) > 0).

In the papers [3], [4] and [6], various generalizations of the transform (4.2) were
given.
We consider here a new generalization of (4.2) in the following form:

00 (g)F e=b(st)*
(4.3) G {f(t)} = GLMy{f(t)} = / (s1)

Wf(t)dta

A>0, u>1, R(s) >0, f(t) e A, R() > 0; when b =0,
either |z] <1 (z#1), Rk+~v)>-1, orz=1, Rk+v)>p—1)

where A denotes the class of functions f(t) which are continuous for ¢ > 0, and
satisfy the order estimates:

O(t"), if t — 04,
s 0={ e w1

Obviously for b =0 and p = 1, (4.3) becomes

o0 s k
(45) CLM{O} = [ o

est — .’1?)”

ft)dt,

(L>1, R(s) >0, f(t) € A; either 2] <1 (x #1),
R(y+k)>-Torz=1, Rv+k)>pu—1)

which was studied in [6].
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Put f(t) = t* e~ in (4.3), using (1.7), we have

(4.6) g*{tll—le—ast} _ Sk/ toz—&-k—le—ast—b(st)*"(l . $e_5t)_”dt
0

Ia+k)
gatk—1

A
Ou(z,a+k,a+p,b)

(A>0,u>1, R(a) >0, R(s) >0, R(b) > 0; when b =0,
then either |z| <1 (z # 1), Rla+k+v) > -Lorz=1, Rla+k+y)>p—1).

Inversion formula for the transform (4.3)
On applying the Mellin transform [7, p. 46], (4.3) gives

/OO s </DO (st)* e_b(St)d(eSt - x)_uf(ﬂdt) o

0 0

/ tkf(t) (/ Sk_m—le—ust—b(st)ﬂ(l — xe‘“)‘“ds) dt.
0 0

In view of (1.7), this gives

¢(m)

@D om) = T = mEe k= mpb) [

provided that R(m) < k, and the existence and convergence conditions stated with
(4.3) hold true.

By the Mellin inversion [7, p. 46] theorem, we obtain the following inversion
formula for the integral transform (7.3):

LU +0)+ 7t —0)
1 o+i00

(4.8) = 5 {r(k - m)@ﬁ(m, k—m,pu, b)}_lt_m¢(m)dm,

o —100

provided that y™ f(y) € L(0,00), f(y) is of bounded variation in the neighbour-
hood of the point y = ¢, o > 1/2, R(k —m) > 0, and ¢(m) is given by (4.7).

5. CONCLUDING REMARKS

In this concluding section we find it worthwhile to mention briefly here a multivari-
able extension of the class of functions @f‘t(x, a, a,b). This multivariable function

@L&p”

() (z1,...,2Tn;@;a,b) can be defined by

@gx/)[))) (1, .y Tpj05a,b)

0o o — vk S n N
(51) _ F(la) Z F( /\kk') ( b) Z (a+Q)7(a7)\k) 1_[1{(/%);:' : }7

k=0 my,...,mMp=0
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A>0, g > 1 =1,...,n), R(a) >0, 3?( ) >0,

R(a) #vA (v €N), max (|xz|) <1, Q= szml

=1

Equivalently, the integral representation of @8;’;” (z1, ..., Tpn; ; a,b) is given by

@E;‘g“ (1,...,Zn;05a,b)
17 L
(5.2) = Fi/ e tem ot b A1_[(1fflzie*pit)’“alt
2 i=1

(A>0,p1, >1, R(p;) >0 (¢ =1,...,n), R(a) >0, R() > 0;
when b = 0, then either, max (Jza)) < 1 (x; # 1), R(e) >0,
orz; =10G=1,...,n), Rla) > max (141))

Corresponding to the above multivariable extension (5.2), we may also define a gen-
eralized Lambert transform in the form

00 st)ke—b(st)
6.3 L) = | Wf(t)dt,

i=1
A>0, u; > 1, §R(pi)>0(':1,...,n) R(s )>0 f(t) € A, R(b) > 0;
when b = 0, either max (lzi]) <1 (x;#1) (i = Ln), Rk +7) > —1,
orx; =10G=1,...,n), Rlo) > max(,uz—l))

These obvious extensions can be manipulated in several ways and various results
can be obtained by following the same procedures as mentioned above (see also
[4]). We do not pursue further, and skip further details in this regard.
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