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APPROXIMATION OF FUNCTIONS OF TWO VARIABLES BY
SOME LINEAR POSITIVE OPERATORS

Z. WALCZAK
ABSTRACT. We introduce certain positive linear operators in weighted spaces of
functions of two variables and we study approximation properties of these operators.

We give theorems on the degree of approximation of functions from polynomial and
exponential weighted spaces by introduced operators, using norms of these spaces.

I. INTRODUCTION

Approximation properties of Szasz-Mirakyan operators

) u(pia) i er 3 O (),

n
k=0

x € Ry =1[0,40), n € N :={1,2,...}, in polynomial weighted spaces C, were
examined in [1]. The space Cp, p € Ny := {0,1,2,...}, is associated with the
weighted function

(2) wo(z) =1, wy(x):=(1+2P)" ", if p>1,

and consists of all real-valued functions f, continuous on Ry and such that w,f
is uniformly continuous and bounded on Ry. The norm on C), is defined by the
formula

(3) 1£llp = 15 C) llp == sup wy(2) | f(z)].

xrE€Rp

In [1] there were proved theorems on the degree of approximation of f € C) by
the operators S,, defined by (1). From these theorems it was deduced that

(4) Jim S, (f;2) = f(x),

for every f € Cp, p € Ny and = € Ry. Moreover the convergence (4) is uniform on
every interval [x1,x2], z2 > 21 > 0.

The Szasz-Mirakyan operators are important in approximation theory. They
have been studied intensively, in connection with different branches of analysis,
such as numerical analysis. Recently in many papers various modifications of
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S were introduced [4]-[8], [12]-[15], [19], [20]. Approximation properties of
modified Szasz-Mirakyan operators

> (nz + 1)2 k+r
5 Ly(f;r;x) = '
(5) (fir;2) g((ncc—Fl ZO (k4 ) (”(”174'1))
x € Ry, mé€eN,
where
(6) = , t € Ry,
kz:%) (k+1)!
i.e.
r—1 ,.
1 1 v
g(O;T):_'7 g(tﬂ”):t_T et_zf if t>0,
r!

|
=07’

in polynomial weighted spaces were examined in [13].
In [13] it was proved that if f € Cp, p € Ny, then

0 L) - SOl < M (£iGiz ). mren

where

(8) wi(f; Cpst) == sup HAhf(')Hpv t € Ro,
0<h<t

where Ay f(x) := f(z+ h) — f(x) for x,h € Ry and M; = const > 0.
In particular, if f € C’;, p € Ny, then

Mo
©) ILalfir) = FOlp < 22, mreN,
where My = const > 0. The above inequalities estimate the rate of uniform

convergence of {L,(f;r;-)}
In [14] there were proved theorems on the degree of approximation of f € C,
by operators A,, defined by

o) 1 > (n®z + 1)k k+r
(10)  An(firso52) : g((no‘x—i-l)z;r)kzzo (k+r)! f(”a(”ax"‘l))'

The degree of approximation is similar and in some cases better than for approx-
imation by L

Similar results in exponential weighted spaces can be found in [15], [17].

Thus the question arises, whether the operators introduced in [18] for function
of two variables can be similarly modified. In connection with this question we
introduce the operators (15).
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II. APPROXIMATION IN POLYNOMIAL WEIGHTED SPACES

1. Preliminaries

1.1. For given p,q € Ny, we define the weighted function
(11) Wy,q(2,y) 1= wp(T)we(y), (z,y) € R(2J = Ro X Ry,

and the weighted space C, , of all real-valued functions f continuous on R3 for
which wy, ,f is uniformly continuous and bounded on R3. The norm on C,, is
defined by the formula

(12) [ fllp.g = NFC) llpg = sup wpq(z,y) [f(z,y)]-

(z,y)€RG

The modulus of continuity of f € C}, ;, we define as usual by the formula

(13) (fa p.q; b 5) sup HAh,éf('a ')”p,zp t,s >0,

0<h<t,0<5<s

where Ay, 5f(x,y) == f(z + h,y + ) — f(z,y) and (x + h,y + &) € RZ. Moreover
let C) , be the set of all functions f € C,, which first partial derivatives belong
also to Cp 4.

From (13) it follows that

(14) . hn(lprw(f, Cpgitys) =0

for every f € Cpq, P,q € No.

1.2. In this paper we introduce the following class of operators in C,, 4.

Definition 1. Fix r,s € N :={1,2,---} and @ > 0. Define a class of operators
Apn(f;r, s, ) by the formula

Amyn(f;T,s,oz;x,y) = Am,n(fUva) =
(15)

1
g((mez +1)%7) g (n*y + 1)%s)

szx+123ny—|—l)2kf( j+r k+s )
== (7+r) (k+ s)! me(mex + 1) n®(ney + 1)

for (x,y) € R3, m,n € N.

The methods used to prove the Lemmas and the Theorems are similar to those
used in construction of modified Szasz-Mirakyan operators [16], [18].

From (15), (10), (6) we deduce that A, ,(f;r,s) are well defined in every space
Cp.q; P, q € No. Moreover for fixed r,s € N and o > 0 we have

(16) Am,n(l;rasaa;zay)zl fOI‘ (I,y) eRéa mvneNa
and if f € Cp 4 and f(z,y) = f1(z)f2(y) for all (z,y) € R3, then
(17) Amn (78, 052,9) = Am(fr;1, @5 2) An(f2; 5,05 y)

for all (z,y) € R% and m,n € N.
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In this paper by My (51, 32) we shall denote suitable positive constants depend-
ing only on indicated parameters 3, 3s.

2. Lemmas and theorems

2.1. In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.
From (10) and (6) we get for z € Ry and n € N

An(Lira;m) = 1,
(18) _ oy 1 1
At = i) = e e T D Dl T 0 7)

2 r+ (n% +1)2 — 2n%x(n“x + 1)
_ 2, . —_
(19)  Ap((t —2)%7r o5 2) n2a + n2o(noz + 1)2(r — 1)lg((n°z + 1)2;7)°

In the paper [14] was proved the following lemma for A, (f;r, a) defined by
(10).

Lemma 1. For every fited p € No, r € N and o > 0 there exist positive
constants M; = M;(p,r), i = 3,4, such that for all x € Ry, n € N

(20) wp () A (1 wp(t);r, a;x) < My,
Mo
(21) wp(x) An ((t—z)Q/wp(t);r,oz,x) < T
Applying Lemma 1 we shall prove the main lemma on A,, , defined by (15).

Lemma 2. Fix p,q € Ny, r,s € N and o > 0. Then there ezists a positive
constant M5 = M5(p, q,r,s) such that

(22) |Amn (L/wpq(t, 2);r 8,05, )|, < Ms for m,né&N.

p,q —

Moreover for every f € C) 4 we have
(23) ||Am7n (f;T,S,O[;'7')||p7q S M5 ”f”p,q fOT m,nEN, s €N.

The formulas (15), (5) and the inequality (23) show that A, n, m,n € N, defined
by (15) are linear positive operators from the space Cp 4 into Cp 4.

Proof. The inequality (22) follows immediately from (11), (17) and (20).
From (15) and (12) we get for f € Cp 4 and r,s € N

[Am,n(firs 8,00 S U fllpg 1Amn(1/wp.q; 7 s, @)

which by (22) implies (23). This completes the proof of Lemma 2. O

lpg: mMm €N,
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2.2. Now we shall give two theorems on the degree of approximation of functions
by Am -

Theorem 1. Suppose that f € C pq with fized p,q € Ny. Then there exists
a positive constant Mg = Mg(p, q,7,8) such that for all m,n € N and r,s € N

1 1
(24) ||Am1n(f;7’, S, Qe ) - f(7 )Hpq < My {ﬁ|f;|;07q + n_a“f;”p*q } :
Proof. Let (z,y) € R be a fixed point. Then for f € C;ﬁq we have
t z
ft.2) - fow) = [ fwadut [ o, (62 e B
x y

From this and by (16) we get
¢
Ay (525 0500) = $Go) = A ([ il 5,052.)
(25) -
+ Amon (/ f;(:v,v)dv;r,s,a;sc,y) )
y

By (2), (11), (12) we have
/t du
x vaq(uaz)

¢
/f&(u,z)du
1 1
<12l ( " il
- wpyq(tvz) vaq(xvz)

which by (2), (10) (11), (15) and (16)—(18) implies that

wpq:ry‘ mn</f dursa;x,y)}
;T7S7a;x7y>

t
< wpg(z,y)Amon </ fl(u, 2)du

|t — |
A . .
p.q wp,q(x,y) { m,n (wp,q(t,z)’r’ S, a5, Y

t_
+ Am,n (ﬂ;ra S, a;%y)}
wP»q(xv Z)

, 1
< 1 g w0 () A (m;s;c@

: {wp(:c)Am <|;;T“;|;r,a;x) + A (It — |7 1:)} .

Applying the Holder inequality and (18)—(21), we get

< | £zl

p,q

< | £zl

Nl=

Ap (It — x5, 052) < {Am((t —2)% 7 a; 1) A (15, a;x)}
M?(pa 7")

<
S e

)
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|t — |
Am ST
wp () ( oD T, QT

<ot (5 )} ot ()

< MS (p7 T)
mOt
for x € Ry and m € N. This implies that

t
M,
wpyq(xvy)‘Am,n </ f&(uvz)du;rasﬂa;x7y>‘ S M”f;;”?#ﬁ mEN

mOt

Analogously we obtain

# Miyo(p,q,r,s
Wp,q(2,Y) ‘Am,n </ fé(ﬂ?,v)dv;r,s,a;év,y)‘ < MH%Hnm neN.
y

nOt
Combining these estimations, we derive from (25)
1 1
Wp.g(2,Y) [Amn (fi7,552,y) = f(2,y)] < M {Wllféllp,q + il } )

for all m,n € N, where My; = Mi1(p,q,7,s) = const > 0. This ends the proof
of (24). O

Theorem 2. Suppose that f € Cpq, p,q € No. Then there exists a positive
constant My1 = Mi1(p, q,r, s) such that

1 1
) A (i) = 0l < M (1. Cpi i =)
forallm,ne N, r,se€ N and a > 0.
Proof. We apply the Steklov function fj, s for f € Cp,

@) fus(ow)i= g5 [ du [ faosuy oo, (zy) € Ro >0
0 0
From (27) it follows that

1

h é
Fuoe) = fa) = gz [ au [ Auu s

1 é
ralelw) = 75 [ (Buaf@n) =B, (o)) do

h
(fh,é);;(‘ru y) = hié ~/O (Au,éf(w7y) - Au,Of(wﬂ y)) du.

This implies that f, ; € C} , for f € Cp 4 and h,§ > 0. Moreover

(28) ”fh,ti _pr,q < w(/f, C;mq;hvé)ﬂ
(29) [(Fns)all,, < 207w (f, Cpgi by 0),
(30) [(Fradyll,,, < 267 'w(f, Cpgi P, ),
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for all h,0 > 0. Observe that
Wp.q(T,Y) [ Amn(f37, 8, 52,9) — f(2, )]
< Wp,q(@,y) {|Amn (f(E,2) frs(t, 2)i7, 5, 052,y
+ [Amn (fro(t,2)ir, s, 052,9) = fas(z,y)|
+ [fns(@,y) — f(@,y)l} :=T1 + T2+ Ts.
By (12), (23) and (28) we obtain
T < | Ama(f = frsirssas ), . < Ms|f = fas]
Ty < w(f, Cpai h,5).
Applying Theorem 1 and (29) and (30), we get

1 , 1
Mg {W 1(Fns)ally g + 5

P,q S M5 w(f7 Cp,q; hu 6)7

p,q}
1

2Msw(f, Cp g b, 6) {h—l— + 5—1%} .

me n

15

IN

(fn.5),,

IN

From the above we deduce that there exists a positive constant M3 = M15(p, q, 7, S)

such that
(31) ||Am1n(f;7’, S,OL;',') _f('7') |p7q

< Mizw (f,Cpq; by 6) {1 + h71L + 51i} 7
me no

for m,n € N and h,é > 0. Now, for m,n € N setting h = # and § = n% to (31),
we obtain (26). O

From Theorem 2 and the property (14) it follows that

Corollary. Let f € Cpq, p,q € No. Then for r,s € N and o > 0 we have
(32) [ A (firs,a5-) = £, = 0.
m,n— 00 s
III. APPROXIMATION IN EXPONENTIAL WEIGHTED SPACES

3. Preliminaries

3.1. Let as in [15], for a fixed p,q¢ >0 ,

(33) vop(x) 1= exp (—2pz), x € Ro,
and
(34) U2p,2q (CC, y) = UQZD(‘I)DQZI (y)a ('Ta y) € R%

Denote by Cs, o, the set of all real-valued functions f continuous on R3 for which

vap 24 f is uniformly continuous and bounded on RZ The norm on Cay o, is defined
by

(35) [ fll2p.2q = 1f () ll2p,2g == sup  vap2q(@,y) [f (2, 9)] -
(z,y)ER3
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The modulus of continuity of function f € Csp 24 we define as in section 1.1.
by formula

w(fa C?p,2q;tuz) = sup HAh,lsf('W)HQp,?qa t,Z Z Oa
0<h<t,0<6<z

and we have
(36) hr%er(f, Copagit,z) =0 for f € Cop aq.

Analogously as in section 1.1, for fixed p,q > 0, we denote by C2p 94 the set of all
functions f € Cyp 24 Which ﬁrst partial derivatives belong also to C'ap 4.

3.2. Similarly as in Section II we introduce

Definition 2. Fix r,s € N and a > 0. For functions f € Csp 24, p,q > 0, we
define the operators

(37)
1
g((mez+1)%7) g ((nvy +1)%; 5)

iimx+123(n y—i—l)%f( jtr k+s )
s (j+r)! (k +s)! m®*(mez +1) 4+ 2p’ n®(n*y + 1) + 2q

Brn(fipiq,r,8,052,9)=Bmn(fi2,y):=

for (z,y) € R3, m,n € N.

In [15] there were examined the operators

B.(f;x) = Bu(fiq,r o)

- 1 = (nx 4 1)% k+r
(38) "g<<nax+1)2;r>,;) (k+7)! f<na<na:c+1)+2q)

for functions f of one variable, belonging to exponential weighted spaces.
In this paper we shall give similar results for operators By, »(f).

4. Lemmas and theorems

4.1. In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems. From (37) and (6) we deduce
that B, . (f) is well-defined in every space Cap 2q, p,q > 0,r,s € N. In particular

(39) Bin(liz,y) =1, (z,y) € RZ, m,n € N,

and if f € Copoq and f(z,y) = fi(z)f2(y) for all (z,y) € RZ, then
(40)  Bmn(fip,q;7:8,052,y) = Bum(f1;0,7, 0, 2) Bn(f2;.4, 5, 5 9)
for all (x,y) € R2 and m,n € N. Moreover from (38) and (6) we get
(41) B,(1;¢q,m52) =1 x € Ry, neN.

In the paper [15] the following two lemmas for By, (f;q,r;-) defined by (38) were
proved.
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Lemma 3. Let q,a > 0, r € N be fired numbers. Then for alln € N and
r € Ry, we have

o 1 2
B, (t—x;q,1, ;) = (n®z +1) —x+
n®(nex + 1) + 2q
. 1
(n(nz+1) +2¢)(r — Dlg((nz + 1)%;r)’
o 1)2 2 o 1 2
Bn((t—x)z;q,r,a;z): (n®z +1) -z | + nrt
n*(nx + 1)+ 2¢q n®*(n%x + 1) 4+ 2¢

r+ (n% +1)% = 2z(n®(n®x + 1) + 2q)
(ne(nox + 1) + 2¢)2(r — Dg((n®z + 1)%;r)’
g ((no‘x + 1)2e2q/(na(nam+1)+2q); T)

g((noz + 1)%;r)

2qt.

B, (e ,q,r,a;z) = e2ar/(n* (% e+ 1)+2q)

e 2 2
B, ((t —2)%*: g, 1, 1:) = (n%z +1) e2a/(n*(n“z+1)+2q) _
n*(n%x + 1)+ 2¢q

a 2
nz+1 020/ (n® (n®a-+1)+2q)
n®*(n®x + 1) + 2¢

r + (nax + 1)26211/(77/&("&14‘1)"1‘2‘1) — 2(1}(710‘(110‘,@ + 1) + 2(]) e?qr/(na(na;ﬂ+l)+2q)
(n*(n®z +1) +2¢)*(r — Dlg((n®z + 1)%7) '

B, (e*;q,r, ;)

Lemma 4. For every fized q,a > 0 and r € N there exist positive constants
M; = M;(p,r), i = 14,15, such that for all x € Ry, n € N

UQQ(x) Bn (1/U2q(t)7% T,Oé;l’) S Ml47
M
Vag() B ((t — 2)% /vaq () 0,7, 052) < =52

n2ao’

Applying (33) — (35) and (39) — (41) and Lemma 4 and arguing as in the proof
of Lemma 2, we can prove the basic property of By, »(f).

Lemma 5. For fized p,q,oc > 0 and r,s € N there ezists a positive constant
Mg = Mis(p, q,r,s) such that

(42) ”Bm,n (1/U2p,2q(taz);p7qa T,S,Oé;',')H2p72q S Mlﬁ fO’f’ m,n S N
Moreover for every f € Cap2q we have

(43) HBm7n (f;p7q7r75;'7')||2p72q §M16|‘f||2p,2q fO’f’ m7n€N7 T’,SEN.

The formula (37) and the inequality (43) show that By, n, m,n € N, are linear
positive operators from the space Cap 2q into Coyp og.
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4.2. Applying Lemma 3—Lemma 5 and (33)—(35) and (39)—(41) and reasoning
as in the proof of Theorem 1, we can prove the following

Theorem 3. Suppose that f € Cépgq with given p,q > 0 and r,s € N. Then

there exists a positive constant My7 = Mi7(p,q,r,s) such that for all m,n € N
and o >0

1 1
||Bm7n(f;p,q,r,s,oz; ) ) - f(7 ')H2p72q S M17 {ﬁ|fa/a|2p,2q + n_aHfg:H%,?q } .

Theorem 4. Suppose that f € Copaq, p,q, > 0, 7,5 € N. Then there exists
a positive constant Mg = Mais(p, q,7,s) such that

1 1
(44) HBm,n(f,py q,7, S5 ) - f(a ')||2p12q < Misw <f7 CQp,Qq; Wv n_a) s

for allm,n € N.

Proof. Similarly as in the proof of Theorem 2 we shall apply the Steklov function
fn,s for f € Cayp aq, defined by (27). Analogously as in (28)—(30) we get

(45) ”fh,é - f||2p72q < w (f7 O2p,2q; h, 5) )

(46) [(Fs)ellpog < 207w (f, Copagi hi6)

(47) |nady||, . < 267w (f Capagi i)
2p,2q

for all 2,6 > 0, which show that fy, 5 € C3, 5, if f € Cap 24 and h,d > 0.

Now, for By, , , we can write

V2p,2q (T, Y) | Bmn (f30, 0,78, 052, y) — fz,y)]
< w2p,2q(T,Y) {[Buyn (f(E,2) = frs(t, 2)ip,q,7, 8, 052, )|
+ B (fas(t, 2)ip, a7, 8,05 2,y) — fros(x, )|
+ 1 fns(@y) = flz,y)l} =T+ To + Ts.

By (35), (43) and (45), we get

Tl < ||Bm,n (f - fh,5;p7 q,7, 8,05, ')||2p12q
< Mg ||f = fns] < Mygw (f, Capags b, ),

2p,2q —

T3 <w (f, Cap2qg; b, 9).

Applying Theorem 3 and (46) and (47), we get

(fn.6),,

2p,2q}

S 2M17w (f,CQZ))Qq;h,é){h_l 1 +6_1ia}.
n

mOt

1 1
Ty < My {ﬁ H(fh,é);HQqu + ne
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From the above we deduce that there exists a positive constant M19=M9(p, q, 7, S)
such that

||Bm,n(f7p7 q,7,8,045 ", ) - f(7 ')||2p)2q

48 1 1
(48) SM19W(f702p,2q;h75){1+h1E+5lﬁ}7

for m,n € N and h,§ > 0. Now, for m,n € N setting h = -~ and § = 2 to (48),

m

we obtain (44). O
Theorem 4 and (36) imply
Corollary. Let f € Copoq, pyq, >0, r,s € N. Then

lim ||Bm,n(f§p7 q,7, 8,05, ) - f(’ .)HP#Z =0.

m,n—oo

Remark. Theorems and Corollaries in our paper show that A,, , and By, »,
m,n € N, give for « > 1/2 a better degree of approximation of functions belonging
to weighted spaces of functions of two variables than classical Szasz-Mirakyan
operator S, ,, examined for continuous and bounded functions in [11].
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