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SHARP UPPER BOUNDS ON THE SPECTRAL RADIUS OF
THE LAPLACIAN MATRIX OF GRAPHS

K. CH. DAS

ABSTRACT. Let G = (V, E) be a simple connected graph with n vertices and e edges.
Assume that the vertices are ordered such that di > d2 > ... > d,, where d; is the
degree of v; for i = 1,2,...,n and the average of the degrees of the vertices adjacent
to v; is denoted by m;. Let mmax be the maximum of m;’s for i = 1,2,...,n. Also,
let p(G) denote the largest eigenvalue of the adjacency matrix and A(G) denote the
largest eigenvalue of the Laplacian matrix of a graph G. In this paper, we present
a sharp upper bound on p(G):

(@) < \/2e — (n — 1)dn + (dn — 1)Mmax,
with equality if and only if G is a star graph or G is a regular graph.

In addition, we give two upper bounds for A(G):

2+ /S i (di—1)— (300 di—1) (2dn—2)+(2d —3)(2d1 —2),
1. MG) < if dp > 2,

24 /ST di(di — 1) —di £ 1, ifdp = 1,
where the equality holds if and only if G is a regular bipartite graph or G is a star
graph, respectively.
1 ):| mmax

)

dy
P

d1+\/d§+4[ 2 +Z—:fd1+(d1fdn)(lf

n—1

2. M(G) < -
with equality if and only if G is a regular bipartite graph.

1. Introduction

Let G = (V, E) be a simple connected graph with the vertex set V.={v1,va,...,v,}
and let e be the cardinality of the edge set E. To avoid trivialities we always assume
that n > 2. We denote the line graph of G by Lg. Assume that the vertices are
ordered such that d; > do > ... > d,, where d; is the degree of v;, for i =
1,2,...,n. The set of neighbors of v; and the average of the degrees of the vertices
adjacent to v; are denoted by N; and m;, respectively. Let mpyax be the maximum
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of m;’s for i = 1,2,...,n. Also, let D(G)=diag{d;,ds,...,d,} be the diagonal
matrix of vertex degrees. The Laplacian matrix of G is L(G) = D(G) — A(G),
where A(G) is the (0,1)-adjacency matrix of G. Both A(G) and L(G) are real
symmetric matrices and they have real eigenvalues. The adjacency spectral radius,
p(G), of G is the largest eigenvalue of A(G). The Laplacian spectral radius, A\(G),
of G is the largest eigenvalue of L(G). It is known that the multiplicity of 0 as
the eigenvalue of L(G) is equal to the number of connected components of G. So
a graph G is connected if and only if the second smallest Laplacian eigenvalue is
strictly greater than 0.

The eigenvalues of the Laplacian matrix are important in graph theory, because
they have relations to numerous graph invariants including connectivity, expand-
ing property, isoperimetric number, maximum cut, independence number, genus,
diameter, mean distance, and bandwidth-type parameters of a graph (see, for ex-
ample, [1, 2, 16, 17] and the references therein). Especially, the largest and the
second smallest eigenvalues of L(G) (for instance [1, 2, 16, 17]) are probably the
most important information contained in the spectrum of a graph. Since the sum
of the second smallest Laplacian eigenvalue of a graph G and the largest Lapla-
cian eigenvalue of the complement graph of G is equal to n, it is not surprising at
all that the importance of one of these eigenvalues implies the importance of the
other. In many applications good bounds for the largest Laplacian eigenvalue of
G are needed (see, for instance, [1, 2, 16, 17]).

In 2001, Y. Hong et al. (see [12], Section 1), there are plenty of upper bounds
on the largest eigenvalue of the adjacency matrix of a graph G. We give another
upper bound for p(G) on n, e, Mpq, and dy,.

In 2000, Y. Hong et al. (see [11], Section 1), a large number of upper bounds
on the sum of the spectral radius of a graph and its complement are presented.
We also give one upper bound on the sum of the spectral radius of a graph and
its complement in terms of n, d; and d,.

Also we saw that a there is large number of upper bounds on the largest Lapla-
cian eigenvalue of a graph G (see [3], [5]), but all of them are in terms of d;’s
and m;’s.

However, in 2001, J.-S. Li and Y.-L. Pan [15] proved that

(1) N(G) < \/28 + 4 — 2d,(n — 1) + 2d1 (dy — 1),

with equality if and only if G is a regular bipartite graph, and in 2002, J.-L. Shu
et al. [20] presented the following result:

2) AG) < dy + % + (dn = %) + zn:d,»(di —d,),

with equality if and only if G is a star graph or G is a regular bipartite graph.

Likewise, we give three new upper bounds for A(G), two depend only on the
degree sequences and the other depends on n, e, d; and d,,. Also we determine its
extremal graphs.
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2. Lemmas and Results
The following result is of Perron-Frobenius in matrix theory ([8], p. 66).

Lemma 2.1. [8] A non-negative matriz B always has a non-negative eigenvalue
r such that the moduli of all the eigenvalues of B do not exceed r. To this ‘maximal’
eigenvalue r there corresponds a non-negative eigenvector

BY =rY (Y >0, Y #£0).

Lemma 2.2. [13] Let M = (m;;) be an n x n irreducible nonnegative ma-
triz with spectral radius Ay (M), and let R;(M) be the ith row sum of M, i.e.,
Rl(M) = Z?:l mij. Then

(3) min{R;(M): 1<i<n} < \(M)<max{R;(M): 1<i<n}.

Moreover, if the row sums of M are not all equal, then the both inequalities in
(3) are strict.

Lemma 2.3. [20] If G is a connected graph, then
MG) <2+ p(La),
with equality if and only if G is a bipartite graph.

Lemma 2.4. Let G be a simple connected graph. Then

n

Z |N; N N |dy, = Z{djmj tvv; € B}, forv, €V,
k=1 j

where d; is the degree of the verter v;, m; is the average of the degrees of the
vertices adjacent to v; and |N; N Ny| is the cardinality of the common neighbors of
v; and V.

Proof. For v; € V, we have

n

STINiONgld = |Nin Nildy + d
k=1 k=1,k#i

:Z dr + d?, summation is taken over all the paths ¢ — j — k,
i—j—k
starts from fixed vertex v;

:Z {Z{dk TS E} Dvy € E}
; %

=Z{djmj DU € E}
J
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3. UPPER BOUND FOR SPECTRAL RADIUS OF GRAPHS

The largest eigenvalue p(G) is often called the spectral radius of G. We now
give some known important upper bounds for the spectral radius p(G). Let G be
a simple graph with n vertices and e edges. Also let d; and d,, be the highest
degree and the lowest degree of G.

1. Hong [9]. If G is a connected graph, then
(4) p(G) <V2e—n+1,

with equality if and only if G is a star graph or G is a complete graph.
2. Hong, Shu and Fang [12]. If G is a connected graph, then

dn — 14 +/(dn +1)2 + 4(2e — d,n)
(5) p(G) < 5 ;

with equality if and only if G is a regular graph or G is a bidegreed graph
in which each vertex is of degree either d,, or n — 1.

3. Das and Kumar [7]. Let G be a connected graph and let p(G) be the
spectral radius of A(G). Then

TT;
(6) p(G)gmaX{ d-z : lgign},
where T7; = > {djm; : wvv; € E} and the degree of the vertex v; and
the average of the degrees of the vertices adjacent to v; are d; and m;,
respectively.

Now we will extend our upper bound (6) to give a new upper bound for con-
nected graphs. Our new upper bound (7) is in terms of n, e, d, and Mpax.
Moreover, we characterize the graphs for which the upper bound is attained.

Theorem 3.1. Let G be a simple connected graph and p(G) be the spectral
radius of G, then

(7) p(G) < \/26 — (n—1)d, + (dn — 1)Mpmax,

where Muyax 18 the mazimum of m;’s, m; is the average of the degrees of the vertices
adjacent to v;. Moreover, the equality in (7) holds if and only if G is a star graph
or G is a regular graph.

Proof. If G is a path P, then the equality holds in (7). Now we have to show
that Theorem 3.1 is true for n > 2. Since p(G) is the spectral radius of A(G),
p%(Q) is also the spectral radius of D(G)~1A?(G)D(G).

Now the (i, j)-th element of D(G)~tA2(G)D(G) is

d;
d—Z|NmNj|.
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Using Lemma 2.2 we conclude that

1
(8) p2<G) Sm?,x dz-f—d— Z ‘NiﬂNk|dk
v kik£i

1

1
= mZaX df Z {djmj BN VPR IS E} R

j
by Lemma 2.4
(9) < max {2e — (n — 1)d,, + (dn — 1)m;},

by djmj < 2e — dj - (n - dj - l)dn
(10) <2e—(n—1)d, + (d, — 1)Mmax,

by m; < Mmax-

Now suppose that equality in (7) holds. Then all inequalities in the above
argument must be equalities. In particular, from equality in (8) and Lemma 2.2
we have that the row sums of D(G)~1A2?(G)D(G) are all equal. Thus

1 1
d_l Z{djmj 1U1V; € E} = d_2 Z{djmj 1 UV € E} =...
J J

1
(11) = > {djm; : vov; € E}.
"y

From equality in (9) and using (11), we conclude that all vertices which are not
adjacent to vertex v; are of degree d,, as graph G is connected, for all v; € V.
From equality in (10), if d,, > 1 we have

Mmax = M4, for all v; € V.

Two cases arise viz., (i) dy <n —1,
(i) dy = n — 1.

Case (i): d; < n — 1. In this case there exists at least one vertex which is not
adjacent to the highest degree vertex v;. Therefore the highest degree d; is equal
to the lowest degree d,, as all the vertices which are not adjacent to vertex v; are
of degree d,,, for all v; € V. Hence d; = d,, and graph G is regular.

Case (ii): dy = n — 1. In this case graph G has only two type of degrees n — 1
and d,, as all vertices which are not adjacent to vertex v; are of degree d,, for all
v; € V. Two subcases arise viz., (a) d,, = 1,

(b) d,, > 1.

Subcase (a): dn, = 1. We have that the lowest degree vertex v, of degree one

is adjacent to the highest degree vertex vy. Since all the vertices those are not
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adjacent to vertex v, are of degree d,, all the remaining vertices are of degree one.
Hence G is a star graph.

Subcase (b): d,, > 1. We have mpyax = mp = ma = ... = my,. If possible, let
d, #n —1. Also, let p be the number of vertices of degree n — 1. From my = m,,
we get

2¢ —(n—1) pn—1)+(d, —p)dy
n—1 o d, ’
ie, (n—1—-dy)(2e—(n—1)d,) =0, as 2e=p(n—1)+ (n—p)dn,
ie, 2e=(n-—1)d,, as d, #n—1,
ie., 2e<nd,, as nd, > (n—1)d,,

a contradiction. So our assumption is wrong and therefore all the vertices are of
degree n — 1. Hence G is a complete graph.

Conversely, let G be a star graph or G be a regular graph. Therefore we can
easily see that the equality holds in (7). O

Corollary 3.2. [6]. Let G be a simple connected graph with n vertices and e
edges. Then

(12) p(G) < \/2e — (n—1)d, + (d, — 1)dy,

where dy and d,, are the highest degree and the lowest degree of G. Moreover, the
equality holds if and only if G is a star graph or G is a reqular graph.

Proof. The result follows by d,, > 1, mpax < di, and Theorem 3.1. O

Remark. The upper bound obtained by applying (7) is always better than the
bounds obtained by applying (4) and (12). But the upper bound given by (7) and
(5) are not comparable. For the graph G5 in Fig. 1, the use of (7) and (5) gives
p(G2) < 2.549 and p(Gs) < 2.561, respectively. But for the graph G4 in Fig. 1,
the use of (7) and (5) gives p(G4) < 3.162 and p(G4) < 3, respectively.

4. UPPER BOUND ON THE SUM OF THE SPECTRAL RADIUS OF A GRAPH
AND ITS COMPLEMENT

In this section we give an upper bound of the sum of the spectral radius of a graph
and its complement in terms of n, d; and d,, only. First we give some known upper
bounds of the sum of the spectral radius of a graph and its complement.

1. Nosal [18].
§(G) + p(G%) < Va(n —1).
2. Li[14].
p(G) + p(G°) < =14+ /1+2n(n—1) —4d,(n — 1 — dy).
3. Li [14] and Zhou [21].
o(G) + p(G) < \/2(n 1) —2).
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4. Hong and Shu [10]. Let k be the chromatic number of a graph G and let k
be the chromatic number of G¢. Then

p(G) + (@) < (/2= Dn(n —1)
and  p(G)+p(G°) <4/(2—

where t = min{k, k}, T = max{k, k}.

5. Hong and Shu [11]. Let k be the chromatic number of a graph G and let k
be the chromatic number of G¢. Then

p(G) + p(G°) < W — = (- 1),

with equality if and only if G is a complete graph or an empty graph.

Theorem 4.1. Let G be a graph with n vertices. Also let both G and its
complement G¢ be connected. Then

(13)  p(@)+ p(G°) < V/2[(n— 1) + 2dydy, — 2ndy, + 3dy, — di,
where dy, d, are respectively the highest degree and the lowest degree of G.
Proof. From Corollary 3.2, we have
p(G) < \/2¢ — (n—1)d, + (d, — 1)d;
and  p(G°) < \/26/ —(n—=1)d, + (d, — 1)d}
=/n(n—1) —2e— (n—1)(d, + 1) + dn(dy + 1),

where 2¢/ =n(n—1)—2e,dj =n—-1—-d, and d, =n—1—d;.
Therefore
p(G)+p(G) < V2e—(n—1)dy+ (dn — 1)y
+ Vnn—1)—2¢—(n—1)(d, +1) +dp(dy +1).

Let

fle) = V2e—(n—1)d,+ (d, — 1)dy
+v/nn—1) —2¢ — (n—1)(d, + 1) + d,(dy + 1).

It is easy to show that

fle)<f ((" 1’ I ¥ d") = \/2[(n— 1) + 2dydy, — 2nd,, + 3d, — dy].

Hence the theorem holds. O O
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5. UPPER BOUNDS ON THE SPECTRAL RADIUS OF LAPLACIAN MATRIX

Let G = (V,E). If V is the disjoint union of two nonempty sets V; and V; such
that every vertex v; in V; has the same vertex degree r and every vertex v; in V5
has the same vertex degree s, then G will be called a (r, s)-semiregular graph. In
this section, we give two new upper bounds on A(G) for simple connected graphs.

Theorem 5.1. Let G be a simple connected graph. Also, letdy > do > ... > d,
be the degree sequence of G and A(G) be the spectral radius of L(G). Then
24\ /S0 il )|~ (5 Sy 1) (2 —2) + (2 3)(2d1—2),
MG) < if dn > 2, (*)
24> di(di — 1) —di + 1, ifd, =1,

where the equality holds if and only if G is a regular bipartite graph or G is a star
graph, respectively.

Proof. From the fact that G and L¢g are connected graphs and Corollary 3.2,
we have

(14) p(Le) < \/2¢ — (0 — di — 1)d, — di,

where n/ = e = %Z?:l d;, 2¢ = 21;1 di(d; — 1), di+d, —2<d] <2d; —2,
d', >2d, —2.

Therefore
n 1 n
p(La) < 4| D> di(di —1) — (5 > di—di - 1) d, —d

=1 =1

(15) <\ D o di(di—1) - (;Zdicﬁl) (2d, —2) — d},
=1 =1

by d.,, > 2d,, — 2

(16) <D di(di—1) - (%Zdi—l> (2d, — 2) + (2d,, — 3)d,.
=1 i=1

Using di + d,, — 2 < dj <2d; — 2 in (16), we get

idi(di—l) - G idi—1> (2d, —2) + (2d,, —3)(2d1 —2),
=1 =1

p(L¢) < if d, > 2,

Zdi(di_l)_d1+17 if d, = 1.
=1



SHARP UPPER BOUNDS ON THE SPECTRAL RADIUS OF GRAPHS 193

Using Lemma 2.3, we prove the first part of the theorem.
Now we suppose that

AG) = 2+ p(Le)

2+ zn:di(di 1) (% zn:di - 1) (2 — 2) + (2d,, — 3)(2d; — 2).

Then we must have d,, > 2, d} = 2d; — 2 and d},, = 2d,, — 2.

By Lemma 2.3 and A(G) = 2 + p(L¢g), we conclude that G is a connected
bipartite graph.

By Corollary 3.2, the equality holds in (14) then Lg is a star graph or L¢ is
a regular graph. But L¢ is not a star graph as d,, > 2, that is, d/,, > 2. Thus L¢g
is a regular graph, that is,

4 =d,,
ie., 2dy — 2 = 2d,, — 2,
i.e., d1 = dn

Hence G is a regular bipartite graph.
Next we suppose that

MG) = 2+p(La)

= 2+ | di(di—1)—dy + 1.
i=1

Then we must have d,, =1 and d} = d; +d,, — 2.

Now we have that G is a connected bipartite graph and either Lg is a star
graph or L¢ is a regular graph. If L¢ is a star graph then using d} = d; — 1, we
get that G is a path Ps.

If Lg is a regular graph then G must be a connected semiregular graph as G is
connected bipartite graph. Since d,, = 1, hence G is a star graph.

Conversely, it is easy to verify that equality in Theorem 5.1 holds for a regular
bipartite graph or a star graph, respectively. O

Let K(G) = D(G) + A(G). If G is a connected graph then K(G) is a non-
negative, symmetric and irreducible matrix. Let u(G) be the largest eigenvalue of
K(G). Using Lemma 2.1 we have that all the eigencomponents of an eigenvector
corresponding to the eigenvalue u(G) of K(G) are of the same sign (non-zero) if G
is a connected graph. We can assume that all the eigencomponents are positive.

Lemma 5.2. [19] Let G = (V, E) be a connected graph with n vertices. Then
MG) < u(G) with equality if and only if G is a bipartite graph.

Lemma 5.3. [5] Let G be a graph with n vertices, e edges. Then

2e n—2 dy
1 d; i < d di—dy)|1— ,
(17 o 71—1—’_71—11—~_(1 )< n—l)
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holds for any non-isolated vertex v;, where di and d,, are the highest and the lowest
degree of the graph G. Moreover, the equality holds in (17) if and only if d; = n—1
or vertex v; (degree is dy) is adjacent to all vertices with degree di and not adjacent
to any vertex of degree d.,.

Now we give a new upper bound for A\(G) in the following Theorem 5.4 and
determine its extremal graphs.

Theorem 5.4. Let G be a simple connected graph with n vertices and e edges.
Also let dy, d,, be respectively the highest degree and the lowest degree of G and let
XG) be the spectral radius of L(G). Then

i + \/d% [ 222+ (= da) (1= 52
2 )

(18)  AG) <

where Mumax 1S the mazimum of m’s, m; is the average of the degrees of the vertices
adjacent to v;. Moreover, the equality in (18) holds if and only if G is a regular
bipartite graph.

Proof. If G is a path P, then the equality holds in (18). Now we have to show
that Theorem 5.4 is true for n > 2. Let X=(z1,22,...,7,)T be an eigenvector
corresponding to the eigenvalue 1(G) of D(G)~'K(G)D(G). We can assume that
one eigencomponent z; is equal to 1 and the other eigencomponents are less than
or equal to 1, that is, z; = 1 and 0 < x5, < 1, for all k.

Now the (i, j)-th element of D(G)™ 'K (G)D(G) is

di if Vi = vy,
Z—Z if VU5 € E,
0 otherwise.
We have
(19) {D(G)'K(G)D(G)}X = p(G)X.

From the i-th equation of (19),

dll‘z—FZ{d]dx] DU EE},

j 1
di+Z{di;cj :
J i

From the j-th equation of (19),

w(G)w;

(20) ie., u(G) vv; € E} .

drxy,
(21) WGz =dx; + Z {% D vjug € E} )
k

J
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Multiplying both sides of (20) by u(G) and substituting this value u(G)x;, we

get
p3(G) = JrZ{ d:rj+2{dkxk: v]vkEE} : vivjEE}
d;
= diu(G)+Z{f: (o GE}
j %
+Z{;Z{dk:ﬁk vjup € B} viijE}
j k

d2 )
(22) S dZ,LL(G) +Z {d] VA c E} +Z {d];n] X c E}
- i J i
+Z{ d+m3):vivj€E}.

Using (17),

2e n—2 d
@) 10) < du@)+ [ 25+ 2w - (1- 225 )
2e n—2 d
(24) < dm(G)Jr{n_1+n_1d1+(d1—dn) (1—n_11>]mm,
dl + \/d% +4 |:n2fl + Z_jdl + (dl - dn) (1 - nd,ll)i| Mmax
Le, u(G) <

2

Using Lemma 5.2 we get the required result (18).

Now suppose that equality in (18) holds. Then all inequalities in the above ar-
gument must be equalities. First we have A(G) = u(G). It follows from Lemma 5.2
that G is bipartite.

Since G is a bipartite graph, we can make a partition V = U U W in such a
way that U contains vertex v; and each edges of G connected to the vertices, one
contained in U and another contained in W. Hence graph G is connected and
n> 2, dy > 2.

From equality in (22), we get d; = di. We have |W| > 2, as d; = di > 2. So,
dj ;Enfl, ViVj € FE.

From equality in (23) and using Lemma 5.3, we conclude that either d; =n—1
or all the vertices v;, adjacent to v; (degree is dy), are of degree d; and not adjacent
to v; are of degree d,,, where v;v; € E. Using this result we conclude that all the
vertices in W are of degree d,, as d; # n —1 and |[W| > 2.

From equality in (24), we get m; = mmax. Since all the vertices in W are of
degree d,,, we get

Mmax = My = dna
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which implies that all the vertices are of degree d,,. Hence G is a regular bipartite
graph.
From equality in (22) we have that

x; = 1 for all j such that v;v; € £ and x = 1 for all k such that vjv, € E.

Also it holds for regular bipartite graph.
Conversely, let G be a regular bipartite graph. Therefore we can see easily that
the equality holds in (18). O

Corollary 5.5. Let G be a simple connected graph with n vertices and e edges.
Also let dy, d,, be respectively the highest degree and the lowest degree of G and let
X G) be the spectral radius of L(G). Then

dy + \/d% +4 [ffl + 222, 4 (dy — dy) (1 - %)} dy
2 )
with equality if and only if G is a regular bipartite graph.

(25) AMG) <

Lemma 5.6. [19] Let G be a simple connected graph. Then
MG) <max{d; + m;: 1<i<n},

with equality if and only if G is a regular bipartite graph or G is a semiregular
bipartite graph.

GJ G'z

K5 Gy Gy

Figure 1
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Using Lemma 5.3 and Lemma 5.6, we get the following upper bound for A(G)
on n, e, d; and d,, only.

Theorem 5.7. Let G be a simple connected graph with n vertices and e edges.
Then

(26) \N@) < € +n_2d1+(d1—dn)(1— d )

n—1 n-1 n—1

with equality if and only if G is a star graph or G is a reqular bipartite graph.

Remark. The three bounds (*), (18) and (26) are incomparable. Moreover,
there is no comparability between any one of them and any one of the upper
bounds (1) and (2). Also, we can construct a graph for which any one of the
bound is better than any one of the other bounds. It is interesting that all the
upper bounds are equal to 2(n—1) for a complete graph of order n. Let us consider
five graphs P;, K15, G1, G2 and G5 shown in Figure 1. Values of A(G) and the
various bounds for the five graphs illustrated in Figure 1 are given (to two decimal
places) in Fig. 2.

NG () @ () (18 () (20
Py 3.80 4.47 4.70 5.00 4.11 4.11 4.33
Ki5 600 774 6.00 6.00 852 852 6.00
G1 5.56 6.00 6.27 6.24 6.00 6.00 6.00
Gy 5.00 5.66 5.37 5.46 5.53 5.86 5.60
Gs 5,00 7.21 7.00 7.20 7.48 7.48 6.50

Figure 2
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