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THE LAPLACE-STIELTJES TRANSFORMATION ON ORDERED
TOPOLOGICAL VECTOR SPACE OF GENERALIZED
FUNCTIONS

K.V. GEETHA axp N.R. MANGALAMBAL

ABSTRACT. We have combined the Laplace transform and the Stieltjes transform of
the form f(x) = fooo %dt7 m, p > 0 and applied it to an ordered vector space
of generalized functions to which the topology of bounded convergence is assigned.

Some of the order properties of the transform and its inverse are studied. Also we
solve an initial value problem and compare different solutions of the problem.

1. INTRODUCTION

In an earlier paper [2] we associated the notion of order to multinormed spaces,
countable union spaces and their duals. The topology of bounded convergence was
assigned to the dual spaces. Some properties of these spaces were also studied.
As illustrative examples the spaces 2, &, £, 1, Z(w, z) and their duals were also
studied.

In the present paper an ordered testing function space M;", . is defined and the
topology of bounded convergence is assigned to its dual. Some properties of the
cone in M7, . and in (M7 )" are studied in Section 2.

The Laplace-Stieltjes transform and its properties were studied by Geetha K. V.
and John J. K. [1]. We apply these results to the new context when the topology of
bounded convergence is assigned to the ordered vector space ( t;r,lb,c)/ in Section 3.
Some of the order properties of the transform are also studied.

In Section 4, the inversion of the transform and the order properties of the
inverse are studied.

An operational transform formula which can be applied to boundary value prob-
lems is established in Section 5. As the solutions are from an ordered vector space,
comparison between different solutions is possible.
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2. THE TEST FUNCTION SPACE M™  AND ITS DUAL

a,b,c

AS ORDERED VECTOR SPACES

Let M;", . denote the linear space of all complex-valued smooth functions o(u,t)
defined on (0, 00) X (0, 00). Let (K,,) be a sequence of compact subsets of R xR
such that K; C Ky C ... and such that each compact subset of Ry x R, is
contained in one K, j =1,2,.... Each K defines

Pape ki qid(u,t) = sup |eMutT DL (1 4 ™) b (D (u, t)
(u,t)EK;

where a,b,c € R, ¢, =0,1,2,..., m € (0,00) and

0 0
D, = —D, = <.
Ju ot
{1ty e i g0  ga=o is @ multinorm on MY . where M, . is a subspace of
M7, . consisting of functions with support in K;. The above multinorm generates

the topology 7., . K, On ab.e, K, The inductive limit topology 77

ab,c as K varies
over all compact sets K1, K», ... is assigned to Mg",. With respect to this topology

m s m . . .
M., . is complete. On My, K, an equivalent multinorm is given by

ﬁgfb,c,Kj,q,l((b): sup IU/Z,Lb,QKj,q’,l’((b)'
0<q'<q
o<i’'<l

By identifying a positive cone in M ., an order relation is defined on it as follows.

Definition 2.1. The positive cone of M;" . when M  is restricted to real-
valued functions is the set of all non-negative functions in M, .. When the field
of scalars is C, the positive cone in M;" . is C'+1C which is also denoted as C.

We say ¢ < ¢ in M, it —¢ € Cin M

Theorem 2.1. The cone C of M, . is not normal.

Proof. Suppose that M;" . is restricted to real-valued functions. Let j be a
fixed positive integer and let (¢;) be a sequence of functions in C'N (M, . Kj)
such that A; = sup{¢;(u,t) : (u,?) € K;} converges to 0 for M, . x .

Define

07 (ua t) g Kj-‘rl'
Let &; be the regularization of ; defined by

i m {Ai, (ust) € Ky

&i(u,t) = //%(u — 't — ) (u, ) du’ dt’.
00

Then & € M, .k, ,,, for all i.
In [3, Proposition 1.3, Chapter 1] it was proved that the positive cone in an

ordered vector space E(7) is normal if and only if for any two nets {z5: 8 € I}
and {yg: €I} in E(r)if0<xg <ygforall 3eTandif {yg: [ € I} converges
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to 0 for 7, then {xg : § € I} converges to 0 for 7. So we conclude that C' is
not normal for the Schwartz topology. It follows that C'+ iC is not normal for
M™ d

a,b,c*

Theorem 2.2. The cone C is a strict b-cone in M;?'b,c-

Proof. Let M «b,c be restricted to real-valued functions. Let B be the saturated

a

class of all bounded circled subsets of M™ for 7™ Then M™ = = UpcaB.

a,b,c a,b,c* a,b,c
where ., = {(BNC) — (BNC): B € $} is a fundamental system for # and C
is a strict b-cone since & is a collection of all 77, -bounded sets in M™

a,b,c a,b,c*
Let B be a bounded circled subset of M™, _ for 7 . Then all functions in B

a,b,c a,b,c*
have their support in a compact set K;, and there exists a constant M > 0 such
that |¢(u,t)| < M, for all ¢ € B, (u,t) € Kj,. Let

M K;
w(%t) _ ) (uvt) € LKjo+1
0, (uv t) ¢ Kjo-‘rl'
The regularization £(u,t) of ¥ (u,t) is defined by

E(u,t) = //Qa(u — 't =t t)du A
00

and ¢ has its support in K 1o.
Also,

BC(B+N{C(B+HNC—(B+ENC.
It follows that C is a strict b-cone. We conclude that C' +1iC is a strict b-cone. O

Order and Topology on the dual of M,

a,b,c*®

Let (M7, )" denote the linear space of all linear functionals defined on M[", .

An order relation is defined on (M7, .)’ by identifying the positive cone of (M, )’

a,b,c

to be the dual cone C’ of C in M., .. The class of all B, the polars of B as
B varies over all o(M™ ., (M™ ))-bounded subsets of M™ _is a neighbour-
hood basis of 0 in (M;", )" for the locally convex topology B((M;, )", My, ).

a,b,c’ a,b,c a,b,c
a,b,c

When (M™ ) is ordered by the dual cone C’ and is equipped with the topology

a,b,c

BIM, ) My, ) it follows that C” is a normal cone since C' is a strict b-cone

in M, . for 7.7 .. Note that 5((M$b,c)/,Mm ) is the ¥-topology correspond-

a,b,c a,b,c
ing to the class ¥ of all complete, bounded, convex, circled subsets of (Msz,c)/
for the topology (M., ., (M., .)'). Anthony L. Perissini [3] observed that the
subset Z(E, F), the linear space of all continuous linear mappings of E into F'
is bounded for the topology of pointwise convergence if and only if it is bounded
for the ¢-topology corresponding to the class of all complete, bounded, convex,

circled subsets of E(7).

Theorem 2.3. The order dual (M, )T is the same as the topological dual
M™ ) when (M™, ) is assigned the topology of bounded convergence.
a,b,c

a,b,c
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Proof. Every positive linear functional is continuous for the Schwartz topology

m m
Tob,e O1 Ma’b,c.

(Mg 0)" = C(M o R) = C(M, . R)

a,b,c a,b,co a,b,c’

where C(M], .,R) is the linear subspace consisting of all non-negative order

bounded linear functionals on M7, . of L(M;’fb’c,R), the linear space of all or-
der bounded linear functionals on M, .. It follows that
( th,c)Jr g( ty,Lb,c)/'

On the other hand, the space (M, .)" equipped with the topology of bounded
convergence B((MT7, ), M .) and ordered by the dual cone C’ of the cone C
in M7, . is a reflexive spaéé ordered by a closed normal cone. Hence if D is
a directed set (<) of distributions that is either majorized in (M} ) or con-

a,b,c
tains a B((M;7, .)'s M, .)-bounded section, then sup D exists in (M7, )" and the

a,b,c
filter # (D) of sections of D converges to sup D to B((M[, )/, M7 ). Hence
(M, ) = (M, )" we conclude that (M7, ) is both order complete and topo-
logically complete with respect to the topology ﬂ((M:}b’c)’, M;’fb’c). O

3. THE LAPLACE-STIELTJES TRANSFORMATION

For ¢(u,t) € My ., the Laplace-Stieltjes transform is defined as

SLy (¢(u, 1) = é(y, )

oo

//e_yu(a:m +t™) " Po(u, t)dudt
0 0
for a fixed m > 0, p > 1.

With suitable integrability conditions the multiple integral

[ ol ele ol o]

////e_yu(xmHm)_”f(w,y)aﬁ(u,t) du dt dz dy
0 0 0 O

can be evaluated in two different ways so that

(f.0)=(1.9).
Because of this relation we apply the method of adjoints to the Laplace-Stieltjes
transformation.

The following result is due to Geetha K. V. and John J. K. [1].

Theorem 3.1. Let a > 1 — %n, B < p+1—1/m. Then the Laplace-Stieltjes
transformation maps C' N M7 continuously into C'N M, . if
a<l1, aS%—i—a—p and a<1 ifa:p—&—l—%
b>1-p, b>L+B8—p and b>1-p iff=1-2L.

Definition 3.1. Let f € (M]3, ). The adjoint mapping (SL;'(f),¢) =

a,b,c

(f,SL;'(¢)) defines the Laplace-Stieltjes transformation SL)'(f) € (My'5 )" of f.
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Theorem 3.2. The Laplace-Stieltjes transform is strictly positive and order-
bounded.

Proof. (M7, .)" is an ordered vector space. We define an order relation on the
field of compleX numbers by identifying the positive cone to be the set of complex
numbers a +13, a >0, 8> 0. If f >0, SL*(f) > 0. So SL}" is strictly positive
and hence is order bounded. O

4. INVERSION

For a non-negative integer n, we define a differential operator for p +n > i by
Ln,y,mQS(y,x)ZMyQ”H(Dme)(D ml mD )n 1 2mn+mp m(D LL‘l mD ) ¢(y,9€)

where
m172n1'\(p)
Fn+1/m)L(p+n—1/mI2n+1)
The Laplace-Stieltjes transform can be inverted by the application of this differ-
ential operator. The formal adjoint of this operator is itself.

Lemma 4.1. If p+n > %

//Lmy,w e V(™ + ™) dudt = 1.
00

Lemma42 Lnut maps M", . continuously into Mmﬁvpmmdeda>1fﬁ,
B<p+1- =mta—p b= +B8+p.

Lemma 4.3. If L,, is the differential operator and SL;" the Laplace-Stieltjes
transform operator, then either

y~gl=mPL and SLZT D T

m’

or

m

1—-mp, —2n —2n, mp—1 m
Lyx Y and y "z SL," commute on M, .

wherea:%—i—a—p, b:%—i—ﬂ—p, i.e.
yiznxmpil SLZL [Ln,u,t(‘z’)] = y72n$mp71 [Ln u t(¢)]A

M//e Yu(g™ 4 ™) TPy 2P (1) dudt
0

= L”vyvf SLZL( *2ntmp 1¢)7 fOT ¢ € ab(‘

Theorem 4.1. Leta > 1— %, B<p+l— %, then the sequence {Ln,y7$¢(y, x)}

converges in M5 to ¢(y,z).

Theorem 4.2. Leta =L +a—p, b=2L +3—p, then (L,,($)") converges

Y m
0 ¢in My, . asn — .
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Theorem 4.3. Let f € (M ). Then f € C" if and only if for every non-
negative integer n, Ly, , 4 SLm(f) € ', where C' is the positive cone in (M7, )"

a,b,c
It follows that Ly, 4 4 is stm'ctly positive and hence is order bounded. We summarize

the above results as follows
FOTfE( aﬁry) ¢E aﬁ'y

<SLm( n,y,x (f)) ¢> = <f7 Ln,y@ SLZL((b» — <f, ¢> as n — oQ.
FOT’fE( abc) (256 abc
(Lny, SLy'(f), @) = (f,SL}' Ly, (¢)) — (f, &)

5. OPERATIONAL CALCULUS

SL}' [DuDi(9)] = (mp)y SLy' 4 [t~ p(u, )],
provided

tli>m D, (¢(u,t)) =0= lim D, (¢(u,t))
lim ¢(u,t) =0= hm o(u,t).

U—00

Consider the differential equation
(DuDy)é(u,t) = f(u,t), w>0, t>0 where f(u,t)

isa generalized function upon which Laplace-Stieltjes transform can be applied.
Let Fi(u,t) = [ f(u,t)dt be such that

thm Fi(u,t) =0= }irr(lJ Fy(u,t)
and let
Fy(u,t) = /Fl(u,t)du

be such that

lim Fy(u,t) =0= hm Fs(u,t).

uU— 00

Applying the operational calculus
(mp)y SLy' 1 [t o (u, )] = (mp)y SLY [t Fa(u, 1))

Inverting using the differential operator L, , . for p+1+mn > %
t" L p(u, t) = " Fy(u, t)

so that ¢(u,t) = Fy(u,t) where Fy(u,t) = [ [ f(u,t)d¢tdu. If more than one
solution is obtained comparison between the solution is possible since they belong
to an ordered vector space. Let ¢4 (u,t), ¢2(u,t) be two solutions of the initial value
problem such that ¢;(u,t) for all (u,t) lies on the left of the line, say, Res = «
and ¢o(u,t) lies on the right for all (u,t), then ¢; < ¢o by the order relation we
have defined on (M ).

a,b,c
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