Acta Math. Univ. Comenianae 79
Vol. LXXXI, 1 (2012), pp. 79-87

A NOTE ON THE INSTABILITY OF EVOLUTION PROCESSES

S. RAMNEANTU

ABSTRACT. In this paper we obtain a Perron type characterization for the expan-
siveness of an evolution process in Banach spaces.

1. INTRODUCTION

The notion of exponential dichotomy was introduced by O. Perron [24] and it
has an important role in the theory of dynamical systems as we can see in the
literature.

The study of dichotomy for differential equations with bounded coeflicients in
infinite dimensional spaces was introduced by Daleckij and Krein [6], Massera and
Schéffer [12] followed by the paper of W. A. Coppel [5] who approaches the finite
dimensional case using proper methods for the case of Banach spaces. Recent
results for the case of unbounded operators were obtained by Levitan and Zhikov
[11], Neerven [22], Latushkin and Chicone [3].

Important results in this topic are the papers [1], [2], [4], [7] — [10], [13] — [18],
[20], [21], [23], [25] — [28]. Following this line it must be mentioned the joint paper
of N. van Minh, Rébiger and Schnaubelt [19] which offers a new characterization
of the stability, instability and dichotomy of a dynamical system described by
an evolution process using the so called evolution semigroup associated to the
process ®(¢,to) which has the advantage that its generator verifies the Spectral
Mapping Theorem. In case of “admissibility”, the generator gives the restriction
that the input space is equal to the output space and the associated evolution
semigroup is a Cy-semigroup as in [3, Paragraph 3.3, p.73]. This paper establishes
characterizations for the instability of an evolution family with the Perron method
without using the associated evolution semigroup.

The paper gives a new proof for the result from the paper of V. Minh, Rabiger
and Schnaubelt [19] for the instability, and even expansiveness of the evolutionary
processes with a direct method using the test-functions and input-output spaces,
the pair (C,C) where C = {f: Ry — X, f continuous and bounded on R} and
X is a Banach space.
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2. PRELIMINARIES

Let X be a real or complex Banach space, B(X) the Banach algebra of all bounded
linear operators on X and C = {f : Ry — X, f continuous and bounded on R, }.

Definition 2.1. A family of bounded linear operators on X, ® = {®(¢, s) }s>s>0

is called an evolutionary process if

1) ®(t,t) =1 for every t > 0;

2) O(t,5)P(s,tg) = P(t, o) forallt > s> tg > 0;

3) (-, s)z is continuous on [s,00) for all s >0, z € X;

(¢, )z is continuous on [0,¢] for all t > 0, x € X;
4) there exist M, w > 0 such that
|®(t,s)|| < Me““)  forall t>s>0.

Definition 2.2. The evolution process @ is said to be exponentially instable if
and only if there exist N, v > 0 such that
1@t to)al| = N e”~1) |z
forallt >ty >0 and all x € X.

Definition 2.3. The evolution process @ is said to be exponentially expansive
if @ is exponentially instable and ®(¢,to) is invertible for all ¢ > ¢y > 0.

Definition 2.4. The evolution process ® satisfies the Perron condition for
instability if and only if for every f € C, there exists an unique x € X such that
t

zs(t) = 0(¢,0)x +/<I>(t,7)f(7)d7,
0
M S C.
Lemma 2.1. If the process ® satisfies the Perron condition for instability, then
for every f € C, there exists an unique u € C such that

u(t) = (L, to)ult) + / B(t,7)f(r)dr

for allt >tg > 0.

Proof. Let f € C with u = zy. We have

zg(t) = fI)(t,O)z—F/O O(t,7)f(7)dr
:@(t,to)q)(to,()):z:+/@(t,to)q)(to,T)f(T)dTJr/@(t,T)f(T)dT

0 t
t 0

= ®(t,to)zf(to) + / O(t,7)f(r)dr

for all t > tg > 0.
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Hence u(t) = z¢(t) which is equivalent to
¢

u(®) = @t to)ulto) + [ (e, )f(7)dr
to

forallt >ty >0and u € C.
We suppose that there exists v € C with

v(t) = ®(t,to)v(to) + /(I)(t,T)f(T)dT

for all t > tg > 0.
Denoting by w = u — v we have that

t
w(t) = B(t, to)wl(to) + /d)(t,r)OdT
to
for all t > tg > 0. Then we obtain
t
w(t) = (¢,0)w(0) +/<I>(t,7')0d7'.
0

Hence
t
0= &(t,0)0 + /@(t, 1)0dr
0

for t > 0.
It results that w(0) = 0 and so w(t) = 0 for all ¢ > 0, which is equivalent to
u(t) — v(t) = 0. This means that u(t) = v(¢) for all t > 0.
So, for every f € C, there exists an unique u € C such that
t
u(t) = @t to)ulte) + [ B(t,)f(r)dr
to

for all t > tg > 0. O

Lemma 2.2. If the process ® satisfies the Perron condition for instability and
x # 0, it results that ®(t,0)x # 0 for allt > 0.

Proof. We suppose that there exists ¢ > 0 with ®(¢y,0)z = 0. Then
D(t,t0)P(to,0)x = 0 for all t > to > 0, which is equivalent to ®(¢,0)x = 0 for
all t > tg, and in this way we obtain that ®(-,0)x € C. Then

B(t,0)z = B(t,0)z + /(I)(t,T)OdT
0
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and
t
o:¢mmo+/¢axmw
0

for all ¢ > 0, which is equivalent to £ = 0. This contradicts the hypothesis, so
®(t,0)x # 0 for all t > 0. O

Theorem 2.1. If the process ® satisfies the Perron condition for instability,
then there exists k > 0 such that

g lll < ElLAII
forall f €C.

Proof. We defined: C - C,Uf =z¢. As f, — finCand Uf, — g in C, we
show that Uf = g.
Since

Mﬁ@zxﬁ@z@@@%+/@@ﬂhhﬁr
0

with z,, = x4, (0) for n — oo, it results that

t

o(t) = B(t,0)9(0) + / B(t, ) f(r)dr

0

and so g(t) = xy(t) = Uf(t). Thus! is bounded. From the Closed Graph Theorem
it results that there exists k > 0 such that

sl < ENLA
for all f €C. O

Theorem 2.2. The process ® satisfies the Perron condition for instability if
and only if ® is exponentially expansive.

Proof. Necessity. Let  # 0, 6 > 0 and x: Ry — R with

1 if te€]0,4],
x(t) =< 1+d6—t if te(5d+1],
0 if t>d0+1.

It results that x € C and |||x||| = 1.
Let now f: Ry — X

£(t) = x(t) 20T

It results that f € C and ||| f]|| = 1.
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‘We consider
oo

dr
y(t) = — / ) gy 2 00

o] t

- @(t,O)(—/X(T)q)dT)x”x) +/¢(t,T)f(T)dT —0
0 0

(7,0

forall t >0+ 1.
It results that y € C and y = xy. Then

Iy < iyl < kNIl = &
We have that

(oo}

dr
/ X0 ey 10002l < &

for all t > 0.
If ¢ € [0,0], we have that s

dr
e[ @, 0)z]| < K
/ 2.0
for all § > 0. For 6 — oo we obtain that
T dr k
1) / ar <
/ [@(7,0)z|| [@(¢,0)z|

for all t > 0.
We denote by

T dr
v / o0l

and from (1) it follows that
P(t) < =k (1)

Hence

1 k
% (t—to) v
A ETOROF

which is equivalent to

/OO dT l(tfto) k
— ek S -
/ 12(7,0)z] 1 (to, 0)|

for all ¢ > ty > 0. It follows that
t+1

dT 1 k‘
2) /‘ ekl < T
/ |@(7, 0)z|] [®(to, 0)||

for all t > tg > 0.

83
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However
[@(7,0)z|| = [[@(7, )@ (¢, 0)z|| < M e [|D(t,0)z],

thus
t+1

S S / _dr
Mee | @(t,0)z] = ) [|®(r,0)z|

t
From (2) it follows that

;e%(t—to) < L
M e |[®(t,0)z|| [®(to, 0)||
for all ¢ > ty > 0, which means that
1 e
ez e T (. 0)z]) < 1Bt 0]

for all ¢ >ty > 0 and all x € X. So there exist N = ﬁ and v = % such that
[®(t,0)z]| > N e’ ="0) || (to, 0)x||

forallt >ty >0, and all z € X.
We consider

0 if 0<t<ty,
o (t) = 4t — to) if to<t< to+3,
! 2-4(t—to— %) if to+3<t<to+1,
0 if t>to+ 1.
It results that
to+1

X3 (r)dr = 1.

to

We denote by

(t)_ 0 if 0<t<ty,

TEZ Xod(t,t)z if ¢ > to.

So g(t) = X' ®(t,t9)z for all z € X. Therefore g € C with
llglll < 2M e |||

and -

z(t) = f/Xﬁo (T)dr®(t, to)z
i
with z: [tg,00) — X. Then

o t

z(t) = */Xﬁo(’r)d’]’@(t,s)@(s,to)z+/tho(T)dT@(t, $)P(s,tg)z

S

= (t,5)2(s) +/<I>(t7T)g(T>dT

S

forallt > s> 0.
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But z(t) =0 for all t >ty + 1 and g € C. It results that there exists an unique
x4 € C and
t
20(t) = (t,5)zy () + [ B(t.T)g(r)dr

S

for all t > s > 0. Hence z4(t) = z(t) for all ¢ > ty. Therefore

to+1
y(to) = #(to) == [ xP(e)dz = .
But
(t0) = (10, 0),(0) + [ Blto,7)g(7) = Blto,0)2,(0).

0

So it results that ®(t9,0)(—z4(0)) = z. In this way we obtain that for all z € X,
there exists an unique —z4(0) € X with ®(t9,0)(—xz,4(0)) = z, so ®(ty,0)z = = for
all to > 0.

Let t > tp > 0 and z € X. Then there exists u € X with ®(tp,0)u = z and

18 (2, 0)ul| = N e~ || (to, 0)ul

which is equivalent to
19 (2, 0)2]| > N e =8 | ]
forall t >ty > 0 and all z € X. Thus ® is exponentially instable.

Let w € X. Then there exists u € X with ®(¢,0)u = w = ®(¢,t9)P(to,0)u. So
for w € X there exists v = ®(t,0)u € X such that D(t,tp)v = w.

It results that ®(¢,tp) is surjective.

As ®(t, 1) is injective from Definition 2.2, it follows that ®(t,to) is invertible,
hence ® is exponentially expansive.

Sufficiency. Let f € C and

Then
Wl < [ Leren imar < L
- N - N
t

for all t > 0.
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It results that y € C and y(0) = — [;° ®~(7,0) f()dr. So
t

B(t,0)y(0) fjéwm@*@mﬂﬂwf/@wmé*mmﬂﬂw

O(t,0)(D(r, £)®(t,0)) " f(r)dr

Il

|
e
—~
\’P#

3
~—
=

3
~—
[oW

3

|

It results that

O(¢,0)y(0) + / O(t,7)f(r)dr = —/<I>_1(7'7 t)f(r)dr,
0 t

which is equivalent to

(3)

yw=¢mmmm+/¢wﬂﬂﬂw.

But there exists z € X with

(4) y(t) = ©(¢,0)z + /(I)(t,T)f(T)dT
0

By decreasing the relations (3) and (4), we obtain that
0 pr—

®(t,0)(y(0) — 2),

hence

y(0) = z.
It results in this way that the evolution process ® satisfies the Perron condition

for instability and the proof is complete. O

REFERENCES

. Ben-Artzi A. and Gohberg 1., Dichotomies of systems and invertibility of linear ordinary

differential operators. Oper.Theory Adv. Appl. 56 (1992), 90-119.

. Ben-Artzi A., Gohberg I. and Kaashoek M. A., Invertibility and dichotomy of differential

operators on the half-line. J. Dyan. Differ. Equations 5 (1993), 1-36.

. Chicone C. and Latushkin Y., Evolution semigroups in Dynamical Systems and Differential

Equations . Matematical Surveyes and Mongraphs, vol. 70, Providence, Ro Mathematical
Society 1999.

. Coffman C. V. and Schéffer J. J., Dichotomies for linear difference equations, Math. Ann.

172 (1967), 139-166.

. Coppel W. A., Dichotomies in Stability Theory, Lecture Notes in Mathematics, vol. 629,

Springer, 1978.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.
25.

26.

27.

28.

A NOTE ON THE INSTABILITY OF EVOLUTION PROCESSES 87

. Daleckij J. L. and Krein M. G., Stability of Solutions of Differential Equations in Banach

Spaces. Amer. Math. Soc., Providence RI, 1974.

. Datko R., Uniform asymptotic stability of evolution processes in Banach spaces. STAM. J.

Math Anal. 3 (1973), 428-445.

. Latushkin Y. and Randolph T., Dichotomy of differential equations on Banach spaces and an

algebra of weighted composition operators, Integral Equations Operator Theory, 23 (1995),
472-500.

. Latushkin Y., Montgomery-Smith S. and Randolph T., Evolutionary semigroups and di-

chotomy of linear skew-product flows on locally compact spaces with Banach fibers, J. Diff.
Eq. 125 (1996), 73-116.

Latushkin Y., Randolph T. and Schnaubelt R., Exponential dichotomy and mild solution
of monautonomous equations in Banach spaces. J. Dynam. Differential Equations, 1998,
489-510.

Levitan B. M. and Zhikov V. V., Almost Periodic Functions and Differential Equations.
Cambridge Univ. Press 1982.

Massera J. J. and Schaffer J. J., Linear Differential Equations and Function Spaces. Aca-
demic Press, New York, 1966.

Megan M. and Preda P., Admissibility and uniform dichotomy for evolutionary processes in
Banach spaces. Ricerche Math. XXXVII (1988), 227-240.

Megan M. and Busge C., On uniform exponential dichotomy of observable evolution operators.
Rend. Sem. Mat. Univ. Politec. Torino, 50 (1992), 183-194.

Megan M., Sasu B. and Sasu A. L., On nonuniform exponential dichotomy of evolution
operators in Banach spaces. Integral Equations Operator Theory 44 (2002), 71-78.

, Banach function spaces and exponential instability of evolution families. Arch.
Math., 39 (2003), 277-286.

, Discrete admissibility and exponential dichotomy for evolution families. Discrete
Contin. Dynam. Sistems, 9 (2003), 383-397.

, Exponential expansivess and complete admisibility for evolution families. Czech.
Math J., 54 (2004), 739-749.

van Minh N., Rabinger F. and Schanubelt R., Exponential stability, exponential expansive-
ness and exponential dichotomy of evolution equations on the half-line. Integral Equations
Operator Theory 32 (1998), 332-353.

van Minh N. and Thieu Huy N., Characterizations of dichotomies of evolution equations on
the halh-line, J. Math. Anal. Appl., 261 (2001), 28-44.

van Minh N., On the proof of characterizations of the exponential dichotomy. Proc. Amer.
Math. Soc. 127 (1999), 779-782.

van Neerven J., Ezponential stability of operators and semiogroups. J. Func. Anal. 130
(1995), 293-3009.

Palmer K. J., Ezponential dichotomy and expansivity. Ann. Mat. Pura. Appl. 185 (2006),
S171-S185.

Perron O., Die Stabilitatsfrage bie Differentialgeighungen. Math Z. 32 (1930), 703-728.
Preda P. and Megan M., Ezponential dichotomiy of strongly continuous semigroups . Bull.
Austral. Math. Soc. 30 (1984), 435-448.

, Exponential dichotomiy of evolutionary processes in Banach spaces. Czech. Math.
J. 35 (1985), 312-323.

Preda P., Pogan A. and Preda C., Individual stability for evolutionary processes. Dyn.
Contin. Discrete Impuls Syst. Ser. A. Mat. Anal., 13 (2006), 525-536.

Schnaubelt R., Sufficient conditions for exponential stability and dichotomy of evolution
equations. Forum Math. 11 (1999), 543-566.

S. Ramneantu, West University of Timisoara, Departament of Mathematics, Bd. V. Parvan,

Nr.4, 300223, Timigoara, Romania, e-mail: ramneantusebastian@yahoo.com



