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THE CESARO y? SEQUENCE SPACES
DEFINED BY A MODULUS

N. SUBRAMANIAN

ABSTRACT. In this paper we define the Cesaro x2? sequence space Cesf7 (X?) defined
by a modulus and exhibit some general properties of the space.

1. INTRODUCTION

Throughout w, xy and A denote the classes of all, gai and analytic scalar valued
single sequences, respectively.

We write w? for the set of all complex sequences (., ), where m,n € N, the set
of positive integers. Then, w? is a linear space under the coordinate wise addition
and scalar multiplication.

An initial work on double sequence spaces is found in Bromwich [4]. Later on,
they were investigated by Hardy [5], Moricz [9], Moricz and Rhoades [10], Basarir
and Solankan [2], Tripathy [17], Turkmenoglu [19] and many others.

Let us define the following sets of double sequences:

M, (t) == {(l’mn) cw?: sup |zl < oo},

m,neN

Cp (1) =4 (Zmn) €w?:p— lim |z, — ™" =1 for some [ € (C} )

m,n— o0

Eu (t) = (-rmn) S w2 : Z Z ‘xmn|tmn < OO} ’
m=1n=1

COP (t) = {(mmn) S w2 p— lim |{,Cmn tmn = 1} ,
C

Cop (1) == Cp () "My (t)  and  Copp () = Cop (£) N M (1)

where ¢t = (t,,) is the sequence of strictly positive reals t,,, for all m,n € N and
p — lim,;, oo denotes the limit in the Pringsheim’s sense. In case t,,, = 1 for all
m,n € N, M, (t), Cp (t), Cop (t), Ly (t), Cop (t) and Copyp, (t) are reduced to the sets
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My, Cp, Cop, Ly, Cop and Copp, respectively. Now, we may summarize the knowl-
edge given in some documents related to the double sequence spaces. Gokhan and
Colak [21, 22] proved that M, (t) and C, (t), Cpp (t) are complete paranormed
spaces of double sequences and gave the a-, 8-, v- duals of the spaces M, (t)
and Cyp (t). Quite recently, Zelter [23] in her PhD thesis, essentially studied both
the theory of topological double sequence spaces and the theory of summability
of double sequences. Mursaleen and Edely [24] recently introduced the statisti-
cal convergence and Cauchy for double sequences and gave the relation between
statistical convergent and strongly Cesaro summable double sequences. Next,
Mursaleen [25] and Mursaleen and Edely [26] defined the almost strong regularity
of matrices for double sequences and applied these matrices to establish a core
theorem and introduced the M-core for double sequences and determined those
four dimensional matrices transforming every bounded double sequence = = (z,)
into one whose core is a subset of the M-core of x. More recently, Altay and Basar
[27] defined the spaces BS, BS (t), CSp, CSpp, CS, and BY of double sequences
consisting of all double series whose sequence of partial sums are in the spaces
My, My, (t), Cp, Cip, C, and L,,, respectively, and also examined some properties
of those sequence spaces and determined the a-duals of the spaces BS, BV,CSy,
and the [ (9¥) — duals of the spaces CSp, and CS, of double series. Further Basar
and Sever [28] introduced the Banach space £, of double sequences correspond-
ing to the well-known space ¢, of single sequences and examined some properties
of the space £,. Quite recently Subramanian and Misra [29] studied the space
X3; (p, q,u) of double sequences and gave some inclusion relations.

Spaces that are strongly summable sequences were discussed by Kuttner [31],
Maddox [32], and others. The class of sequences which are strongly Cesaro sum-
mable with respect to a modulus was introduced by Maddox [8] as an extension
of the definition of strongly Cesaro summable sequences. Connor [33] further ex-
tended this definition to a definition of strong A-summability with respect to a
modulus where A = (a,, ) is a nonnegative regular matrix and established some
connections among strong A-summability, strong A-summability with respect to a
modulus, and A-statistical convergence. In [34] the notion of convergence of dou-
ble sequences was presented by A. Pringsheim. Also, in [35]-[38] and [39] the four
dimensional matrix transformation (Azx), , = Y277 | 32| iy @y was studied
extensively by Robison and Hamilton. This will be accomplished by presenting
the following sequence spaces:

Ces} (X?c) =d(z,0)

oo 00 7 7 Pmn ﬁ
= quex’ = lim ZZ( LSS g (((m+n) Iwmnl)’”*”)> =0

i=1j=1\%Y m=1n=1

and

Cesf (A7) = d (x,0)

1
Pmn

i

oo 00 7 Pmn
= zeX2 1= sup ZZ(QIU ZZanf ((Imn|)"‘+">> < 00

i=1 j=1 m=1n=1
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where f is a modulus function. Other implications, general properties and varia-
tions will also be presented.
In the sequel of the paper we need the following inequality

(1.1) (a+Db)P < a” +bP

for a,b,> 0 and 0 < p < 1. The double series Efno,nﬂ Tomn 18 called con-
vergent if and only if the double sequence (s;,,) is convergent, where $,,, =
S5ty wig(m,n € N) (see [1]).

A sequence © = () is said to be double analytic if sup,,,,, |Tmn| < 0.
The vector space of all double analytic sequences will be denoted by A2. A se-
quence T = (Zymn) is called double gai sequence if ((m + n)! [Zmn|)/™ ™ — 0 as
m,n — oo. The double gai sequences will be denoted by x2. Let ¢ = {all finite
sequences}.

Consider a double sequence x = (z;;). The (m,n)!" section z["™" of the se-
quence is defined by z™n = > ity for all m,n € N; where ;5 denotes
the double sequence whose only non zero term is a ﬁ in the (i, j)th place for
each 7,7 € N.

An FK-space (or a metric space) X is said to have AK property if (S ) is a
Schauder basis for X. Or equivalently zl™™ — z.

An FDK-space is a double sequence space endowed with a complete metrizable;
locally convex topology under which the coordinate mappings = (zg) — (Tmn)
(m,n € N) are also continuous.

Orlicz [13] used the idea of Orlicz function to construct the space (L*). Lin-
denstrauss and Tzafriri [7] investigated Orlicz sequence spaces in more detail and
proved that every Orlicz sequence space ¢y contains a subspace isomorphic to
¢, (1 < p < 00). Subsequently, different classes of sequence spaces were defined by
Parashar and Choudhary [14], Mursaleen et al. [11], Bektas and Altin [3], Tripa-
thy et al. [18], Rao and Subramanian [15] and many others. The Orlicz sequence
spaces are the special cases of Orlicz spaces studied in [6].

Recalling [13] and [6], an Orlicz function is a function M: [0,00) — [0, 00)
which is continuous, non-decreasing and convex with M (0) = 0, M (z) > 0 for
x>0 and M (x) — oo as x — oo. If convexity of Orlicz function M is replaced
by subadditivity of M, then this function is called modulus function, defined by
Nakano [12] and further discussed by Ruckle [16] and Maddox [8], and many
others.

An Orlicz function M is said to satisfy the As-condition for all values of w if there
exists a constant K > 0 such that M (2u) < KM (u) (u > 0). The As-condition
is equivalent to M (fu) < K¢M (u) for all values of u and for ¢ > 1.

Lindenstrauss and Tzafriri [7] used the idea of Orlicz function to construct
Orlicz sequence space

EM{xew:ZM(mﬁ><oo, for some p>0}.

k=1

1/m+n
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The space ¢3; with the norm

[l _inf{p>01§:M<|a;)k> < 1}

k=1
becomes a Banach space which is called an Orlicz sequence space. For M (t) = t?,

(1 < p < 00), the spaces £y coincide with the classical sequence space £,,.
If X is a sequence space, we give the following definitions:

(i) X' is the continuous dual of X;

o0

(il) X* = {a = (@mn): Y, |GmnTmn| < 0o, foreach x € X};

m,n=1

m,n=1

oo
(iii) X =<a=(amn): Y. GmnTmn is convergent, for each x € X};

M,N
(iv) X7 =< a=(ampn) :sup > 1, > GmnTmn| < 00, for each x € X p;
mn m,n=1

(v) let X be an FK-space D ¢; then X/ = {f(%mn) 1 fe X/};

1/m+n

(vi) X = {a = (Amn) : SUD |GmnTmn| < oo, foreach z € X};

X XP X7 are called a- (or Kéthe-Toeplitz)-dual of X, 3- (or generalized- Kéthe-
Toeplitz)-dual of X, v-dual of X, d-dual of X, respectively. X< was defined by
Gupta and Kamptan [20]. It is clear that 2% € X” and X C X7, but X* C X7
does not hold, since the sequence of partial sums of a double convergent series
need not to be bounded.

The notion of difference sequence spaces (for single sequences) was introduced
by Kizmaz [30] as follows

Z(A)={z=(z) ew: (Axy) € Z}

for Z = ¢, cp and fo,, where Axy, =z, — x4 for all k € N.

Here ¢, ¢y and ¢, denote the classes of convergent, null and bounded scalar
valued single sequences, respectively. The difference space bv, of the classical
space ¢, was introduced and studied in the case 1 < p < oo by Basar and Altay
in [42] and in the case 0 < p < 1 by Altay and Basar in [43]. The spaces ¢ (A),
¢ (A), lso (A) and bu, are Banach spaces normed by

o

1/p
[#]| = |z1] + sup |Azg| and |z, = (Z |$k|p> , (1<p<o0).
k=21 =1

Later on the notion was further investigated by many others. We now introduce
the following difference double sequence spaces defined by

Z(A) ={z = (2mn) €W : (Azpn) € Z}

_ 2 2 —
where Z = A ¢ and A:Emn - (mmn - xanrl) - (-rerln - mm+1n+1)
= ZTmn — Tmn+l — Tmtln + Tmtint+1 for all myn € N.
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2. DEFINITIONS AND PRELIMINARIES

Ces? ()@) and Ces? (A}) denote the Pringscheims sense of Cesaro double gai
sequence space of modulus and Pringscheims sense of Cesaro double analytic se-
quence space of modulus, respecctively.

Definition 2.1. A modulus function was introduced by Nakano [12]. We recall
that a modulus f is a function from [0, 00) — [0, 00) such that
(1) f(z) =0if and only if x = 0,
(2) Fa+y) < f @)+ f () forall 220, 5>0,
(3) f is increasing,
(4) f is continuous from the right at 0. Since |f (x) — f (y)| < f (Jx —y]), it
follows from here that f is continuous on [0, 00).

Definition 2.2. Let A = (akmj) denote a four dimensional summability method

that maps the complex double sequences z into the double sequence Ax where the
k, f-th term to Ax is as follows:

(Az),, = Z Zaﬁ"mmn.

m=1n=1

Such transformation is said to be nonnegative if a}};" is nonnegative.

The notion of regularity for two dimensional matrix transformations was pre-
sented by Silverman [40] and Toeplitz [41]. Following Silverman and Toeplitz,
Robison and Hamilton presented the following four dimensional analog of regu-
larity for double sequences in which they both added an adiditional assumption
of boundedness. This assumption was made because a double sequence which is
P-convergent is not necessarily bounded.

Definition 2.3. Let p € [1,00) and ¢ be a double gai sequence of positive real
numbers such that

7

J
Qij = Z Zany Z,] € Nv

m=0n=0
Cesg (X%) =d(z,0)

1

oo 00 % J Pmn\ Pmn
= quex’ = lim ZZ(C; S gt ((m+m) Ixmnl)’"”)> =0

i=1j=1\%Y m=1n=1

If gmn = 1 for allm,n € N, then Ces] (Xfc) reduces to Ces,, (X?), and if f (z) =z,
then Ces] (X?) reduces to Ces] (XQ).

Definition 2.4. Let p € [1,00) and ¢ be a double analytic sequence of positive
real numbers such that
i

J
Qij = Z qu"’ i,j € N7

m=0n=0



94 N. SUBRAMANIAN

1

Pmn\ Pmn
)) < 0

If ¢ = 1 for allm,n € N, then Cesg (A?) reduces to Cesy, (A?), and if f (x) = x,

Z qunf( [Zmn]) ¥

m=1n=1

then Cesg (A%) reduces to Cesg (Az).

The space Ces} (xf) is a metric space with the metric

d(z,y)

00 00 Pmn \Pmn
= inf {sup ZZ( Zqunf( m+n)!|xmn—ymn>ml+n)> <1

i=1j=1 W p=1n=1

The space Ces] (Afc) is a metric space with the metric

d(z,y)

Pmn

oo 00 7 7 Pmn
= inf { sup ZZ(Q qunf( Iwmn—ymnl)m“)> <1
1] n—1

m=1

i=1 j=1

3. MAIN RESULTS
Proposition 3.1. Let z,y € Ces] (Xfc) Then for any € > 0 and L > 0, there
exists § > 0 such that (d (x +y,0),0)’"" =d (z,0)""" +¢, whenever d (x,0)" < L

and d (y,0)P™ < 4.

Proof. For any fix € > 0,

(Qlij i qunf (((m+n)!|xmn+ymn)mlﬂ)> mn

d(z+y,0 =Y

4 Pmn
) XJ: Grn (((m + ) |xmn)m1+n)>

+§:§: Qlij Zj:thf (((m—i-n) |ymn|)m+")> .
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( P (<<m+n>!xmn|>"f+n)>

=1 j=1 m=1n=1
RO P Db Prmya (R Ly
i=1j=1 Qij 1 el
o 1 e dmnd () )7 ) P
D3 ﬁ
i=1 j=1 " m=1n=1
aad i J Pmn
< ZZ( 1__ Zanf (((m+n)!|xmn>m+n)>
i=1 j=1 Qij 11
>~ iJd Pmn
i=1 j=1 W 1 mel
BIE [ 1 - 20mnf (((m—l—n)! |ymn|)r1n> Pmn
EP DI .
i=1j=1 Y om=1n=1

" (;)pm_l ii ( 1.. ZZ: Zj:anf (((m+n)! |ymn|)m1+n)> o

Y m=1n=1

Proposition 3.2. For every p = (pmn),
[Cesp (47)]7 = [Cesg (A3)]° = [Cesg (A3)]" = [Cest (n7)]”
where

[Cesj (n)]

ij

NeN-—{1} i=1 j=1 m=1n=1

Proof. First we show that [C’esg (n?)] C [C’esg (A?)}B
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B
Let z € [Cesg (17)20)} and y € [Cesg (A?)} . Then we can find a positive
integer N such that

(|ymn‘1/m+n)

[SSINe'S) 1 4 7 L P Pmn
<max | 1, sup ZZ (Q" Z qunf (|ymn|m) ) < N
1

mnzl5 9 iy J m=1n=1

1

for all m,n.
Hence we may write

menym” < Z |xm"ym”| < Z (f (‘xmnymnD) < Z (f (|xmn| Nm+n)) :

m,n
Since z € Ces] (77?) The series on the right side of the above inequality is

convergent, whence = € Ces? (A?) Hence [Cesg (n?)] C [C’esg (A?)]ﬁ
Now we show that {Cesg (A?)r C [Cesg (n?)}

For this, let z € [Cesg (A?)] ’ and suppose that = ¢ [Cesg (A?p)] . Then there
exists a positive integer N > 1 such that 3° . (f (|zmn| N™*")) = oc.

If we define y,,, = N™*"Sgnz,,,, m,n=1,2,---, then y € {Ccsg (A%)} )
But, since

§ TmnYmn
m,n

B B
we get x ¢ [Cesg (A?)} , which contradicts the assumption = € [Cesg (A?)}

Theref Ces? (n? quAQ,G—Cq2
erefore x € { es; (nf)] an [ esp( f)} = [ es; (nfﬂ.
(ii)and (iii) can be shown in a similar way of (i). Therefore, we omit it. O

= Z (f (|ZmnYmnl)) = Z (f (|.Z‘mn| Nm+")) = 00,

mn m,n

Proposition 3.3. Let p = (pmn) be a Cesdro space of double analytic modulus
sequence of strictly positive real numbers pmyy,. Then

(i) Ces; (A?) is a paranormed space with

Pmn

%

i=1j=1 m=1n=1

if and only if h = inf p,,y,, > 0, where M = max (1, H) and H = sup pm.
(ii) Cesg (A?) is a complete paranormed linear metric space if the condition p
in (3.1) is satisfied.
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Proof. The proof of (i). Sufficiency. Let h > 0. It is trivial that g () = 0 and
g(—z)=g(x).

The inequality g(z+y) < g(z)+ g(y) follows from the inequality (3.1),

since ppmn/M < 1 for all positive integers m,n. We also may write g (Az) <
max (|/\\ , |)\|h/M) g (x), since A" < max <|)\|h , |)\|M) for all positive integers
m,n and for any A € C, the set of complex numbers. Using this inequality, it can

be proved that Az — 6, when z is fixed and A — 0, or A — 0 and z — 6, or A is
fixed and z — 0.

Necessity. Let Ces] (A?) be a paranormed space with the paranorm

Pmn

g(x) = sup ii( ZZanf (Immnl’"*")) )

J m=1n=1

and suppose that h = 0. Since |A P /M \)\|h/M
and A € C such that 0 < |A] < 1, we have

i=1 j=1

=1 for all positive integers m,n

1
Pmn

M Pmn
LSS 2 ) .

m=1n=1

Hence it follows that

Pmn

o) e (353 (35 3 ) 1

=1 j=1

for z = () € Ces} (AQ) as A — 0. But this contradicts the assumption Ces? (A?)

is a paranormed space with g ().
The proof of (ii) is clear. O
Corollary 3.4. Cesg (A}) is a complete paranormed space with the natural

paranorm if and only if Ces] (A?) = Ces? (A?) .

B
Proposition 3.5. For every p = (pmn) , Ces} (ﬁ)c [Cesg (X?)} & Ces; (A?)

Proof. The proof of (i). First, we show that Ces} ( ) {Cesq (Xf)r. We
know that {Cesq ( )] C Ces}, (A?)
|Ces (A;)r c |Cesy (Xmﬁ' But |Ces] (A})r — Cesp, (n3) by Proposi-
tion 3.2. Therefore,
(3:2) Ces (n}) © [Cesp (x3)]”.
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The proof of (ii). Now we show that {Cesg (x?)]ﬁ & Ces] (A?)

B
Let y = (Ymn) be an arbitrary point [CesfJ (X?)] . If y is not Ces] (A?), then
for each natural number ¢, we can find an index my,n, such that

1

oo o0 1 i 7 . Pmn\ pPmn
Sy (Q S5 G (((mg + 1) |ywq|>mq+w)> >4
i=1j=1 K

J m=1n=1

for (1,2,3,---). Define x = {x,,,} by

oo oo 9 7 . .\
> (Ql S5 Gounf (4 0)! @) 7o >> o
i=1j=1 R

J m=1n=1

for (mn) = (mgn,) and some ¢ € N; and

%

oo o0 j 1
> <Ql > qunf«(mm)!|xmn|>”m">w> =0, otherwise.

=1 j=1 m=1n=1

Then z is Ces] ()@) , but for infinitely mn,

(3'3) ZZ (ley Z Zanf (((m + n)! |ymnxmn|)pmn)pmln> b

i=1 j=1 m=1n=1

Consider the sequence z = {2y}, where

Qu1 (quif 2lzp)P™ )P = Q1 (quof (2'z11)Pm )™ — s
with

Z(fZ qmnf<<<m+n);|zmn)pmn)p;n> .

Y m=1n=1
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Hence 2 is in Ces] (X?) But, by the equation (3.3),

Z (le Z Zanf(((m+n)! |zmnymn)pmn)m}m>

=1 j=1 J m=1n=1
does not converge and 0 Y > ZunnYmn diverges. Thus, the sequence y would not

B
be [Ces‘f7 (X?)} . This contradiction proves that

B
(3.4) [Ces? (x7)]" C Ces (A7) .
If we now choose f = id, where id is the identity and
1 1
S (qn (M +n)ly1n)) = =— (qun (M + n)l210))
Q1 Q1

and

Qlij (G (724 7)) = Ql

for all n, j, then obviously 2 € Ces! (X?) and y € Ces] (A%) , but
(3.5) Z Z TrnYmn = OO.

Hence y ¢ [Cesg (X?)r
From (3.4) and (3.5), we are granted [Cesg ()@)]ﬂ & Ces] (A?) . O

Proposition 3.6. In Ces] (X?) weak convergence does not imply strong con-
vergence.

Proof. Assume that weak convergence implies strong convergence Ces; ()@) .
BB
Then, we would have [Cesg (Xfcﬂ = Ces,, (X?p) [see Wilansky]. But
[Cest (x7)]™" & [Cesg (43)]” = Cesf (n7)
p \Xf g esp (A = esp Uy ) -
BB

Thus [Cesg (X?)} # Ces] (X?c) . Hence weak convergence does not imply strong
convergence in Ces? ()@) . O

Proposition 3.7. Let f be an modulus function which satisfies the Ao-condition.
Then Ces? (x?) C Ces] ()@) .

Proof. Let
(3.6) z € Ces] (XQ) )



100 N. SUBRAMANIAN

Then

1
5SS e (5 ) |>>> =

SIS <
i=1 j=1 Q” m=1n=1
for sufficiently large m,n and every € > 0.
(oo} oo
>3 (4.3

i=1 j=1

Zqunf m+n>!|xmn|>pm">mln> <f(e)

m=1n=1

(because f is non-decreasing). This implies

>0 <Q” 2. qunf (m +n)! |xmn>1’”m>m>) <Kf(e) < (e)
<

=1 j=1 m=1n=1
(by the Ag-condition, for some K > 0 and by defining f (&)

i=1j=1 m=1n=1
Hence
2
(3.8) r € Ces) (Xf) .
From (3.6) and (3.8), we get Ces? (x?) C Ces] (Xﬁc) . u

Proposition 3.8. [Cesq ( )] G Ces] (;@)

Proof. Let (zmn) € {Cesf7 (A%)}ﬁ

(39) Z Z |xmnymn| <00

B
for all (Ymn) € [Cesg (A?)] . Assume that (2,,,) ¢ Ces] (X?) . Then there exists
a sequence of positive integers
1

(m, + nT!Q)(mT+””‘)) ’

f(|xmr+nr|)> ( (T:172737"')'

Take
(2 (mr + m)!)m7~+n7- for r = ]-7 27 37 )
Ymytn, =
Ymotn, =0 otherwise.

Then (Ymn) € [Cesg (A?)} . But

oo oo
Z Z ‘mmnymn| = Z |xmr+nrymr+nr| =f <Z |xmr+nrymr+m >
r=1

r=1
ST4+14+1+--
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We know that the infinite series 1+ 1+ 14 ... diverges. Hence > > |ZmnYmn|
diverges. This contradicts (3.9). Hence () € Ces] (X?c) . Therefore,

B
(3.10) [Ces (A?&')] C Ces} (X?) .
If we now choose p = (pmn), it is a constant f = id, where id is the identity and
1 1
(q1n (1 +71)ly1,)) = (q1n (1 +n)l215)) and
Q1 Q1

& (Gonn (72 + 1)in)) = Qi (Gonn (2 + 1)) = 0

ij ij

where (m,i > 1) for all n,j, then obviously z € Ces} (X?) and y € Ces] (Af‘) ,
but

(3.11) Z menymn = 00.
Hence y ¢ [Cesg (X?)r

From (3.10) and (3.1), we are granted [Cesf7 (A?)]B & Ces] (Xfc) . O

Proposition 3.9. Let (Cesg (X?c)) denote the dual space of Ces}! ()@) . Then

we have (Cesg (x?c))* = Ces! (Afc) )
Proof. We recall that

0, 0, ... 0, 0, ... 0
0, 0, ... 0, 0, ...0
1
0, O, Tmtn)l’ 0, ... 0
0, 0, ... 0, 0, ...0

with m in the (m,n)™ position and zero otherwise, with

1
Pmn

T = Smn ii (le] 27: Xj:anf (((m+n)‘ |5'3mn)min)> -

i=1 j=1 m=1n=1
0 0, ... 0. 0, .0 0,0, ... 0 0, ..0
_ 0,0, ... 0, 0,..0
= (m+n)! = .
0,0, ... (<m+n>!)’0""0 0,0, ... 1M/m+n o .. 0
0, 0, ... 0, 0, ... 0 0, 0, ... 0, 0, ... 0

which is a Ces] (X?) sequence. Hence S, € Ces) (X?p) . Let us take f (z) =
Dot Domet TmnYmn With z € Ces] ()@) and f € (Cesf7 (x?)) . Take z =
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(Tmn) = Smn € Ces] (x?) Then
|ymn| S ||f|| d (%mn, 0) < 0 fOI' each m,n.

Thus (ymn) is a bounded sequence and hence an Cesaro double analytic sequence of
modulus. In other words y € Ces? (A?) . Therefore <Cesg (X?c)) = Ces] (A?) .
O
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