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PEXIDER TYPE QUARTIC OPERATORS
AND THEIR NORMS IN X, SPACES

ZHIHUA WANG anD LEI LIU

ABSTRACT. In this paper, we introduce linear operators and obtain their exact
norms defined on the function spaces X, and Zg. These operators are constructed
from the quartic functional equations and their Pexider versions.

1. INTRODUCTION

Let X and Y be complex normed spaces. Given A > 0, denote by X, the linear
space of all functions f: X — Y with the condition

If(@)|| < Myl vz e X,

where My > 0 is a constant depending on f. It is easy to show that the space X
is a normed space if it is equipped with the norm

11 := sup{e= =l f(2)]}.
zeX

Let us denote by X7 the linear space of all functions ¢: X x---x X — Y for
—_———

n times
which there exists a constant M, > 0 with
A il
”‘p(xla"'vxn)HSMtﬂe =t ) V:vl,-~-,mn€X.
It is easy to see that the space X} with the norm
A3
lell:=="sap  {e = lo(zr, - )}

T, ,Tn€

is a normed space. We denote by Z{" the normed space ;- Xx = {(f1,---, fm):
fi,--, fm € X1} together with the norm

(=== fa) | = max{{[ fulls - [l fm 1}

S. Czerwik and K. Dlutek [1, 2] investigated some properties of Pexiderized
Cauchy, quadratic and Jensen operators on the function space X . These results
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have extended in the paper [7]. In fact, M. S. Moslehian, T. Riedel and A. Saadat-
pour [7] studied the Pexiderized generalized Jensen and Pexiderized generalized
quadratic operators on the function space X, and provided more general results
regarding their norms. S. M. Jung [3] investigated the norm of the cubic opera-
tors on the function spaces Z3. Recently, A. Najati and A. Rahimi [8] introduced
Euler-Lagrange type cubic operators and gave their exact norms defined on the
function spaces X and Z3.

S. H. Lee, S. M. Im and I. S. Hwang [5] considered the following quartic func-
tional equation

Flat o)+ e = af (qau) +af (5o -v)
(1.1)
to4f (;x> —6f(y).

They obtained the general solution of equation (1.1) and proved the Hyers-Ulam-
-Rassias stability of this equation. Y. S. Lee and S. Y. Chung [6] introduced the
following quartic functional equation, which is equivalent to (1.1),

flx+y) + fle—y) =d°f (ix+y> +a’f (ix—y>
(1.2)
2 =1 (o) =20 = 1)

for fixed integers a with a # 0,%+1. Moreover, D. S. Kang [4] introduced the
following generalized quartic functional equation

f (2334— iy) +f (ll)x - iy)
(1.3) = (ab)? [f (albx + alby> +f (;ba: - alby>]

+2a%(a® = ) f (;bx) — 20 (a® — 1) (;by>

for fixed integers a, b with a,b # 0,a b # 0.
Next, we will introduce linear operators which are constructed from the quartic
and the Pexiderization of the quartic function equations (1.2) and (1.3).

Definition 1.1. The operators QF, Q¥ : Z§ — Xi are defined by

Qf e+ Jo)o) = fia ) fala=)=mfa () - (o)

om(m® — 1), (;x) +2(m? = 1) fe(y),
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b b
_ (ab)2 [f3 (albx + alby> + fa (albx - alby>]
—2a%*(a® — b) fs <1x) + 20%(a® — b*) fs (1y>
ab ab”’ )’

where a, b and m are fixed integers with a,b # 0,a +b # 0 and m # 0, £1.

Definition 1.2. The operators Q1,Q2 : X — X3 are defined by

Q)@ y) = flo+9)+ [l —y) —m*f (- +y) — m?f (nllx _ y)

—2m?(m? - 1)f (;m> +2(m* = 1)f(y),

Q2(f)(@,y) = f <11)1‘ + iy) +f (266 - iy>

1 1 1 1
~Ga |1 (Gt ) +1 (= )]
—2a*(a® — b f <1z> +20%(a® — V) f <1y)

ab ab

where a,b and m are fixed integers with a, b # 0,a £ b # 0 and m # 0, +1.

In this paper, we will give the exact norms of the operators Q¥ , QL on the
function space Z$ and norms of the operators Q1, Q2 on the function space Xy.

2. MAIN RESULTS

Throughout this section, a,b and m are fixed integers with a,b # 0,a +b # 0,
and m # 0,£1. In the following theorems give us the exact norms of operators

7,Q%,Qq and Q.

Theorem 2.1. The operator Q¥ : Z$ — X3 is a bounded linear operator with

(2.1) 1QF || = 2m?(m? +1).
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Proof. First, we show that ||QF|| < 2m?(m? + 1). Since it holds that

1
—r—y
m

1

—X
m

1
wax{ o+ ol o =yl | -+

mm}<wwww
for all x,y € X, we obtain

HQ{)(fla : 7f6)||

sup e~ Mlell+lvl) ‘
z,yeX

fe )+ fae =) = (a0

—m2fy (;x - y> —2m*(m? — 1) f; (;Lx> +2(m? - l)fe(y)H

IN

sup e MU £y (@ 4+ y)| + sup e Ml £y (@ — y))
z,yeX z,yeX

5 (5|
(=)

+2m?(m? — 1) sup eIl ‘
reX

+m? sup e

mﬂw
z,yeX

+m? sup e—»nm—yn‘
z,yeX

ﬁ<;QH+%ﬁ_namaWMm@n

yeX

= Al + Lfll + 2 fsll +m?| £l + 2m?(m? = DI fs]l + 2(m* = 1)]|fs]
< 2m®(m® + 1) max{|[fll, [1f21, /511, 1Sl 1150 foll}

= 2m*(m® + 1| (f1,--, fo)ll
for each (f1, -+, fo) € Z3. This implies that
(22) QT < 2m®(m® + 1).

For a fixed v € Y with ||v| = 1 and a sequence {&,}, of positive real numbers
decreasing to 0, we define

ey, if [|of| = 26, |2l = 0 or [|lz]| = &,

(23) falz)=q —ePey,  if |2 =

1
14+ — &n,
m

1
. oww=\
m

0, otherwise
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for all x € X. Then we have

e?Aen if ||z|| =0,
eren if ||z|| = &,
1, if ||z|| = 2&,,
e(2—|1+#|)>\£n7 if [z = |1+ 1 &,
24) e M f(@)) = Gn
1w e i) = |1 - =] €n,
m
(214 DAg it el = |2
elemlm)ASn if [|z]] = |—|&n,
m
0, otherwise

for all z € X, so that f, € X for all positive integers n with
(2.5) 1 fall = €22

Let uw € X be such that ||jul]| = 1 and take z,y € X as x = y = §,u. Then it
follows from (2.3) that

1QT (fas- s Sl = sup e MWFWD £ (2 4 y) 4 fr (2 — )

z,yeX
- m2fn (11' +y> - m2fn <1x - y)
m m
(2.6 ~amd(m? = 1)f, (o )+ 2 = D)

Y

e 2 (12280 4 2m2 e p 4 2(m? — 1) 2o ||
=2m?*(m? +1).
If we assume that || QF|| < 2m2(m?+ 1), then we can choose a positive constant
€ with
(2.7) 1QT (fuy -+, Fu)ll < 2mP*(m? + 1) = €)[|(far -, fu)
for all positive integers n. So it follows from (2.5), (2.6) and (2.7) that
(28)  2m*(m® +1) <|1QF (far---, fa)ll < 2mP(m® +1) — ) e

for all positive integers n. Since lim,, ., e**¢» = 1, the right-hand side of (2.8)
tends to 2m?(m2+1) —e as n — oo, whence 2m?(m?+1) < 2m?(m?+1) —e, which
leads to a contradiction. Hence we have ||QT|| = 2m?(m? 4 1). This completes
the proof of the theorem. O

Corollary 2.1. The operator Q1: X\ — X3 is a bounded linear operator with
(2.9) Q1] = 2m®(m® + 1).
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Proof. The result follows from the proof of Theorem 2.1. O

The following corollary is a result of Theorem 2.1 for m = 2.

Corollary 2.2. The Peziderized quartic operator QY : Z§ — X>2\ given by

QF (e Jo)(o) = fila+ )+ folo =) =47 (o +u) = 474 (3 0)

- 2fs (o) + 65uo)

is a bounded linear operator with ||Q¥|| = 40.
The following corollary is a result of Corollary 2.1 for m = 2.

Corollary 2.3. The quartic operator Qq: Xy — Xf given by

AN)e)i= )+ flo =)~ af (5e-+) - 47 (0 0)

—24f (§x> +6/(y)

is a bounded linear operator with ||Q1|| = 40.

Theorem 2.2. The operator QL : Zf\S — Xf is a bounded linear operator with

(2.10) 1QY || = 2]a* — b*| + 2(ab)? + 2.

Proof. First, we prove that ||Qf| < 2|a* — b*| +2(ab)? + 2. By the assumption
we obtain

1 " 1 1
’ abm aby abx

) )

(=
max < |-z £ —y
b a

x| +
by = Y
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for all x,y € X. Hence we obtain

1Q% (f1,-+-  fo)
11 11
— sup e~ Mlal+lul) ‘ f (ber y> v (x _ y)
zyEX a b a

1 1 1 1
— (ab)® {fS (abx + aby> + fa <abx - aby)]
—2(a® — b?) [a2f5 <a1ba:> — b fe (alby>} H
(o)
(-3l
()|
Jfa (albl” - alby)H>

fs (150) H + b2 sup e Masvl
ab yeX

Mg+l

IN

sup e
z,yeX

+ sup emw;yn‘
z,yeX

+ (ab)*( sup e Masetasyll ‘
z,yeX

+ sup e IFra—35yl|
z,yeX

VRS
+ 2|a? — b?| <a2 sup e Azl
zeX

(a)])
= Al + 1 fall + (@b)* (1fsll + I fall) + 2a%|a® = b1 £5]] + 26%|a® — b]|| fo]

< (2la* = 6"+ 2(ab)® + 2) max{ |1, [1£21, 1£51, 0L fall, 1 fs 11 F )

= (2la® =" +2(ab)* + 2)[|(f1,-- -, fo)
for each (f1, -+, f¢) € Z$. This implies that
(2.11) 1QF | < 2]a* — b*| + 2(ab)? + 2.
Let n be a real number such that
(2.12) ngﬁ{o’;’l’ii_;ii;; 1;a’1ab’1ib}'
Let u € X, v € Y be such that ||u| = |v|]| =1 and let {&,}, be a sequence of
positive real numbers decreasing to 0. We define

1
eM1+m)Eén v, if x = (5 + g)fnu,
. I 7
— M1+ nén =(x—
(213) fn(x) _ e v, if x (a,b + ab)gnua

a?—b%| A1 . 1 Ui
—ﬁ AUy if = — & u, or x = —&,u,
ab ab

0, otherwise
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for all z € X. Then we obtain

eUHIM=l5+EDA  if o =

+
RIS I3

~— ~—
T
3
S

S
+
2ls
N— ——
I
3
£

| — o

e(1+‘n‘_‘%_g‘)>\£n7 lf.'I: —

(2.14) el f (@) =

e(IHMI=IZs+ 35D if 4 = (

-1 =F0Aen g = [~ — )¢,
ab ab
Ot ife— Ley
ab
-G g T
ab
0, otherwise

for all x € X, so that f,, € X for all positive integers n with

_|i4m _|i_mn L m
an” — max{e(l"'""]‘ ‘b+n,|)>‘§n,e(1+|7]| ‘}, a\)Aﬁn’e(l-HTl\ ‘ab"'abl))‘fn’

(2.15)
M= Z = DA (=125 DA (=I5 DA )

Let z,y € X be such that z = &,u and y = n&,u. Then it follows from the

definition of f, that
1 1 1 1
f(pe+-y)+ b (Go——y
b a b a

— (ab)? {fa (albx + alby) + fa (albx - albyﬂ

—2a%(a® — b*) f5 (albx> +2b*(a® — b°) f6 <alby> H

1QE (fur-++  fu)| = sup emmnyn‘

z,yeX

(2.16)

oA

v

2e AIHIMNE | 9(gh)2 e~ A(AFIDER

+2(a® + b?)]a® — b?|e M IHIMDEn)

= 2|a* — b*| + 2(ab)? + 2.

If on the contrary ||QL| < 2|a* — b*| + 2(ab)? + 2, then there exists € > 0 such
that

217) Q% (far - fu)ll < (2la® = b +2(ab)? + 2 = €)[|(far -+, fu)
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for all positive integers n. So it follows from (2.16) and (2.17) that

2la* — 0% +2(ab)® + 2 < |QF (fus -+, fu)l
(2.18)
< (2]a* = b*| +2(ab)® + 2 — &) ful

for all positive integers n. Since lim &, = 0, it follows from (2.15) that lim ||f,| =
n— 00 n—0o0

1, so the right-hand side of (2.18) tends to 2|a* — b*| + 2(ab)? +2 — € as n — o0,
whence

(2.19) 2la* — b4 + 2(ab)? 4+ 2 < 2|a* — b*| 4+ 2(ab)® +2 — ¢,
which is a contradiction. Hence we have |Qf’|| = 2|a* — b*| + 2(ab)? + 2. This
completes the proof of the theorem. O
Corollary 2.4. The operator Q2: X\ — X3 is a bounded linear operator with
(2:20) Qall = 2la* — B + 2(ab)? + 2.
Proof. The result follows from the proof of Theorem 2.2. O
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