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GENERALIZED WARPED PRODUCT MANIFOLDS
AND BIHARMONIC MAPS

N. E. H. DJAA, A. BOULAL aAnD A. ZAGANE

ABSTRACT. In this paper, we present some new properties for biharmonic and con-
formal biharmonic maps between generalized warped product manifolds.

1. INTRODUCTION

Biharmonic maps are critical points of bi-energy functional defined on the
space of smooth maps between Riemannian manifolds, introduced by Eells and
Sampson in 1964, which is a generalization of harmonic maps [7].

If : (M,g) — (N,h) is a smooth map between Riemannian manifolds then the
tension field of ¢ is defined as

T(p) = trace, Vde.

Then ¢ is called harmonic if the tension field vanishes. The equivalent definition
is that ¢ is a critical point of the energy functional

E(p) = / e(¢)vy,
M
where e(p) = 1 tracey(¢*h) is called energy density of ¢. If M is not compact
then the energy F(yp) may be defined on its compact subsets.

Definition 1. A map ¢: (M,g) — (N,h) between Riemannian manifolds is
called biharmonic if it is a critical point of the bi-energy functional:

1
Exe) =5 | Ir(e)lny

(or over any compact subset K C M).

The Euler-Lagrange equation attached to bienergy is given by the vanishing of
the bi-tension field

(1) 7(p) = —Jp(r(9)) = = (A?7(p) + tracey RY (7(), dp)dy),
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where RY is the curvature tensor field on N and J, is the Jacobi operator defined

by
o Jo: D¢~ (TN) = T(¢~{(TN)
V = APV + trace, RY (V, dp)de.
(One can refer to [1] [5] [6] [9] [11] for more details)
2. SOME RESULTS ON GENERALIZED WARPED PRODUCT MANIFOLDS
In this section, we give the definition and some geometric properties of generalized
warped product manifolds. For more detail see [3] [4] [8] [13].

Definition 2 ([4]). Let (M™,g) and (N™, h) be two Riemannian manifolds,
and f: M x N — R be a smooth positive function. The generalized warped metric
on M x ¢ N is defined by

3) Gy=m"g+ (f)*n°h

where 7: (z,y) € M x N — 2 € M and n: (z,y) € M X N — y € N are the
canonical projections. For all X,Y € T(M x N), we have

Gf(X,Y) = g(dn(X),dn(Y)) + (f)*h(dn(X),dn(Y)).
By X NG o Y, we denote the linear map

(4) ZeH(M) x H(N) — (X NG, Y)Z =Gy (Z, Y)X — G (Z, X)Y.

Proposition 1 ([13]). Let (M™,g) and (N™, h) be two Riemannian manifolds.
If V denotes the Levi-Civita connection and R the curvature tensor on (M X
N,Gy), then for all X1,Y1 € H(M) and X2,Y> € H(N), we have

VxY = VxY = X(In £)(0,Y2) + Y (In £)(0, X2)

5
(5) — %h(Xg,Yg)(gradM 12, %grad]v f2)

and
R(X,Y)Z - R(X,Y)Z= (VJ\YJ1 grady, In f 4+ Yi(In f) grad, In f,0) Ag, (0, X2)Z
—(VJ\X41 grady In f+ X (In f) grad,, In f,0) Ag,(0,Y2)Z

1
+ﬁ (0, V§, grady In f—Ya(In f)grady In f) A, (0, X2)

—(0, VY, grady In f — X (In f)grady In f)Ag, (0,Y2)

7(f2|gradM In f |2+|gradN In f |2)(0,X2)/\Gf(O,Y2) Z

+ [X1(Zan 1)) + X2(21 (0 1))] (0,72)

~ [Ya(Zan ) + Ya(Z1 (10 1))] (0, %)
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where X = (X1,X,), Y =(¥1,Y2), VxV = (VY VL Y?) and
R(X,Y)Z = (RM(X1,Y1)Z1, RN (X2, Y2) Zs).

Proposition 2 ([8]). Let (M™,g) and (N™, h) be two Riemannian manifolds
and f: M x N — R be smooth positive function. The Ricci curvature of the gener-
alized warped product manifolds (M x; N,Gy) is given by the following formulas:

( (
Ric((X1,0),(0,Y3))= — nX;(Ya(In f))
Ric((0, X2), (Y1,0)) = h(X2, grady (Y1(In f))) — nX2(Y1(In f))
Ric((0, X2), (0,Y2)) = Ric" (X2, Y2) + (2 — n)h(VY, grady In f, Y2)

£ (X, Y2) | grady I /2 ~Xa(In f)h(arady In £.Y5]
+h(Xs,Yo)[nf? | grady, In f |* —An(In f)— f2 A (In £)]
for all X1,Y1 € H(M) and X2,Ys € H(N).
Proposition 3 ([3]). If p: P — M and ¢: P — N are regular maps. Then

the tension field of ¢: x € (PP, 4) — (é(x) = (p(x),¢(x)) € (M x5 N,Gy) is
given by the following relation

r() = (7(2), 7)) +2(0,dv(gradp(In £  9)) )

1
— () (graday £, 4 grady 7).
Corollary 1 ([3]). Let (M™,g) be a Riemannian manifold and f: (z,y) €
M x M — f(x,y) € R be smooth positive function. Then the tension field of the
map

(7)

¢: (M, g) — (M x; M,Gy)
x— (x,2)
is given by
() = { = 5 (erad, f7,0) +2(0, grad, In )
(8) + (2 —m)(0,grad,In f)} o ¢
= {~m.f*(grad, In f,0) + 2(0, grad, In f)
+ (2 —m)(0,grad, In f)} o .

Proposition 4 ([3]). The tension field of ¢: (M x§ N,Gy) — (P, k) is given
by

7(¢) = 7(¢nm) + nddar(grady, In f)

(9) + fi {7(én) + (n — 2)do (grady In f)}

where prr: x € M — du(x) = d(z,y) EP and pn:y € N — ¢n(y) = ¢(z,y) EP.
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Proposition 5 ([3]). If o: M — M and ¢: N — N are harmonic maps, then
the tension fields of

¢: (M xy N,Gy) — (M x N,G)
(z,y) — (p(x),%(y))

is given by the following formula

(10)  7(6) = n(dg(grady In 1),0) + " f‘f)

3. BIHARMONIC MAPS ON GENERALIZED WARPED PRODUCT MANIFOLDS

(0, dy(grady In f)).

3.1. Biharmonicity conditions of the inclusion ¢: (N, h) — (M™x ;N", G )

Theorem 1. Let (M™,g) and (N™, h) be two Riemannian manifolds and xo be
an arbitrary point of M. Then the tension and the bitension fields of the inclusion

(b: (NJL) — (M Xf N,Gf)
y — (z0,y)

(11)

are given by:

i) 7(¢) = {—ne” (grady, v,0) + (2 — n)(0, grad y 7)} 0 ¢.

n? e
i) m2(6) = { — " (gradys (| grady v 2),0)
+ (n—2)(0,grad 5 (An (7)) + 2 Ricciy (grad y v))

— 27 [2712 e® | grad,, v |2 —4AN7} (grad,, v,0)
(12) — ™ [(n2 —d4n —4) | grady v [ } (gradyy v,0)
+ (2= n)? | grady v [2 =22 = n)An7 (0, grady )

+ [2n(n — 4)¢*7 | grady, v |* | (0, grady )

+ne® {(O,gradNﬂ grad,; v %) + tracey ((gradM 7)(*(7))(0,*))}
+ W(O,grad]\,(\ grad v |2)} o

where f(x,y) = e¥@Y),
Proof. From Proposition 3, we obtain -
i) 7(¢) = {-ne*(grady 7,0) + (2 — n)(0, grady )} 0 ¢.
ii) Let y € N and (F;); be a local orthonormal frame on (N™, k) such that
(Vi Fj)y =0 (1<i,j<n).

Using the general formula of bitension field

(13) 75(9) = — tra(V?)?7(8) — tr), R(7()., d)de.
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and Proposition 1, we have:

o ViT(9)

i

10 = —ne? [2F¢(7)(gradM 7,0)+ | grad,, v |2 (O,Fi)}
14
+(2=m)[ (0, VE grady 1)+ | grady v 2 (0. Fy)]

— (2 —n) e Fy(v)(grady, 7,0).

o tra(V9)r(9)
= —ne” [(0, grady (| grady, v [*) + (6 —n) | grady, v |* grady 7)
(15)  +(2=n)(0,tra(VY)? grady v + 2 grad v (| grady v |*))
+(2=n)[(2=n) | grady v |2 — 2 | grady, ¥ |* ~A(1)] (0, grady )

— 27 [4AN(7) —n?e® | grady v |2 —(n? —4n — 4) | grady v |? ]

° ZR((eQ’Y gradM 770)7(03F1))(07F2)

1
(16) = —ne" (2 grad,, (| grady, v |*)+ | grady, v | grad,, %0>

+e” Z(gradM N (E(1))(0, Fy).

. ZF(((L grady ), (0, F3))(0, Fi)

2—n

(17) = (0, Ricciy (grady 7) + grady (| grady v |*))

+ (1= n) e | grady, [ ~An(7)] (0, grady 7).
Substituting (15), (16) and (17) in (13), we obtain the formula (12). O

Remarks.
1) If dim N = 2, then

7(¢) = —2¢e*(grad,, v, 0)
and

Ta(d) = — 2647(gradM(| grad,, v |2)»0) +8e* | grady, v |2 (0,grady )
— e [8627 | grady, v P ~4An(7) - 8 | grady 7 |* | (grady 7,0)
+2¢”7(0, grad v (| grad,, v 7).

2) Ify e C(M), (v(z,y) =7(x), VY(x,y) € M x N), then
7(¢) = —ne?(grady, v,0)
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and

7'2(41_7) = —2eV (gradM(| grad ;v |2) —4 | grad, v |2 (grady; v, 0).

The results coincide with the formulas obtained in [1].
3) Ifye C=(N), (v(z,y) =7(y), Y(z,y) € M x N), then

T(ﬁ) = (2 —n)(0,grady In f)

2(¢) = (n —2)(0, grad y (A(7)) + 2 Ricci(grad y )
+(n=2)[(2= ) | grady y [F ~2An(7)] (0, grad, )

+(n—2)2(6—n)

3.2. Biharmonicity conditions of ¢: (M™ x; N",Gy) — (PP, k)

Lemma 1. Let A € C®°(M x N) be a smooth function and o € T'(¢~*TP).
Then

(0, grady (| grady v [*))

To(A0) = My, (0) + Anr(No + 2V, o

+ [ (grady, 1) (Ve + AVEL,, o]

+e [AJ¢N (0) + Ax(No + QVgrdd /\0]

+ (1 - 2)e > [(grady 1) (Vo +AVEY, 0]
where f(x,y) =e’@Y)

Proof. Let (E;)X; and (F})}_; be a local orthonormal frame on M and N,
respectively. From the expression of Jacobi operator (formula (2)), we have

(19) Js(Ao) = traceq,(V?)?(Ao) + traceq, RP(\o,d¢)de.
By calculating each term, we obtain:

traceq, (V92 (00) = 3 [V o) Vi oo~ V5 o 20]
(20) i=1

1
$ o _y?
Jr; [fv(OF)f 0.7 Vv%wj)%(o,pj)/\"}’

m

(21) Z V?Ei’O)V?Ei,O)AU = An (Ao + 2vgra»d A0+ )‘VgiE)]q,w V?E];/IO'»

1 1 1
> ?Vfoij)?V?o’Ej))\a =& An(In f)o — (grady In f)(N\)o

[} [} ¢ [
—AVirady n 10 T 2Vgia, 20 +AVE VEY U] ’
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_ 1 1—n
(23) V%(O,Fj)?(O»Fj) = T(QgradN In f) — n(grady, In f,0),
j=1
o6 _n-1 ¢
o) - ; Vv%(ofﬂ%(oﬂ)/\a - [(gradN In f)(N)o + )\Vgng lnfa}

+n[(grady In f)(\o + AV, o).

traceg, RP (Ao, d¢)de
(25) =A RP(o,d¢pr)d A RP(o,d¢n)d
= Atracey RP (o, d¢ar)ddnr + 7 trace, RP (o, dén)don.

Substuting (21), (22) and (24) in (20), and summing with (25), we obtain the
formula (18). O

Theorem 2. Let (M™,g), (N™,h) and (PP, k) be Riemannian manifolds and
f: M x N — R be a smooth positive function. Then the bitension fields of
¢: (M™ xy N",Gy) — (PP, k) is given by the following

72() = Ta(@nr) — sy (ddnr(grady, 7)) —nVieky V

grad ;v
e [ra(0n) — (n — 2, (A (grady 7)) — (n = 6) VL, W
06) - (24— n) | gradyy [P 22y ()W)
—e [qu (V) + (n = 2)Viha ,V + oy (W) + (n = )V, W

+ (22 = n) | grady v [2 =280 (7)) W]
where V.= 7(édnr) + ndar(grad,; v), W = 7(on) + (n — 2)don(grady v) and
f=e.
Proof. From formulas (1) and (2), we have

J¢(V) = TQ(¢M) + nJ,i)M (dd)M(gI‘adM 'y)) _ nvii)M 174

grad s v

+ e Ty (V)= (n—2)e”2 VN V.

grady v " -

(27)

From Lemma 18, we obtain
To(e™IW) = ¢ [ra(6n) + (n = 2)Jo (dev (grady 7))

o) — (0= 6) Vi, W = 2((4 = n) | grady 7 P ~An () W]
e [J¢M (W) — (n— V2, 7W]

—2e7% [(2—n) | grady v 2 A ()] W

using Proposition 4 and summing the formulas (27) and (28), Theorem 2 follows.
O
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Particular cases
o If f € C>°(M), then

72(0) = m2(dar) + e~ (o) — ns,, (ddar(grady, 7)) —nVOM, V

gradp; ¥

—(n—4) eV r(hn) +4e T Ay (7)T(dN)

grad; v

— ™ [T (V) + Sy, (7(08)) +2(2 =) | grady, 7 [2 (o))

o If feC>®(M)and ¢: (x,y) € M x N — x € M is the first projection, then
V =n-grad(y)
and n
() = —n(quM (grad(v)) + 5 grad(| grad vlz) ° ¢,
we find the result obtained in [1]
o If f € C*®°(N), then

72(8) = Ta(6ar) = €727 | o, (W) + Jo (r(60)) + (0 = D)V, 7(60r)

e [ra(6n) — (n— 2) Ty (Ao grady 7)) — (0 — VI, W

grad v

—(2(4 —n) | grady v [ 24N (7))W|.

o If p: (M,g) — (P, k) be regular map and ¢(x,y) = p(x), then
(29) 72(¢) = T2(p) — nJyp(de(grady, 7)) = nViag, V-

grad, v °

From Proposition 4 and Lemma 1, we deduce the following.

Theorem 3. Let p: (M,g9) — (P,£) be a conformal map with dilation .
Then the bitension field of ¢: (x,y) € (M xy N,Gy) — o(z,y) = ¢(z) € (P,?),
is given by
(30)  72(¢) = —Jy(dp(grady, In(p))) — Vg, 1, pde(grady, In(u))
where = \2"mf",

Theorem 4. Let f € C*(M), thus the domain of ¢ is a warped product,
and p: (M™,g) — (P™,£) (m > 3) be a conformal map with dilation X\. Then

¢: (z,y) € (M x4 N,Gy) — ¢(z,y) = ¢(x) € (P,£) is biharmonic map if and
only if the following equation is verified

0= grad(Aln A2~ f") + 2 Ricci™ (grad In A2~ f")
+2n(2 — m)Vgradin ¢ gradIn A + 4nVgraqm » grad In f
(6 —m)(2—m)
2
+ [(2—m)? | gradIn A |* —n? | gradIn f |[* +2A(In A*~™ f)] grad In A

+2n[(2—m) | gradIn A |* +ndIn f(gradln \)] gradIn f

where grad, A and V are evaluated on M.

2
(31) + % grad(| gradIn f |?) + grad(| gradIn A |?)
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For the proof of Theorem 4, we need the following two lemmas.

Lemma 2. Let p: (M,g9) — (P,{) be a conformal map with dilation A and
f e C®(M). Then for any vector field X, Y € I'(T'M), we have

(32) ((Vxdp(grad £),dp(Y)) = XN2df(gradln \)g(X,Y) + A\2g(Vx grad f,Y)
+ XX (InN)Y(f) — X(f)Y (InN)].
Proof.

U(Vxdp(grad f),dp(Y)) — £(Vydep(grad f), de(X))
= X (Ng(grad f,Y)) — £(dp(grad f), Vxdp(Y)) — Y (N g(grad f, X))
+ £(dp(grad f), Vydp(X))
= X(M)g(grad f,Y)+A’g(Vx grad f,Y)+A?g(grad f, VxY) =Y (\*)g(grad f,X)
— Mg(Vy grad f, X) — A2g(grad f, Vy X) — Ag(grad f,[X,Y])
from which we have
(33) UV xdp(grad f),de(Y))
((Vydp(grad f), dp(X)) + 22 [X(In A)Y (f) = Y(In A)X(f)]
On the other hand,
((Vydep(grad f),dp(X)) = ((Vdp(grad f,Y),dp(X)) + X?g(Vy grad f, X)
= U(Vgraa dp(Y), dp(X)) = Ag(Vgraa Y, X)
+ /\Zg(Vy grad f, X)
= grad f(\g(X,Y)) — £(dp(Y), Vgraa dp(X))
~A29(Vgraa 1Y, X) + A2g(Vy grad f, X)
= 2X2df (grad \)g(X,Y) + \?g(Vgraa X, Y)
+ X2g(Vy grad f, X) — £(dp(Y), Vde(X, grad f))
— A2g(Y, Vgraa £ X)

{(Vydp(grad f),de(X)) = 2X\%df (grad \)g(X,Y)
+2X%g(Vy grad f, X) — £(dp(Y), Vxdep(grad f))
Substituting (34) in (33) we obtain
h(Vxdp(grad f),dp(Y)) = Adf (gradln \)g(X,Y) + Ag(Vx grad f,Y)
+ M [X (I NY(f) = X(f)Y (In))]

(34)

O

Lemma 3. Let p: (M,g9) — (P,£) be conformal map with dilation \ and
f e C>(M). Then for any vector field X € T(TM), we have

h((Vdp, Vdf),dp(X)) =  2X2g(Vgradim » grad f, X)

(35) — A2A(f)g(grad In X, X)
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where
(Vde, Vdf) = trace, Vdo(*, V. grad f)) = Z Vde(e;, Ve, grad f))
(es)™4 is a local orthonormal frame on M.
Proof. For any vector field X € I'(T'M), summing over the index ¢, we obtain
h((Vdep,Vdf), dp(X))

= h(Ve,dp(Ve, grad f), dp(X)) = h(dp(Ve, Ve, grad f), dp(X))

= ei(XN?g(Ve, grad f, X)) — A2g(Ve, Ve, grad f, X)
= h(de(Ve, grad f), Ve, dp(X))

= 2X2g(Vgradm » grad f, X) + A?g(V., Ve, grad f, X)
+A%g(Ve, grad f, Ve, X) — ( ¢(Ve, grad f), Vdp(e;, X))
~ Ng(Ve, grad f, Ve, X) — Ng(Ve, Ve, grad f, X)

= 2)%g(Vgraam » grad f, X) + h(Vnga(Vei grad f),de(e;))

X(NA(f))
= 2)\29( eradin A grad f, X) + h(Vde(X, V, grad f), de(e;))
X(A2A(f) +A\2g(Vx Ve, grad f, e;)

= 202g(Vgradm » grad f, X) — X(N2A(f)) + A?g(Vx Ve, grad f, ;)
+ W(Vy,, grad pdo(X),d(e:)) = A9(V,, graa 1 X, €)

= 2X2¢(Vgraam grad f, X) — X(N2A(f)) + N?g(Vx Ve, grad f, ;)
+ Ve, grad f(Ng(X, ;) — h(dp(X), Vv, grad rdp(es))
- )\QQ(VVQ grad £ X, €;)

= 2)%g(Vgraama grad f, X) = X(NA(f)) + \2g(Vx Ve, grad f, e;)
— h(dp(X), Vdp(e;, Ve, grad f)) + Ve, grad f(A*)g(X, e;)

from which

2h((Vdep, Vdf), dp(X)) = 422g(Vgradn s grad f, X) — 202A(f)g(grad In A, X)
0

Proof of Theorem 4. From formula (30), the bitension field of ¢ is given by
72(6) = —Ja(dplgrady () — 0V 50y 10 di(grady (i)
where p = A2~™ f". Then ¢ is a biharmonic map if and only if
U(12(9), dp(X)) =
for each X € T(T(M x N)). We have
Jo(dp(grad,, In(p))) = dp(grad,; A (In p)) 4 2de(Ricei™ (grad,, In )
+vM 7(p) + 2(VMdp, V(d In 1))

grad,, In u
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(see [12, formula (2.47)]), hence
(12(9),do(X))
={(dep(grad A(In p)), dp(X)) +2 £(de(Ricci™ (grad In 1)), dp (X))
T: T
(36) + E(vgrad In ,LLT(SO)a d¢(X)) + 2€(<Vd907 Vd ln /~L>a d¢(X))
Ts Ty

+ n’g(vgradM In fdgo(gradM 11’1(/.L))7 d(b(X)) :

Ts

Calculating each term of the above equation, we get
Ty = XNg(grad A(Inp), X1) = XN2g(grad A(In A2~ f7), X)
Ty = 2X%g(Ricci™ (grad In \2~™ f™), X,).
From formula (32) of Lemma 2, we obtain
Ts = {(Vgraain u7(0), dp(X))
— (2= M)U(Vgradtn pdp(grad In A), dp( X))
= X2 —m) | gradln A | g(grad In p, X1)
+1n(2 —m)g(Vgradin s grad In A)
+ Mg(gradﬂ gradIn A ), X;)

2
and

Ty = N> [n[(Z —m) | gradIn X |> +2dM In f(gradIn \)]g(gradIn f, X1)

2
+ %g(gradﬂ gradln f |2), X1) +n(2 —m)g(Vgradin y gradIn A, X7)

—n? | gradIn f |? g(gradln ), X1),
using formula (35) of Lemma 3, we deduce
Ty = 20((Vdyp, Vdln ), dp(X))
= 4nA?g(Vgradn a gradIn f, X1) + 2(2 — m)A*g(grad(| gradIn \ |?), X;)
—2X2A(In p)g(gradIn X, X1)
Substituting T4, T, T3, Ty and T5 in (36), we obtain
0= grad(AIn A2~™f") 4+ 2 Ricci™ (grad In A2~™ f™)
+2n(2 — m)Vgradin £ grad In A + 4nVgraqm A grad In f

2 - —
+ % grad(| gradIn f |?) + W

+ [(2—=m)? | gradIn A |* —n® | gradIn f |* +2A(In A*7"™ f")] grad In A
+2n[(2 —m) | gradIn A |> +nd" In f(gradIn \)] grad In f

grad(| gradIn A |?)
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From Theorem 4, we deduce the following corollary.

Corollary 2. Let p: (M™, g) — (P™,¢) (m > 3) be a conformal map with
dilation X\. If p is a biharmonic, not harmonic map, then

¢: (z,y) € (M x5 N,Gy) — o(x,y) = p(x) € (P,0)
is biharmonic if and only if the following equation
0= grad(Aln f) + 2 Ricci™ (grad In f) + 2(2 — m)Vgradn £ grad In A

+2(2—m) | gradIn X |? gradIn f — 2A(In f) grad In A

+2ndIn f(gradln \) gradIn f —n | gradIn f |* grad In A

+ 4Vgradina gradIn f + ggrad(| gradln f |?)
is verified.

Example 1. We consider the inversion map ¢: R"™ — {0} — R"™ —{0} defined

by

T

p(r) = I
 is a conformal map with the dilation
1 1
AMz)=+—— = =.

 is biharmonic not harmonic map if and only if m = 4 (see [12]). Let
¢: (R = {0}) x; N" — (R — {0})
x
(z,y) — 1z |2
and f = e®") where r = |z| and a € C*([0,4+o0[,R). We have:

0
_ A
gradln f = « o
| gradln f |* = (o/)?

grad(| gradln f [*) = 20/0/’%

Alnf:a"+§o/
r

r2 or’
Let In A = 3(r). So ¢ is biharmonic if and only if « satisfies the following ordinary
differential equation

grad(Aln f) = <o/" + §0/’ - 30/) 0
r

1//_15a/_2£

(37) " +nad — -« () =0.

r2 r
From which we obtain

fla) =la] 7.
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From Theorem 2, we deduce the following theorem.

Theorem 5. Let ¢: (N,h) — (P, {) be a reqular map and f: M x N — R be
a smooth positive function, then the bitension field of

¢: (w,y) € (M Xy N,Gy) — ¢(z,y) = ¢(y) € (P, 1)

is given by

m2(¢) = + % {72(@ — (n—2)Jy(d¢(grady In f)) = (0 = 6) Va1 ;W
—(24—n) | gradyIn f |? —2AN(1nf))W}
. % [(2 —n) | grady, Inf |2 —Ap(ln f)} W.

Corollary 3. If ¢ is a conformal map with dilation p, then

= =252 o (s ()
+ (n — 6)v§ng A0 (gradN (m /Ji))

+ (2(4 —n) | grady In f | —2Ax(In f))de (gradN (hl Z)ﬂ

- 2(71];2)[(2 —n) | grad,, In f |? —AM(lnf)]dw (gradN (ln f)) .
L
Corollary 4. The tension and bitension fields of the second projection n are
given by the following formulae

n—2
7(n) = N grad In f

and

T2(n) = — nTZQ {gradN(AN(ln f)) + 2Ricci(grady) In f

n
4+

grady (| grady In f [*) + ((4 —n) | grady In f |*

n—2 2(n —2)?

+ ?AN(lnf)) grady In f + (]02) | grad,, In f |?
2(n —2)
12

Theorem 6. Let ¢v: N — N be a harmonic map, then the bitension field of
¢: (z,y) € (M x¢y N,Gy) — (x,%(y)) € (M x N,G) is given by the following

+

Ap(In f)grady In f.
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formula
(38)
T(p) = — (n grad,; (A(In f)) 4 2n Ricci™ (grad,, In f), O)

2
n
— % (erady (| grady; In £ [2),0)

2 (0. @lgracdy 10 1)) = (0= 6) T 1 b sracty n )
2“}1 2 {Aw(ln £+ PAu(nf)+ (n—4) | grady In f |?

+(n—2) | grady In f 2 }(O,dw(gradN In f))

Proof. From Proposition 5, we obtain
-2

7(#) = n(grad,, In f,0) + ”7(0, dy(grady In £)).

traceg, (V?)*(7(¢))

= n. trace, (V)2 (gradM In f, 0)

2
n
+ 5 ((erady (] grady In £ [2),0)

(39) + "f—;? (o, tracen (V¥)2de(grad y In f))
W (0’ VZ)radj\, In fd'(/)(gradN In f))

— 2(nf; 2) {AN(lnf) +(n—4) | gradyIn f |?

+ /2821 f)+(n—2) | grady, In £ [* ] (0, dis(grad In f))
and

trGyR(1(4), dp)d¢ = n(Ricci™ (grad,, In f),0)
(40) n—2 N
+ T(O,tth (dy(grad y In f))).

Substituting (39) and (40) in Jacobi formula
Jo(7(9)) = = traceg, (V*)*((¢)) — trace G R(7(9), d¢)ds,

we deduce formula (5). O

Corollary 5. If N is a surface of dimension 2 (dim N = 2 ), then the bitension
field of ¢ is given by

T2(0p) = —Z(gradM(AM(ln +2 RicciM(gradM In f)+grad,,(| grad,, In f |2)7O).
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Example 2. Let M = R" — {0}, dim N = 2 and ¢: N — N be a harmonic
map. Then the tension and the bitension fields of

¢: R" —{0} xy N —R" - {0} x N
(z,y) — (z,%(y))

are given by the following equations:
7(¢) = 2(grady, In f,0)
72(¢) = 2(grady, (A (In f)) + grad (| grady, In f ),

hence ¢ is biharmonic not harmonic if and only if

Apr(In f)+ | grad,,; In f |>= B(y) (independent of x),
grad,;In f # 0

If f € C*(R™—{0}), thus the domain of ¢ is a warped product, such as In f is
a radial function (In f = «(|z|), then ¢ is biharmonic not harmonic if and only if

flx) =klz|®™™,  (k#0)

where |z| = /2% + ... + 22
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