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ON THE RECURSIVE SYSTEM ;1 = A+ 22y, ) = B 4 Yoo

QIANHONG ZHANG, LIHUI YANG AND JINGZHONG LIU

ABSTRACT. In this paper, we investigate the boundedness, persistence and global
asymptotic stability of positive solutions of the system of two nonlinear difference
equations
Tn—m Yn—m
Tpt1 = A+ ——, Yn+1 = B+ —, n=0,1,---,
Yn Tn

where A, B € (0,00), z; € (0,00), y; € (0,00), ¢t =—m,—m+1,...,0.

1. INTRODUCTION

The study of dynamical behavior of various nonlinear differences is not only of
interest in their own right, but the results can help establish the general theory
of nonlinear difference equations. Amleha, Grovea, Ladasa, et al. [1] investigated
the global stability, the boundedness character and the periodic nature of the

difference equation
Tpr=a+ 7L p =01,
In
where x_1,29 € R and o > 0.
Elowaidy, Ahmed and Mousa [2] investigated local stability, oscillation and
boundedness character of the difference equation

p

_ Tp-1 —0.1
xn+1_a+ 2P n=u1,...,
n

where o, p € (0, +00). Also Stevic [3] studied dynamical behavior of this difference
equation. Other related difference equation readers can refer to references [4]-[10].

In recent years, nonlinear difference equation systems have attracted consider-
able interest [11]-[18]. In particular, Papaschinopoulos and Papadopoulos [13]
studied the dynamics of the system of rational difference equations

) yn+1:B+ Yn s 'Il:O,l,...

yn—m mn—m

Tn

(11) Tp+1 = A+
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for the case (I) A >1 and B > 1, and (II) A < 1 and B < 1; while Camouzis and
Papaschinopoulos [14] studied system (1.1) for the case A = B = 1.

Papaschinopoulos and Schinas [15] studied the system of two nonlinear differ-
ence equations

n xn
(12) .’I,'n+1:A+ Y 5 yn+1:A+ 5 n=0,1,~--,

Tn—p Yn—q

where p, ¢ are positive integers and A > 0.
Zhang and Yang, Evans and Zhu [18] investigated the system of rational differ-
ence equations

(13) $n+1:A+M7 yn+1:A+xn_m7 n=0,1,...,

Tn Yn
where A € (0,00) and the initial conditions z; € (0,00), y; € (0,00), i =
—m,—m+ 1,...,0, are arbitrary nonnegative numbers.

Our aim in this paper is to investigate the boundedness, persistence and global
asymptotic stability of positive solutions of the system of difference equations

mn*m n—m
(14)  api=A+ L yp =Bl =01,

n T

where A, B € (0,00), and initial conditions z;, y; € (0,00), i = —m,—m+1,...,0.
2. THE CASE A<1AND B<1

In this section, we are concerned with the asymptotic behavior of positive solution
of (1.4) for case A< 1, B < 1.

Theorem 2.1. Suppose that 0 < A <1, 0< B < 1. Let {(zn,yn)} be an
arbitrary positive solution of (1.4). The following statements are true:

(i) If m is odd and 0 < Tap—1 <1, 0 < yor—1 <1, x9 > ﬁ, Yo > ——

-4
for k= 1_77”,3_7’”,...,0, then
lim x9, =00, lim Y9, =00, lim x9,41 =A, lim yo,11 = B.
n— oo n— oo n— oo n—oo
(ii) If m is odd and 0 < x9p, < 1, 0 < yop <1, Tap_1 > ﬁ, Yok—1 > ﬁ

for kzl_Tm,ia_Tm7...,0, then

lim 29, = A, lim ys, =B, lim 29,11 =00, lim yo,41 = 00.
n—oo n—oo n—oo n—oo

(iil) If m is even and 0 < zap—1 < 1, yar—1 > ﬁ, Top > ﬁ, 0<ya <1
for k:foTm,‘lme,...,O and x_m>ﬁ, 0<y_m <1, then

lim 29, = A, lim ys, =00, lim x9,11 =00, lim yo,41 = B.
n—oo n—oo n—oo n—oo

(iv) If m is even and 0 < zo < 1,yop > ﬁ, Top_1 > ﬁ, 0 <yap—1 <1
for k= Q*Tm,‘kTm,...,O and 0 <z_p <1, y_, > ﬁ, then

lim x9, =00, lim Y9, =B, lim x9,41 =A4, lim yo,41 = 0.
n—oo n— oo n— oo n—oo
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Proof. (i) It is clear that

. 1
0<x1:A+L<A+—<A+(1—A):1’
Yo Yo
. 1
O<y=B+™ <B+ —=B+(1-B)=1.
To To
T1—m 1
=A > T > ——,
T2 + " T 1B
Y1—m 1
=B > Ylom > —.
Y2 + o Y1 -4
By induction for n = 1,2,..., we have
1 1
2.1 n— ]-7 n— ]-a n T n P
(2.1) 0<zop_1 < 0 <yop—1 < T3 >1—B Y2 >1—A
So, for n > (m+2)/2.
Top_ Top_
Ton = A+ ) S At gy = 24+ 2D S 944 35 (ama),
Yan—1 Yon—(m+2)
Y2n—(m+1 Yan—(2m+2
Yan = B + Ponmtl) > B+ Yon—(m+1) = 2B + - @mi?) > 2B+ Y2n—(2m+2)»

Toan—1 Toan—(m+2)

from which we obtain lim,, o T2, = 00, lim, o y2, = co. Noting (2.1) and
taking limits on both sides of the system

T2n—m Yon—m
Tont1 = A+ T Yont+1 = B+ .
2n 2n

we obtain lim, o Zopt1 = A, limy oo Yont1 = B.
The proof of affirmations (ii), (iii) and (iv) are similar, we omit it. O

3. THE CASE A=1 AND B =1

In this section, we discuss the boundedness and persistence of positive solutions
to system (1.4) for the case A=1,B = 1.

Theorem 3.1. Suppose that A = B = 1. Then every positive solution of system
(1.4) is bounded and persists.
Proof. The proof of Theorem 3.1 is similar to [18]. Let {(z,,yn)} be a positive
solution of (1.4). Clearly, x,, > 1, y, > 1 for n > 1. So we have
M
mi,yieliM,]\M], i:172,...7m+17

where M = min{p,v/(v — 1)} > 1. Then

M 1 M/(M~-1) M
M=14— <agpio=1 <M - :
Tajar—q St s it s My M1
M M/(M —1 M
M=1+—— <ymt2=1+ L <M+ /( ):

M/(M —1) Tmil M M-1
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By induction, we get

M

iy € | M,
zyE{ M1

} , 1=1,2,...,
This completes the proof of Theorem 3.1. O
4. THE CASE A>1 AND B >1

This section concerns itself with the global asymptotic stability of the unique
equilibrium point of (1.4) for the case A > 1, B > 1.

Theorem 4.1. Suppose that A > 1, B > 1. Then for n = km + i, every
positive solution {(xn,yn)} of (1.4) satisfies

1 AB AB
Agka+i§(xi—k >+ i=k—-—mk—m+1,...k,

B* B-1 B-1’
ke{l,2,...,},
1 AB AB .
BﬁykmﬂSAk(yikA_l)+A_1, i=k—mk—-m+1,... k,
ke{1,2,...,}.

Proof. Let {(xy,yn)} be arbitrary positive solution of (1.4). Clearly, we have
Tpn>A>1,y,>B>1forn=12,.... Moreover using (1.4), we have
Ty 1

S A + Ezn—mv

Tpt1 = A+
(4.1) Yn |
yn+1:B+yn;m§B+Zyn_m, n>1.

n

Let v, w, be the solution of the equation

1 1
(4.2) Upt1 = A+ =Vn_m, Wni1 =B+ —wp_m, n>1
B A
such that
(43) Vom = T—m, Vi-m = T1-m, --., Vo = Zo,
Wemn = Y-m, Wi-m = Y1-m, --., Wo = Yo-
We prove by induction that for n = km + 1,
Lhm+i S Vikm+is Ykm+i S Whm+iy ke {1725“-7};

4.4
(4.4) i=k—m,k—m+1,...,k.
Suppose that (4.4) is true for k = p > 1. Then from (4.1) and (4.2) we get

1 1
x(}’+1)m+i S A + E-rpm+i71 S A + E’Uperifl = U(P+l)m+i7

1 1
Yp+1)ym+i < B+ FYpmti-1 <B+ A Wpmti=1 = Wipr1ymti-
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Therefore (4.4) is true. From (4.2) and (4.3), we have

1 AB AB
m+i = Sk i—k — y k 1,2,...,}
(45 T BE (x 4 B—1>+B—1 €{ }
i=k—mk—m+1,... k.
1 AB AB
mti = o5 \ Yi-k — 7 -_—, k 1,2,...,},
(4.6)  mHT gk <y k A1)+A1 €{ }
i=k—mk—m+1,... k.
Then from (4.4), (4.5) and (4.6), the statement of Theorem 4.1 is true. d

Theorem 4.2. Suppose that A > 1, B > 1. Then the positive equilibrium
(7.7) = AB—-1 AB-1
Y= \B-1 A1

of (1.4) is globally asymptotically stable.

Proof. The linearized equation of system (1.4) about the equilibrium point

(z,9) = (ABBi—117 AAB:ll) B

(4.7) U, = EU,
where
Ty
l'nfm
\I/n = Un ;
Yn—m
0 (0 S —h 0 0
7 g
1 0 O 0 0 0
0 1 0 0 0 0
E = (eij)2m+2)x (2m+2) = i 00 0 0 1
0 0 O 1 0 0
0 ... 00 0 ... 1 0
Let A1, Ag,..., Aot denote the 2m + 2 eigenvalues of Matrix E. Let D =
diag(dy,ds, .. .,dam+2) be a diagonal matrix, where diy = dpyo = 1, dipx =

dmyotrr =1 —ke, 1 <k <m. and

. 1 1 Y 1 T
€=minq —, — 1—_2 — |, — 1—_2 — .
m’ m Y —-T) m T2 -7
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Clearly, D is invertible. Computing DED ™!, we obtain

DED™!
0 e 00 Bl —Sdidy, 0 0
dod7' ... 0 0 0 0 0
7 0 coidmyrdt 0 0 0 0
~Tdpadyt 0 0 0 0 R Y i
0 0 0 dmtsd)ls ... 0 0
0 0 0 0 oo dampody 0
The following two chains of inequalities
Clerl>dm>...>d2>07 d2m+2>d2m+1>...>dm+3>0
imply that
dodyt <1, dsdy' <1, ..., dpiad,} <1,
dmtadyis < 1, dm+4dm+3 <1, ..., domiady, g <1
Furthermore,
dy _ 1 5 T 1 T
—d L hdl, = 1d =+ <1,
i+ g = Sdua 4 5 = TSt
dm+2 — 1 g 1 E

71 _ —
= Aymyo T j*zder2d1 = %d2m+2 Tt (1= me) +

It is well known that E has the same eigenvalues as DED ™!, we obtain that

Al = |DED™|
1<k<2m+2
— -1 -1 —1 —1
= max {dgdl yee dm+1dm ;dm+3dm+27 NN d2m+2d2m+17
d d,, -
_1 dm""l + 72 dldm+27 —+2 d2m+2 + dm+2d1 1}
<1

Hence, the equilibrium of (4.1) is locally asymptotically stable. This implies that
the equilibrium (Z,§) of (1.4) is locally asymptotically stable.

Next we prove that every positive solution (z,,,y,) of (1.4) converges to (Z, 7).
Let (2, yn) be an arbitrary positive solution of (1.4) Let

Ly = lim sup{z,, Tnt1,---}, Iy = lim inf{x,,xns1,-.-},
n—oo n—oo

Ly = lim Sup{yna Yn+1s - - -}7 lo = lim inf{ynv Yn+15 - - }
n—oo n—oo
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From Theorem 4.1, we have 0 < A <[y < L1 < +ocand 0 < B <y < Ly < +00.
This and (1.4) imply

L1<A+&, L2<B+E,
lo l1

h> A+l > B+

1 L27 2 L]

Which can be written as
Lily < Aly + Ly, Lyly < Bly + Lo,
liLy > ALy + 14, loLy > BLy + .

From them we have

LyLy < lyls.
So
(4.8) LyLy = lhls.
We claim that
(4.9) Ly =1, Ly=ls.

Suppose on contrary that Iy < Lj. Then from (4.8) we have LiLy = l1ly < Lyl
and so Ly < I3, which is a contradiction. So L; = [;. Similarly, we can prove that
Ly = Iy. Therefore, (4.9) are true. So lim,, o @, = Z, lim,, o0 yn, = . Hence the
equilibrium (Z, §) is globally exponentially stable. O

5. CONCLUSION AND REMARKS

In this paper, we study the system of two nonlinear difference equations (1.4)
under different conditions. When A < 1 and B < 1, we concern ourselves with
the asymptotic behavior of positive solution to (1.4). We show that every positive
solution is bounded and persistence if A = B = 1. Finally we investigate the
unique positive equilibrium which is globally asymptotically stable if A > 1 and
B>1.

At the end we propose the following open problem.

Open problem. Let A > 1and B < 1or A <1 and B > 1, discuss the
behavior of positive solution of system (1.4).
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