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MAJORIZATION PROPERTIES FOR SUBCLASSES OF p—VALENT
MEROMORPHIC FUNCTIONS DEFINED BY CONVOLUTION
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ABSTRACT. The object of this paper is to investigate a majorization problem
for certain subclasses of p—valent meromorphic functions defined in the punctured
unit disc U* having a pole of order p at origin. The subclasses under investigation
are defined by convolution between any analytic functions. Several results in form
of corollaries are also pointed out.
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1. INTRODUCTION AND DEFINITION

Let f(z) and g(z) be analytic in the open unit disc U:={z: 2z € C and |2| < 1}.
The function f is majorized by g in U (see [18]) and write

f(z) <g(z) (2€), (1)
if there exists a function ¥(z), analytic in U satisfying |¢(z)| < 1 and
f(z) =9¢(2)9(2) (2 €). (2)

It may be known that (1) is closely related to the concept of quasi subordination
between analytic functions.

Definition 1. /20, p.4] For analytic functions f and F, the function f(z) is subor-
dinate to F(z) if there exists a Schwarz function w, that (by definition) is analytic
in U with w(0) = 0 and |w(2)| < |z| (2 € U) such that

f(z) = F(w(z)) (z€0). (3)
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This subordination denoted by
f(z) < F(z) (z€l). (4)
It follows from definition
f(2) < F(z) = £(0) = F(0) and f(U) C F(U).

In particular, if F is univalent in U, then we have the following equivalence (see
[8, 17, 21]).

f(2) < F(z) (z€U) <= f(0)=F(0) and f(U) C F(U).

Definition 2. [1] The function f(z) is said to be quasi subordinate to F(z) if there

exists an analytic function w(z) (lw(z)| < 1) such that % is analytic in U and

1) L py (zew). (5)

w(z)
By definition of subordination, (5) is equivalent to
f(z) =w(2)F(e(2)) (Io(2)] <[2], z € ). (6)
Quasi subordination denoted by
f(z) =¢ F(2) (z€U). (7)

The quasi subordination becomes subordination (4), if take w(z) = 1 in (6). The
quasi subordination (7) becomes majorization (1), if set ¢(z) = z in (6).

Let Zp mention to the class of functions of the form

flz)= zip + Zak,pzk_p (peN:={1,2,3,...}) (8)
k=1

that are analytic and p-valent in the punctured unit disc U* := U\ {0} having a
pole of order p at the origin. We note that ), = ".
For the functions f; € 3 given by

1 oo
fi(z) = " + Zak_p,izk*p (1=1,2,2€U"),
k=1
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we set the Hadamard product (or convolution) of f; and fa by

(R ) = 4 s = (o F)(2) )

k=1

Now, by the Hadmard product of two functions, we introduce a subclass of
function f € 3 as follows.

Definition 3. Let - 1< B<A<1, peN, £eNy,7eC*, h(z) given by
R — _
z) = Z—p+2hk_pz'f P (peN:={1,2,3,..}) (10)
k=1

and (% + |B\) < 1. A function f € ), is said to be in the class Ki(h,a,7; A, B)

of p—walent meromorphic functions of complex order T # 0 in U* if and only if

RYEIEI RO 2 () 1+ Az
: T( U*m@u>_””%) : T( Feni )| e

We note that,

o for

1 [0 Hpk(en]" [p— Kt " ko B
z) = zp+k§[ (@ (1)x } [ } (peN:={1,2,3,...}),

p

(12)
where a, ¢ € C\Zy;, A > —p and t > 0, the class Kf;(h,a,T;A,B) =
mém(a,c,t,a,T;A,B) of multivalent meromorphic functions of complex or-
der 7 (see [26]);

e for « =0 and

1 ST ATk ) 4 B )
h(z),zl’—i_gf(ﬁ)r(k—kfy—i—ﬁ)z P (peN:={1,2,3,..}, v >0, 3> —1),

the class ICe(h a,7;A,B) = Mg%(T A, B) of multivalent meromorphic func-
tions of complex order 7 (see [16]);

e for a =0 and

1 = [Xe+p+1]" 4,
== N:={1,2,3,..}, I > — 1
p+;{ p+l1 ] : (pe {1,2,3,..}, 1> —=p), (13)
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the class /Cf;(h,a,r;A, B) = Rzl’é(/\,l,T;A,B) of multivalent meromorphic
functions of complex order 7 (see [25]);

e for « = 0, p =1, the class Kﬁ(h,a,T;A,B) = %¥(h,7; A, B) of meromorphic
starlike functions of complex order 7 € C* in U* (see [10]);

o for A=1, B=—1 and a = 0, we denote the class
v . _ 1l .
Ky(h, 0,731, =1) = K, (7 7)
B) D)
( A(an )

{fez R

0}. (14)

(f =) (2)
e for A=1, B=-1, a=0 and p =1, the class Kﬁ(h,a,T;A, B) = %X(h,T) of
meromorphic starlike functions of complex order 7 € C* in U* (see [10]);

e forA=1, B=-1, a=0, p=1and

o0

1 5 1
h(z) = . +; [W} P (peN:={1,2,3,...}, v >0, 8>0), (15)

the class le;(h, a,7; A, B) = Sg’é(’i') of meromorphic starlike functions of com-
plex order 7 € C* in U* (see [15]);

efor A=1, B=-1, a=0, 7= (p—19)cos e ¥ (0] < 5, 0< 9 < p)
and h(z) given by Eq. (12), the class Ki(h,a,7; A, B) = T (a,c,t,9,0) is
generalized class of 6- spiral- like functions of order ¥ if (see [26])

i | 2(f W)V ()
Re{@gl (f*h)(f) +€

} < —tcosb;

e forA=1 B=-1,a=0,¢=0andh(z) = the class K¢ oAy, 7 A, B)

m
reduces to
S(pi7) = gl (@) :
pT)=4qf€X,: Rell -\ 7 +p])| >0 TeC*},

which is p— valent meromorphic starlike function of complex order T;

oforAzl,B:—l,azO,£:O,pzlandh(z):ﬁ,theclass

ICfD(h, a,7; A, B) reduces to S(7) which is meromorphic starlike univalent func-
tion of complex order 7;
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eforA=1 B=-1,a=0,(=0,p=1,7=1-1n(0<n<1)and

hz) = ﬁ, the class le;(h, a, 7; A, B) reduces to ¥(n) which is meromorphic

starlike univalent function of order n (0 < n < 1). This class studies by
Pommerenke [27], Miller [22], Mogra et al. [23] (see also [4, 5, 6, 7] and [14]);

e forA=1, B=—-1,a=0,/=1andh(z) = m, the class Kf;(h, a,7; A, B)
reduces to

2f"(2)
f'(z)

which is p— valent meromorphic convex function of complex order 7;

T

K:<p;7_):{fezpiRe|:1—l( +p_|_1>:|>0’7_€(c*}7

oforAzl,B:—l,azO,Ezl,pzlandh(z):ﬁ,theclass

le;(h,a,T;A, B) reduces to K(7) which is the class of meromorphic convex
univalent function of complex order T;

eforA=1 B=-1,a=0,¢=1, p=1, Kzlandh(z):ﬁ,theclass
le;(h,a, 7; A, B) reduces to Xi(n) which is the class of meromorphic convex
univalent function of order n (0 <7 < 1) (see [14]).

Also, there is many literature of majorization problems for univalent and mul-
tivalent functions discussed by various researchers. A majorization problem for the
normalized classes of starlike functions has been investigated by Altintas et al. [2](
also see [3, 9, 11, 12, 13]) and MacGreogor [18]. For recent expository work on
majorization problems for meromorphic univalent and p-valent functions, see [28].

Motivated by aforementioned works, in this paper the authors investigate ma-
jorization problem for the class of p—valent meromorphic functions using convolu-
tion.

2. MAJORIZATION PROBLEM FOR THE CLASS ICf,(h,a,T;A,B)

Unless otherwise mentioned we shall assume throughout the sequel that —1 < B <
A<1, peN, (eNy7eC*zeU* and A(z) is given by (10).

Theorem 1. Let the function f(z) € 3, and suppose that g(z) € Kﬁ(h, a,7; A, B).
If (f = h)(z) (z) is majorized by (g * h)(e) (z) in U*, then

|(f+ )Y )] < g+ DT ) (2] < 7o), (16)
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where ro = ro(p, £, o, 7; A, B) is the smallest positive root of the equation

(A— B
P+ -a)
(A - B)|

— [2+(p+€) (MM+\31>]r+(p+£):0

Proof. Let g(z) € le)(h, a,7; A, B). we get from (11) that

(p+£)[ +\B[] 3 — (2|B| + p + £)r?

(17)

1 A (4+1) 1 B (4+1) 14 A
Y EIV2 IO WA B I TRl C A | IR EIC)
T\ (gxnY () T\ (9+1)" (2) L+ Bu(z)
(18)
where w(z) = b1z + b2 + ..., w € P, P indicate to the well- known class of
the bounded analytic functions in U and satisfies the conditions w(0) = 0 and
w(z) < |z| (z€0).
Let @)
1 h)r
Nzl—(z(g* >(£) (Z)+p+€>, (19)
T\ (gxh)7(2)
then by substituting in (18), we obtain
14 Aw(z)
N—a]N—l\—71+Bw(z), (20)
which give
— ae‘w
1+ (%w(z))
N = (21)
1+ Bw(z)
From Egs. (19) and (21), we show
A—B)T
S () PO+ [EEE + p+ OB w(z) )
(g% 1) O (2) 1+ Bw(z) '

Since |w(z)| < |z| (z € U), the formula (22) gives

‘(g 1) (2)‘ < (/11;|)3|Z|
(p+0 - |22 + 0+ 0B| 12

y 1+1Bllz]
(+0— |42+ o+ 0B |2

a

(g WD (2)]

(g=n“ @) 23
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Further, since that (f x h) @ (z) is majorized by (g * h) © (z) in the punctured unit
disc U*, from (2), we have

(f ) (2) = v(2) (g W) (2) (24)
Differentiating (24) on both sides with respect to z, we get
() (2) = 0/(2) (g ) (2) +9(2) (g ) (2). (25)
Next, noting that i) € P satisfies the inequality (see [24])
/ 1— [y(2)?
¥l < T (26)

and use (23) and (26) in (25), given

e () < (|w<z>|+ (1= P+ BleDI ) e ).
| | (p+ 01— 12) [1 = (502 + 18] |2] | |

that, upon putting
|z| =r and |¥(z)]=€¢ (0<e<1),

leads to
(=T @) < 0|9+ )|

where

o )_—r(1+|B|r)62+(p+€)(l—r2) 1 (S522 +181) | e+ (1 + [BIr) -
’ (p+ 01 -2 [1 - (52 + |5]) 7] ’

We note that,

ro=max{0 <r <1:P(e,r) <1, forall0<e<1}
=max{0<r<1:Q(,7r) >0, forall 0 <e <1},

where

Qe,r) = (p+ (1 —12) {1 - <m " |B|) T]

(1 =&)AL+ Blr)r — (p+ )1 —1?) {1 - (% ! |B|> r] .

The inequality (e, r) > 0 is equivalent to

(p+0)(1—1? {1 - ( (A= B)lr| 7t B> r} — (1 +e) (14 |Br)r > 0.

p+0)(1 -«
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Takes its minimum value at € = 1 with rg = 7¢(p,,7; A, B) where 7y is the small-
est positive root of the equation (17). In fact that, as one case can see easily, either

[1 - (% + |B|)] # 0, or if it is equal to zero, the Eq. (17) has a unique root

in the interval (0, 1) and this is the smallest positive root of Eq. (17). The proof of Theorem
1 is complete.

3. COROLLARIES AND CONCLUDING REMARKS

1. By setting i(z) as in Eq. (12) in Theorem 1, we obtain the result obtained by
Panigraphi and El-Ashwah [26, Theorem 2.1].

2. By setting @ = 0 and /(z) as in Eq. (13) in Theorem 1, we obtain the result
obtained by Panigraphi [25, Theorem 2.1].

3. By setting p = 1 and o = 0 in Theorem 1, we obtain the result obtained by
El-Ashwah and Aouf [10, Theorem 1].

4. By settingp=1,a =0, A=1, B= —1 and h(z) as in Eq. (15) in Theorem
1, we obtain the result obtained by Goyal and Goswami [15, Theorem 2.1].

By setting A =1 and B = —1 in Theorem 1, we obtain the following corollary.

Corollary 2. Let the function f € Zp and suppose that g € ICf;(h,a,T). If
(f * 1) (2) is majorized by (g * h)(z) (z) in U*, then

|(f ) () < (gx )Y )] (2] < o),

where 1 = ri(p, ¢, o, 7) is the smallest positive root of the equation

2|7| 2|7| _
[(1_@ (p—i—ﬁ)}r (2 +p+0)r? [2+<(1_a)+(p+£) r+(p+¢)=0
=K —0) (40 + 22 ‘
given by r1 = pic} and klzl—l—(p-i-ﬁ)—kll_%.

(p+0)+

Putting a = 0 in Corollary 2, we obtain the following:

Corollary 3. Let the function f € 3, and suppose that g € ICZ( 7). If (f * h)(z) (2)
is majorized by (g * h)( ) (z) in U*, then

|(f+R)ED ) < g+ DT @) (2] <),
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where ro = ro(p, £, T) is the smallest positive root of the equation

Q| +p+0)r —C24+p+0r =2+ Q27| +p+O)]lr+(p+£) =0

given by
ko — k3 —(p+£) (p+L+2|7])
dky=1 l . 28
" p+ £+ 2/7] and ky =1+ (p+O+Irl. (28)
Putting h(z) = (11_2) in Corollary 3, we obtain the following:

Corollary 4. Let the function f € 3 and suppose that g € /Cf,(T). If fO(2) is
magorized by g9 (z) in U*, then

IFEVE) <19V @) (2] <),
where o = ra(p, L, T) given by (28).

Putting h(z) =

> (11_2) and £ = 0 in Corollary 4, we obtain the following:

Corollary 5. Let the function f € >, and suppose that g € 5,(7). If f(2) is
magjorized by g(z) in U*, then

@I <1g' @) (2] <rs),

ks—+/k3—p(p+2|7|)

3] and k3 =1+ p+|7|.

where 13 = r3(p,T) given by r3 =

Letting p =1 and 7 = 1 in Corollary 5 leads to the following result [26]:

Corollary 6. Let the functions f € > and g € Y (1) = S(1). If f(2) is majorized
by g(z) in U*, then

12f'(2)] < |29'(2)] for |2 <

36
T
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