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SOME RESULTS ON A SET OF M-PSEUDO-STARLIKE FUNCTIONS
INVOLVING A GENERALIZED RUSCHEWEYH OPERATOR

A. O. LASODE AND A. O. AJIBOYE

ABSTRACT. The set of starlike functions and in particular, the set of A-pseudo-
starlike functions has gained the attention of researchers in recent times. In this
paper, we introduce a generalized set of A-pseudo-starlike denoted by S3(n,o, )
and investigate some of its properties. Some of these properties include some con-
ditions for univalence, integral representation, and estimates of some functionals:
Fekete-Szegé and Hankel determinants. Finally, some remarks on some subsets of
set Sy(n, o, 3) are discussed.
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1. BACKGROUND TO THE STUDY

In this paper, we let A represent the set of analytic functions having Taylor’s series
representation

g(z) =z+ ) a2 (2| <1) (1)
k=2

normalized such that g(0) = 0 = ¢’(0) — 1. We also represent by S, a subset of
A, the set of analytic-univalent functions in |z| < 1. In the sequel, we let S*(53), a
subset of S, represent the set of starlike functions of order 5 € [0, 1) such that

29'(2)
NRe o2 >0 (2] <1).

If 5 =0, then §*(0) = S* is simply called the set of starlike functions. The set of
starlike functions is well-known and has been studied in various forms as evident
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in many available literature. In particular, the set of functions that satisfy the
geometric condition

>p (Az1, Bel0,1), [ <1) (2)

is called the set of A-pseudo-starlike functions which was introduced by Babalola
[4] and has been studied in different forms by a number of authors. An analytic
function of the form

p(2) =1+ (1=B)p2* (B€[0,1), |2| <1)
k=1

normalized such that pg(0) = 1 and pg(z) > B is said to be a function in the set
P(B) of Caratheddory functions of order 8. If 8 = 0, then set P(0) = P is simply
called the set of Caratheddory functions whose form is

p(z) =1+ p2® (2l <1). (3)
k=1

Another set of functions of interest in this work is the set B(a,n,g,p) of Bazilevi¢
functions introduced in [6] and having the integral form

z

M) = 1 [ - e (i) g g
0

for real numbers a > 0 and 7; g(z) € S* and p(z) in (3). Much is unknown of the
set B(a,n,g,p) except that it was proved to be the largest known subset of the set
S. However, the subset B(a, 0, z,p) = B(«) such that

>0 (>0, |z <1)

was studied by Singh [16]. Going by the declaration in [4], let B(«, 3) be the set of
functions that satisfy the condition

g ()g(x)""

g >3 (a>0, B€]0,1), |2| <1). (4)

This set is known as the set of Bazilevi¢ functions of type a and order §.
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Let ”x” represent the Hadamard product or convolution. The convolution of two

analytic functions g(z) in (1) and G(z) = z + 5 Ap2" is defined by
k=2

(g*G)(2) =2+ Y (ap x Ag)z".
k=2

Using the concept of convolution, Babalola [2, 3] defined two convolution operators

AV: A — Aand V2 : A — A as follows.

Definition 1. For a fized real parameter o = n+ 1, n € Ny = NU {0} and for

g(z) € A, define the operator A : A — A by

Ag(2) = (To0 75" % 9)(2)
and as a right inverse operator, the author gave

V39(2) = (130" * o % 9)(2)

where

z
onl?) = m— o507 1
Tonl) = et (1<)
and Té}l)(z) is such that
VRN o SR .
(Ton * Ton ) (2) Z+§Z T, (<)

(5) can be simplified as

Agg(z):z—i-Z((a—i_k'_ 1! 9 (0 —n)! )!>akzk

or condensed as -
Arg(z) =z+ Y xuln,o)apz® (2] <1)
k=2

where
(a—i—k—l)!x (0 —n)!

o! (c+k—n-1)

Xk = xk(n,0) =
so that (6) becomes

o0
Vig(z) =z+ Z Xlzlakzk.
k=2
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Remark 1 ([2, 3]). The following relations are valid from (5) and (6) (or (7) and

(9))-
1.

2.

N S v e

Adg(z) = Afg(2)

Alg(z) = Vig(z) = 2¢/(2) = R'g(z), the Ruscheweyh operator of order 1 in
[15].

Alg(z) = R"g(2), the Ruscheweyh operator of order n in [15].

Vog(z) = Vig(z) = g(2) in (1).

Ay"g(z) = N™g(z), the Noor operator in [13].
Vig(z) = N"g(z), the Noor operator in [13].
Vo"g(z) = R™g(z), the Ruscheweyh operator in [13].

And note that
A5(Vgg(2)) = V5(Azg(z)) = g(2). (10)

2. A NEW SET OF ANALYTIC FUNCTIONS

Henceforth, it shall means that ¢ =2 n+ 1 is fixed, n € Ng, A 2 1, 8 € [0,1) and
g(z) € A. The new set of analytic functions studied in this paper is defined as
follows. A function g € A is said to be in the set S¥(n, o, 3) if, and only if,

o AL(A9(2))')

a8 (<) (1)

where all powers are regarded as principal determinations only.

Remark 2. We note the following subsets of Sy(n, o, 3).

1.

2.
3.

4.

S57(0,0,8) = S7(0,0,8) = S*(B) is the set of starlike functions of order (3, see
[9].

S57(0,0,0) = 57(0,0,0) = S* is the set of starlike functions, see [9].

S53(0,0,8) = 53(0,0,3) = S3(B) is the set of A-pseudo-starlike functions, see
[4].

S53(0,0,8) = 83(0,0,8) = S5(5) is the set of functions satisfying the condition

229 (2)
Re <g (705 > >B (Be[0,1), |2 <1). (12)

Note that the expression in brackets is the product combination of geometric
expressions for bounded-turning functions and starlike functions.
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5. Suppose A =n = =0, we note that (11) will reduce to the reciprocal of the
geometric expression Re(z/g(z)) > 0 of a set of functions studied by Yam-
aguchi [17].

3. INITIAL LEMMAS

The following lemmas are necessary to proof our results.

Lemma 1 (7, 9]). If p(z) € P, then |px| =2 (k€ N).
The result is sharp for the Mobius function po(z) = (1 + 2)/(1 — 2).

Lemma 2 ([5]). Let p(z) € P and u € R, then

2(1—u) for uw=0,
< 2 for 05 u<2,
2u—1) for uw=2.

Lemma 3 ([5]). Ifp(z) € P and u € C, then

2

_ 71
b2 u2

»i
2

Lemma 4 ([4]). Let pg(z) € P(B), then form € [0,1], h(z) = (pg(z))™ implies that
h(0) =1 and Reh(z) > ™.

Lemma 5 ([4]). Let p(z) be analytic such that p(0) = 1. If
P'(2) 3 -1
Re (Zp(z) + 1) > % (lz] < 1),

then form = (8 —1)/8 (8 € [1/2,1)), Rep(z) > 2™. The constant 2™ is the best
possible.

Lemma 6 ([10]). If p(z) € P and i,j € N, then

9 for 0<u=<1
R .| < -
|pi; — upip;| = { 212u — 1| elsewhere.

p2 — p | = 2max{1, |1 — p}.

4. MAIN RESULTS
4.1. BASIC PROPERTIES

Theorem 7. For ps(z) € P(B),

SK(”? U)/B) cB (1 - %7 ﬁl//\> .
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This implies that functions in set Sx(n, o, ) are Bazilevi¢ functions of type 1 — %
and order BY/A.

Proof. Let g(z) € S§(n,0,3), then for pg(z) € P(B), (11) can be written as

A(Ang)) _ (A A9\ (2) (13)
Mgg(z)  \ (Ange)r ) T
which means that I/A(An »
A 2N
GAng(anin el )M,
Now applying Lemma 4 means that
Zl//\(Agg(z))'
g P 7 (14)

Letting 1 — o = ; and comparing (14) with (4) means that g(z) € B (1 — 1, BI/A)
as required.
Theorem 8. Let g(z) € A, then if
e (LB )Y 0
(A5g(2)) A3g(2) 28
holds true, then Alg(z) € Sy(n,0,).

(2] < 1)

Proof. Letting p(z) = pg(z) and taking the logarithmic derivative of (13), then we
can write

) A M)
2(2) Qg Angle)
so that
P L\ A(Ang(2))"  2(Ang(2))
e (Zp<z>“>‘”° <2+ Arg(2) Anglz) )

and by conditions of Lemma 5 we have that

PE) L\ e (Ae(ANg(2) 2 ARa(2))\ _ —(1+ )
e <Zp<z>“>‘m( Arg(2) Anglz) )> 25

which implies that

Wheremzl—%, $<B<land|z| <1
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Theorem 9. Let g(z) € Sy(n,0,B), then g(z) can be represented in the integral

form
e 1/
9(z) = V5 (/ anal(pﬁ(n))ladn)

forozzl—%and)\>1.

Proof. Let g(z) € S§(n,0,3), then for pg € P(5) we have from (13) that

Zl/)\((Agg(z))/) B
(Ang(z))1/A = (pa(2)"/.

(15)

Now if we let § =1 — a (A > 1), then (15) can be expressed as

Z(459(2))")
(Apg(z))'—

= (pa(2))' ™"

or

Nl a—1 a2
(Aog( ))za_l(Aag( )) — (pﬁ(z))l—a

so that we can write
((Arg(2)*) = az*(pg(2))

and

Azg(z) = (/ Omal(pﬁ(n))ladﬁ) (A>1).
0
Applying (10) now completes the proof.

Remark 3. Setting n(= o) = 0 gives the results of Theorems 1, 2 and 3 in [4].
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4.2. COEFFICIENT ESTIMATES

Theorem 10. Let g(z) € Si(n,0,3), then

2(1-5)
i S 1
el € oty (16)
2(1-8) [21-B)(2 2 —4x+1)
< _
ol = 2 s | 1], (a7
2(1 - 3) 4(1—B)2 [ |6A2 — 11X + 2|
las| < +
@ 1) a@ - D A - DEA-1)
8(1— )3 [24X* — 80A3 + 84)\2 — 28\ + 3 (18)
x4(4X — 1) 32A—1)3(3A—1) ’
las) <24 22 —1] 4 q101 22 — 1] +16/E] (19)
= A C 9
where
_ _(1-p)
A - X5(5>\—1)
_ (1-p)? 2(4X2—7X2+1) }
= Xs06A—1) | @x—D)([@x—1)
C— _(1-p)? 9A215A+2}
T XsGA—1)) 2(3A—1)2
D— (1-8)% ) 9IAA—=1)(2A2—4X+1) 4 (BAZ—10A+1)(6A%2—11A42) 6,\316)\2+8)\+1}
=~ XsGA—1) (2A—1)2(3A—1)2 A—1)2(B3A—1)(4r—1) @A—1)2(3x—1)
E —
(1-pB)* {/\()\1)(45)\467A3+69>\2+35>\17) (8)\210/\+1)(24)\480/\3+84)\228/\+3)}
A=) 2 DIBA1)? + 312G -1)[dA-1)
(20)
Proof. Let g(z) € S(n,0,3) and for p(z) € P, (11) can be written as
2((Agg(2))
= 1 —
Ang(2) (1=B)p(2) + 8
or
2((A59(2))) = {(1 = B)p(2) + B} AR g(2). (21)
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Simplifying the LHS of (21) by using (8) we get

2((Ag(2))) =2 + 2\x2a22* + {3/\X3a3 + 22\ — 1))@@%}23

4
+ {4)\X4a4 + 6A(A — 1)x2x3a2a3 + g)\(A —1(A— 2)Xga§}z4

1
+ {5)\x5a5 + 5/\()\ — 1)[16x2x4a2a4 + 9x§a§]

2
+6AA = (A= 2dxaadas + A= DO =2\ = 3)xdaj 2

and simplifying the RHS of (21) by using (8) we get

{(1=B)p(2) + BYAzg(2) =
2+ {(1 = B)p1 + xaa2}2”
+{(1 = B)p2 + (1 — B)p1xaaz + x3a3}z”
+{(1 = B)ps + (1 — B)pax2az + (1 — B)p1xsas + xaas}z*
+{(1 = B)psa + (1 — B)psx2az + (1 — B)paxsas
+ (1 = B)prxaas + x5a5}2° + -+

A careful comparison of the coefficients in (22) and (23) shows that
2Ax2a2 = (1 = B)p1 + X202

3Axsas + 2A(\ — 1)X§a§ = (1—B)p2+ (1 — B)p1x2a2 + x3a3

4
AAxaa4 + 6A(N — 1)x2x3a2a3 + g)\()\ —1)(A—2)x3a3
= (1 = B)ps + (1 — B)paxzaz + (1 — B)p1x3as + x4a4

and

1
5Axsas + 5)\(/\ — 1)[16x2x4a2a4 + 9x3a3] + 6AN — 1)(A — 2)x3x30a3a3
2
£ 200 D=0 - ket = (1 Bpr + (1 - Bpwoas

+ (1 = B)paxsas + (1 — B)p1xaas + x5as.

Now from (24) we get

_ (1-8)m
2T L)
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so that by applying triangle inequality and Lemma 1 we get (16). By putting (28)
into (25) we get

_ (-5 (1—B)2(2)2 —4X + 1)
az = X3(3>\ — 1)]72 - X3(2A — 1)2(3)\ — 1) p% (29)
) __1-=5 (1-5)2X* —4r+1)
a&_m@A—D{m_< @x— 1P >pﬂ

so that by applying triangle inequality leads to

(1-7) ‘ 2_((1—5252AAiI);1A+1)> 2

las] = x3(3A —1)

(1-5) 2
m ’P2 — upy

where
(1—58)(2A%2 —4X +1)
(22 —1)2
and by applying Lemma 2 for A = 1 leads to (17). By putting (28) and (29) into
(26) we get

) (1—0)2 [ 6X2—11A+2
‘“‘xuﬁ—mfy‘mmx—n{cx—n@A—n}mm
(1—08)% [2421 —80A3 + 842 — 28\ + 3
O R L

so that applying triangle inequality in (30) leads to

< (1-5 (1—58)% [ [6A%2 — 11X+ 2]
|aa] = | [p1p2|
x4(4X — 1) xa(4A =1 [ 2A—=1)(3XA—1)
(1—3)3 [242* — 803 + 84)2 — 28X\ + 3 oo
Xa(dr—1) 3(2) — 1331 — 1) p1
and by applying Lemma 1 gives (18). Lastly, putting (28), (29) and (30) into (27)
and simplifying completely leads to a summarized equation:

p3| +

as = Aps — Bpips — Cp3 + Dpips — Epj
=A <p4 - imm) — Cps (p2 - gﬁ) — Ep; (31)
for A, B, C, D, and E in (20). Applying triangle inequality leads to
las| = A

+ C|p2| + Elpi|

D ,
p2—6p1

B
Pa — Zp1p3

and applying Lemmas 1 and 6 gives (19).
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Remark 4. Setting n(= o) = 0 and A = 1 gives the results of the coefficient
estimates of starlike functions in [7, 9] and setting n(= o) = 0 gives the results in

[4]-

4.3. FEKETE-SZEGO ESTIMATES

A frequently studied property of the coefficient problems of g € A is the Fekete-Szego
functional introduced and defined in [8] by

FS(8,9) = |ag — 6a3| (6 €R). (32)
See [1, 11] for more details.

Theorem 11. Let g(2) € S5(n,0, ), then for x € R,

2(1-8)(1—u) X3 (42—2)2—1)
X3§3A§)1) or in\ 22>f\32(3/})_1) 2(4X—2)22-1) 2(22—1)2
2 2(1— —2)\2— —92)2_ _
jas —zas| < 4 Gy for X2x3<33(1> §f§ X2X23(<3“>>2 GU-AT)
2(1-8)(1—u) AN—2)2-1 221
s Jor 22 Mot i amo
(33)
and 2(9)2 \ \
2(1 — 20 —4 1 —1
o 20 =B +1) +axs(3A - 1)) (34)

X322 —1)?
Proof. Considering (28) and (29) in (32) for € R implies that

,  (1-p) {2_2(1—6)[x%(2A2—4A+1)+x><3(3A—1)]Xp%}
2

az — xray =

x3(3A —1) X3(2\ — 1)2
(35)
so that ( 8) )
1— D
S ) R S _ 1
las — x| = CE Ty P

where u is given in (34). Now applying Lemma 2 in the ranges u < 0, 0 < u < 2
and u = 2 leads to the result in (33).

Theorem 12. Let g(z) € S5(n,0,3), then for y € C,

las — ya3] < mmax{ul—m} (36)

where
2(1 - B)DEERN —4x +1) + yx3(3X — 1)]

X3(21 —1)2

j— (37)
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Proof. Considering (35) for y € C implies that

2
asz — Yyays =

so that

(1-5) { 20 = BN -+ D +ysBA 1) p%}
2

x3(BA—1) X532\ — 1)2
oo (1=0) ot
|(13 ya2| - X3(3)\ _ 1) b2 1% 9

where p is given in (37). Now applying Lemma 3 leads to the result in (36).

4.4.

ESTIMATES ON HANKEL DETERMINANTS

The Hankel determinants introduced in [14] is well-known. The jth-Hankel deter-
minant whose elements are the coefficients of g in (1) was defined in [14] by

1 A1 Q42 - Okgj—1
Ak+1 Ak+2 ce e Qk+4j
HDju(g) = | @+2 @3 oo oo kb | (i EN). (38)
Uk+j—1  Qktj - oo Qkg2(j-1)

Observe that from (38), we can demonstrate that

(HD21(g)] = |as— a3,
[HD22(9)] = |azas — a3, (39)
|HD31(9)] = |as||HD22(g)| + |aal|azas — as| + |as|[HD2,1(g)|-

For some applications of Hankel determinants see [12] and the citations therein.

Theorem 13. Let g(2) € Sy(n,0,[), then

where

L
[HD2a(0)| = oras - 3 S 4l 20— 1|+ 1601 alN] (a0
_ (1-p)?
T xexa(2A=1)(42-1)
[ = (-p)p° 6A2-11A12  2(2A2—4A+1)
T (22-1D2(BA-1) | xexa(4X-1) x2(3A—1) (41)
M= (=81 {24/\4780)\3+84)\2728>\+3 _ (2/\2—4/\+1)2}
= @ -DABA-1) 3x2xa(4X—1) X332 —1)
N = (1-5)?
x2(3A—1)2
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Proof. Considering (28), (29) and (30) in (39) shows that
|asas — a3| = |Kpips — Lpips + Mpi — Npj|

L
= ‘Kpl (P3 - Kplpz) + Mp} — Npj

L
p3 — —pip2| + Mp1|* + |N||p2|?

K
for K, L, M and N in (41). Applying Lemmas 1 and 6 leads to (40).

< [K|[pa

Theorem 14. Let g(2) € S5(n,0, (), then

H
lasas — aq| < 2J 'QJ - 1‘ + 81 (42)
where (1-p)?
_ 1-8 1 6A2—11)2+2
0= (2A-1)(3A—1) | x2x3 + xa(4A—1) }
_ (1-8)3 2404 —80A3 18402 —28)+3 | 2X2—4X+1
I'= e mseen Bya (A1) T s } (43)
J—= (=58
xa(4X—1)"

Proof. Considering (28), (29) and (30) in (39) shows that
|azag — as| = |Hpipz — Ip} — Jps]

H
’—J (Ps - Jp1p2> — Ip}

H
ps — —pip2| + Ip1?

J
for H, I and J in (43). Applying Lemmas 1 and 6 leads to (42).

<J

Theorem 15. Let g(2) € S5(n,0,[), then

HD3,1(9)]
21-8) [20=B)2\ —4r+1) L
< [X3(3)\—1)‘ 2\ 17 1H[41K|‘2K 1'+16M+4|N|]
+[ 2(1 — ) 4(1 — B)? { |6A2 — 11X + 2| }
xa(dA—1)  xa(4A—1) L (2A-1)(3A - 1)

_3)3 4_ g3 2
8(1—0) {24)\ 80N° + 84\ 28)\—1-3}] [2J‘2H—1’+8I]

(@ —1) 32A—173(3A—1)
4 [2A‘2]j—1‘+4|(]\ ‘22—1‘+16|E]] [M] (44)

where A, B, C, D, E, H, I, J, K, L, M and N are defined in (20), (41) and (43).
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Proof. Considering (17), (18), (19), (40), (42) and (36) in (39) shows that by simple
calculation, we get the result in (44).
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