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1. INTRODUCTION

Let A denote the class of functions:

f(z):z—i—Zakzk, (1.1)
k=2
which are analytic in U={z € C: |z| < 1} and & C A for which
f2)=2- > az* (a>0). (1.2)
k=2
The g—difference operator for function f (z) defined by ([1],[6,7],[9],[15] and [17]) ;
f(z)=f(q2)
D, = i—p: 270 (1.3)
f0) 2=
that is
Dof (=) = 1+ 3 [k, ax=", (1.4
k=2
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where

k], = [0], = 0. (1.5)

Note that:

Asq— 17, k], =k, Dof (2) = ['(2).
The fractional g—derivative operator of order « for analytic function f defined in a
simply connected domain, contains zero is defined by [6],

O S B A ()
Dq7zf(2)—Fq(l_a)/(z_t)adqt, 0<a<l,
0

QG f(2) =Tq(2—-)2%Dg . f (2),

o0

0 1, 0< 1
kz k:—l—l—a) apz ( <gq <l Sa< )7

where multiplicity of (z — )™ is removed by requiring log (z — t), to be real when
z—1t0 (for g — 17 see [18],[19]).

For A>0,0<a<1,0<¢<1,neNy=NU{0} and f is given by (1.1) we
defined new g—fractional derivative operator as follows,

W) = f2),

DYOf(2) = (1=XN)Q9F () +AzDy (U (2)) = DS, f (2),

DY f(z) = DS, (DS,f(2),

Digf(s) = DS, (D3, ""F (),
=z+ i U ng(c, Nag2®, (1.6)

k=2
where
C Ty(k+ D2 - a) n
Tina(0 V) = =S 1+ A, - D] (1.7)

We note that for ¢ — 1~
(i) DYy = Dy, where this operator modified the operator of [3,8],

(ii) DY = D2 (see [18], [19]),
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(iii) D"° = D™ [20],
(iv) DY = Dy [2].

Definition 1. For A, ;1 >0, 7v>1,0<a,6<1,0<6 <1, n € Ny and a function
f € A is in the class SZ\I’;‘(&%M,B), if it satisfies

12DqG(2) v2D,G(2)
Re{G(zz)_(V_l)}>M G(zz)—v‘-l-ﬁa (1.8)
where
G(2) = (1= 8)D f(2) + 62 (DD f(2)) (1.9)
Let
TSy g (6,7, 1, 8) := Sy (8,7, 11, ) N 3. (1.10)

We note that as g — 17 :
Sy (0,1, 1, 8) = SPI (u, B) and SY'7(1,1, 1, 8) = UCVE, (1, B) [3,8, with
Uy nqg(a, A) of the form (1.7)] . For different values of n, o, A, 9, v, u and 3, we
get the classes defined by [8] and [10 — 13].

2. COEFFICIENT ESTIMATE

In the rest of the paper let 0 < o, 8 < 1, \,u > 0, v > 1,0 < 6 < 1, n € Np,
0<g<1and ¥, ,(a,) as (1.7).

Theorem 1. If f € A, satisfies

i[l—ﬁﬂ( K, = 1) (14 m] [1+ (18], = 1) 6] Danglon N ol <15,

k=2

then f € SY (0,7, 1, B).

(2.1)

Proof. Assume that (2.1) hold. Since for real 5 and complex number w,
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Rw) =& jw+(1—=p)—|w-(1+p)] >0, (2.2)

then by Definition 1 it is sufficient to show that

v2D,G(2) v2DyG(2)

) -1y - | o~ 4 <
12DgG(z) . |12DgG(z) _
G02) (y=1) —p G0 v‘ +( ﬁ)‘- (2.3)
For the right-hand side of (2.3)
_|eDeG(z) o |1zDgG(z) _
R e (v—1) o) 7’ +(1 /D’)‘

= G PEDCE + 2= 8= G(e) - e 112D,G(2) ~ 6L |

g rc@ﬂz 5= 2 (1, 1) ()] [+ (0, 1) ] Bl ) )
k=2

Similarly, the left
v2DyG(z)

VZDqG(Z)

Do =R - [ o )
— G DGR — (= D6 — ke DG 1G] - (14 HEG)
< B {/”Z[( 1) () = ] [ (16— 1) 8] Wi gl, ) a3
Since
R—L>
\G@)\ 2; 1By (], 1) @t ] [+ (16— 1) 6] Wglon ) faxl} > 0,

then the required condition (2.3) is satisfied, so f € S (5 v,y 3).
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Theorem 2. Let f €S, then f € TS;’:;((;,’}/,/L, B), if and only if

i 1=+ (1, = 1) 1+ )] [1+ (K], = 1) 8] Whnglos Nar <1-5. (24)

k=2

Proof. Assume that (2.4) holds and in virtue of Theorem 2.1, then f € TS (5 Yy 1y B).

Conversely, suppose f € TS} ' *(8,7, 11, B), choosing the values of z, on the posi-

tive real axis the inequality (1.8) reduces to:

1=, [1 + ([k]q - 1) 'y} [1 + ([k]q - 1) 5} Uonql, NagzF !
1= 500 [1+ (K], = 1) 8] Whngl, Aayzh=!

_/8>

Py [1 + ([k‘]q — 1) 7} [1 + ([k‘]q — 1) 5} gl AagzF1
132, [0+ (1K, — 1) 8] Wengla, Nagzht |

Letting z— 17, we obtain the desired inequality.

3. MODIFIED HADAMARD PRODUCTS FOR THE CLASS TS (5 Y, 1, B)

Let f; (j =1,2,...,p) be defined by

2)=1z— Zak,jzk (ag,; >0). (3.1)
k=2
The modified Hadamard product of f; and fs is defined by
(fix fo)(2) = Z—Zak 10k, 92" (3.2)

Theorem 3. Let f;(z) € TS\ (8,7, 1, B), (7 = 1,2) defined by (3.1) , then (f1 * f2) (2) €
TS/T\L,’;(&%M,,O), where
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vq(1+p) (1-B) _
[1—B+7q(1+ @)]° (1+69) Vo g (a,A) — (1 - B)?

p=1- (3.3)
The result is sharp.

Proof. Employing the techniques used by Schild and Silverman [21], we need to find
the largest p such that.

o [1=pt (], —1) @+ [1+ (K], — 1) 8] @engl )

ak,la/az S 1. (34)

k=2 1=r
Since
féﬁ—ﬁ+vﬁmf4)u+?lg+Umf4)QWMAmMWMS1Uzlﬂy
= (3.5)
Then Cauchy-Schwarz inequality yields
AR (IS0 TR0 RN
= (3.6)
Thus it sufficies to show that
i [1 ot ([k:]q - 1) 1+ MEUT ([k]q - 1) 5} W, )\)ak,lak,Q )
k=2
i 1=+ (K, - 1) 1+ Ml)U; + (1K, = 1) 8] Wenglen ) [
k=2
that is
(1 =p) [1=8+7 (14, —1) 1+ )]
VOk10k2 < (k>2). (3.8)

(=8 [1=p+7 (4, - 1) (1 +w)]
From (3.6) and (3.8), we need to prove that
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1-8 < (=) [1=B([4,—1) (+p)]
[1=B+7([k],—1) A+ [1+([k],—1)8] Wk g (@N) = (1=B)[1—p+([k],—1)(1+n)]’

which leads to

(=8 (K, —1) 1+ )

p<1-— -
1= (W, - 1) @] [0 (18], 1) 6] Wgla ) — (1 - 92
(3.9)
Since
- (=8 (], —1) 1+ p)
' 1 (W, - 1) @] [ (8, 1) 6] Wgla ) — (1 - 9
(3.10)
is an increasing function of (k > 2), letting £ = 2 in (3.10), we obtain
2
B () —1_ yg(1+p)(1-5) (31
P T e P L+ 0 Yoy @ — (=g
which proves the main assertion of Theorem 3.1. Finally,
[ =2- L CG=12), (a2

(1= B+7q(L+ )] [1+0q] Uz gla, A)

give the sharpness.

Theorem 4. If f; (2) € TS\ (3,7, 1, B5), (j = 1,2) defined by (3.1) , then (f1 * f2) () €
TSI (6,7, s pr), where

g (14 p) (1 = B1) (1 — Ba)

p=ts [1—B1 +vq(1+ )] [1 = B2+ vq (14 pw)] (1 +8q) Yo,y (a,A) — (1 — %)1(31)— Pa)
The result is the best possible for f; (2), |
£ () = 2 Shal) P (j=12).  (314)

T =B+ q (L )] [1+ 0] Ua g, )
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Proof. Proceeding as in the proof of Theorem 3.1, we get

(1-81) (1=B2)7([k],~1) (1+p)
[1=B1 4 (1k],—1) (1) | [1=Ba+ (161, — 1) (110) | [ 15 (K], — 1) ] W g (N —(1—B1 ) (1—B2)
(3.15)

since @, (k) is an increasing function of (k > 2), letting £k = 2 in (3.15) , we obtain

p1 < Oq (k) =1-

_ Yq(1+p)(1—51)(1—P2)
P = %4 (2) = 1~ g T B tra (L ] 00 W g @M (B (3-16)

This completes the proof.

Theorem 5. If f;(z) € TS;L?’;((S,%M,BJ»), Jj=1(1,2,..., p) is defined by (3.1), then
(fl * f2 koaox fp) (Z) € TS;L:;((S,’}/,,LL, p2)a where

vq (14 ) TT (1 - 8))
pr=1-— =l . . (3.17)
l—[1 [1— B +vq 1+ @] [(1+0q) Uapng (o, NP — H1 (1—8;)
j= =

Proof. For p = 1, we see that po = p1. For p = 2, proceeding as Theorem 3.2, the
result is true. Suppose that the result is true for any positive integer p. We must
show that

(fl * f2 *oLok fp+1) (Z> € TS;L:;((S,’)/“U, 77))

where

¥qg (1 + ) (1 = p2) (1 = Bp+1)

n=1- 1—=p2+yvq(1+ )] [1 = Bpr1 +7q (1 + )] (1+0q) ¥opng (e, A) — (1 —(521)8()1 — Bpt1)

and py is given by (3.17) . After simple compulations, we have

p+1
va(1+p) _Hl(l—ﬂj)
=

n=1-1m pi1 )
1[1*5j+’YQ(1+M)}[(1+5Q)‘1’2,n,q(047)\)]p* [T (1-8;))

Jj=

J=1
this shows that the result is true for p + 1. Therefore, by mathematical induction,
the result is true for any positive integer p.
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4. PARTIAL SUMS
For f € Sf\l’;)‘(é, v, i, 3), given by (1.1), its sequence of partial sums is
m
fm(2) =2+ az" (meN). (4.1)
k=2

Applying the technique used by ([5],[14],[16] and [22]) on partial sums of analytic
univalent functions, to obtain the results. And let

By (n,q,00,8,7,1,8) = [1= B+ (K], = 1) (1 + w)] [1+ (K], = 1) 6] Wngle V).

(4.2)
Theorem 6. Let f € S/T\L’;((S,’y,u,ﬁ), satisfies the condition (2.1), then
Bm s Yy 7)\7577 ’ —(1-
fm (Z) Bm+1 (n7q7047)\76777 M75)
fm (Z)> Bm+1 (n7Q7aa)‘75)77u75)
b) Re > , 4.4
) <f(2) " Bt (n,q, 0, A, 6,7, 1, 8) + (1 = B) 44
where
1-5 k=2,3,..,m
> 5Dy ey .
Bk (n?Q7O‘7}‘75?’Y7:U'7ﬁ) B { Bm+1 (n7Q7a7)\757'77M75) k:m+17 (4 5)
The result (4.3) and (4.4) are sharp with the function given by
f(z)=z+ ZmtL 4.6
( ) Bm+1 (Tl/, q, O[,)\,(;,’)’,[Jqﬁ) ( )
Proof. Let
1 +U}(Z) _ Bm+1 <n7Q)aa)\76777,u7/8) |: f(2> o Bm+1 (nvqaoh)\a(;v’}la/*%ﬁ) - (1 — 6)
l—UJ(Z) l_ﬂ fm(z) Bm+1 (n7Q7a7A75777u75)
B
14 ZZ’L: akzk—l + m+l(n»qf«\,5muyﬁ) Zzo:m akzkz—l
_ 2 ( 7 ) i . (4.7)

1+ 02 apzk1
It suffices to show that |w (2)| < 1. Now from (4.7) we have
(Berl(n,izf,ﬁ)\,é,%uﬁ)) S !
w(z) =

- Bm n,q,o,\,0 _ ’
2425 apzkl 4 ( F1( ,iz,_,ﬁx, ,W,B)) S agzk!
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Hence

Bm ki %) 7A)67 ) )
o) < ( H(n[{iffl ’7#5)>Zg<>:m+l ’ak’
w\z .
- Bm b 2l 7A767 ) )
2 - 25 lay| — (Zmalngeddaund)) 5yl

Now |w (2)] <1 if

m

Bm b ) 7A757 ) ) =
Z‘ak|+< +1(n,q,a 7#ﬁ)> S jal <1

k=2 1-5 k=m+1

From (2.1) it is sufficient to show that

- Bm n’ 7a7A757 ) ) > > B n’ 7@7)\76, ) 9
ZlakH( +1(n,q vuﬁ)) 3 Iakléz< k(n,q vuﬁ)>|ak|7

k=2 1-# k=m+1 k=2 1-5

which is equivalent to

" Br—1 > B n, 7047)\a67 s My _Bm n,q,o
Z( % +5> laxl+ Z < k(n,q Y, 1y 3) +1(n,g, ’/\’6’7’“’5)>!ak!20.

k=2 1=5 k=m-+1 1-5
(4.8)
For z = re™/™ we have
1-— 1—
O, g e 8
fm (Z) Bm+1 (TL, q, O[,)\,(;,’)/,M,ﬁ) Bm+l (n7Qvaa)‘a5’77H75)

Berl (n7Qaa7)‘56773/L7ﬁ) B 1+ﬁ

where r — 17,
Bm+1 (TL, q,«, )‘a 67 s ﬁ)

which shows that f (z) given by (4.6) gives the sharpness.To prove the second part
of this theorem, we write

1+w(z)  Bpnyi(n,q,a,\0,v,m,8)+1-7
1—w(z) 1-3
o [fm(2) Bint1(n,q, 0, A, 0,7, 1, B) }
f(z) By (n,g, 0,0, 0,7, 1, 8) + (1 =)

m k—1 B +1(n7q7av)‘767’7nu7/8) o k—1

1+, apzkt ’

where
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- Bm P &) 7)"67 bl )
(1 B+ +1§Tiqa ’Yﬂﬁ)) El?;erl ||
1- _Bm 14 7>\767 bt ’

2—22?:2‘%‘ - ( g +1§z%a wtﬁ))ZZO:mﬂ |a|
Now |w (2)] < 1if

m )

Bm+1 (nu Q7a7)\75777u7/8)
;lam( 15 2 lal <1

k=m+1

jw(2)] <

Making use of (2.1) to get (4.8). Finally, equality holds in (4.4) for the external
function f(z) given by (4.6).

Theorem 7. Let f € Sf\“g(d,*y,u,ﬁ), satisfies the condition (2.1), then

f,(z)) Berl(naQaOQ)‘?év’ynuaB)_(m—l_l)(]-_ﬁ)
a) Re > , 4.10
@ Rl 5) 2 Bt (7,4 0 0,574, 5) (410
f/ (Z)> Berl (TL, q, O‘v)‘?(;a’%/‘bwﬁ)
b) Re (Im > , 411
©) <f’(2) = Bmt1(n,q, 0,0, 8,7, 1, B) + (m+1) (1 - B) 1)
where
k(1—8) k=23, ..m
Bk+1 (nv q, «, )‘a 6777 M7/6) > { k (1 _ B ) + k(Bm-&-l(TZ;Zfi;w(s,%#nB)) k=m + 1,
(4.12)

The results are sharp with the function given by (4.6).

Proof. We prove (a). The proof of (b) is similar and will be omitted. We write

1+w(z) _ Bm+1 (na Qaav)"csa’}/a/'évﬁ)
1—w(z) (m+1)(1-7)
% |:f/ (Z) - (Bm-H (n7Q7aa)‘75)77u75) - (m+ 1) (1 _/8) >:|
fr/n (Z) Bm+1 (n7Q7a’)‘76777M76) 7
where
Bm+1(n,q,0,X,6,7, 1, oS _
( +(1151+q1)(1_ﬂ7)u6)> > ka2t
w(z) =

—_— Bm b 5 7A767 bl b —_ )
24235, kagzt T + ( +275?+q1§y(1—ﬂ; - B)) 2 hema kagzh !
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Now |w (2)] <1 if

S m nq,aké,%uﬁ
R e ) I ST
k=2

k=m+1

From (2.1) it is sufficient to show that

= m+1(n qaa)\évﬁ}/au/@

k=m+1

i <Bk: n, Q7a )\ 5777”)5)) ’ak’
k=2 ﬂ 7

which is equivalent to

ak|+

=2

> (m + 1) Bk (n7Q7a7 )‘75777H)B) - (Bm-i-l (nu q, &, )‘76777/’L7/6)) k
> ( (m+ 1) (1 - 5) ) o

k=m-+1

this completes the proof.
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