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A GENERAL FIXED POINT THEOREM FOR A PAIR OF
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ABSTRACT. In this paper a general fixed point theorem for a pair of mappings
satisfying a new type of implicit relation, different than the type from [8], which gen-
eralize the results from Theorem 3.5 [4], Theorem 4.5 [4], Theorem 2.3 [2], Corollary
2.4 [2], Corollary 2.8 [2] and other results from [1] is proved.
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1. INTRODUCTION

In 1994, Matthews [5] introduced the concept of partial metric space as a part
of the study of denotional semantics of dataflow networks and proved the Banach
contraction principle in such spaces.

Many authors studied some contractive conditions in complete partial metric
spaces.

Quite recently, in [1], [2], [4], some fixed point theorems under various contractive
conditions in partial metric spaces are proved.

Several classical fixed point theorems and common fixed point theorems have
been unified considering a general condition by an implicit relation in [6], [7] and
in other papers. Recently, the method is used in the study of fixed points in metric
spaces, symmetric spaces, quasi - metric spaces, ultra - metric spaces, convex metric
spaces, compact metric spaces, paracompact metric spaces, in two and three metric
spaces, for single - valued mappings, hybrid pairs of mappings and set - valued
mappings.

Quite recently, the method is used in the study of fixed points for mappings
satisfying contractive/extensive conditions of integral type, in fuzzy metric spaces,
probabilistic metric spaces, intuitionistic metric spaces and G - metric spaces. Also,
this method allows the study of local and global properties of fixed point structures.
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The study of fixed point for self mappings in complete partial metric spaces
satisfying an implicit relation is initiated in [8].

The purpose of this paper is to prove a general fixed point theorem for a pair of
mappings satisfying a new type of implicit relation, different than the type from [8],
which generalize Theorem 3.5 [4], Theorem 4.5 [4], Theorem 2.3 [2], Corollary 2.4
[2], Corollary 2.8 [2] and other results from [1].

2. PRELIMINARIES

Definition 1 ([5]). Let X be a nonempty set. A function p: X x X — Ry is said
to be a partial metric on X if for any x,y,z € X, the following conditions hold:
(P1) : p(z, ) = p(y,y) = p(x,y) if and only if v =y,
(P2) : p(z, @) < p(z,y),
(P3) : p((l), y) = p(y7 :IJ),
(Pa) 1 p(z,2) < p(z,y) +p(y, 2) — p(Y, y)-
The pair (X, p) is called a partial metric space.

If p(x,y) = 0, then x = y, but the converse does not always hold.

Each partial metric p on X generates a Ty - topology 7, which has as a base
the family of open p - balls {By(z,¢) : « € X,e > 0}, where By(z,e) = {y € X :
p(z,y) < p(z,z)+¢, for all x € X and € > 0}.

A sequence {z,} in a partial metric space (X,p) converges to a limit z € X,
with respect to 7, if and only if p(z, z) = lim, o p(z, z,).

If p is a partial metric on X, then the function p*(x, y) = 2p(x, y)—p(z, x)—p(y,y)
define a metric on X.

Further more, a sequence {x,} converges in (X, p®) to a point z € X if and only
if

lim  p(zn, zm) = lim p(z,,z) = p(z, ). (1)

,M—00 n—00

Definition 2 ([5]). Let (X,p) be a partial metric space.

a) A sequence {xy} in X is said to be a Cauchy sequence if imy, y—so0 D(Zp, T,
exists and is finite.
b) (X, p) is said to be complete if every Cauchy sequence in X converges with

respect to T, to a point x € X such that lim, o p(zn,z) = p(z, ).

Lemma 1 ([5], [2]). Let (X,p) be a partial metric space. Then:

a) A sequence in X is a Cauchy sequence in (X, p) if and only if is a Cauchy
sequence in (X, p®).

b) A partial metric space (X,p) is complete if and only if the metric space
(X,p®) is complete.
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The following results are obtained in [4].

Theorem 2 (Theorem 3.5 [4]). Let (X,p) be a complete partial metric space and
frg: X — X be two self mappings. If there exist nonnegative constants A, B,C, D, E
with A+ B+C+2D+E<1and A+ B+ C+ D+ 2F <1 such that

p(fr,gy) < Ap(x,y) + Bp(x, fr) + Cp(y, gy) + Dp(z, gy) + Ep(y, fr)  (2)

for each x € X, then f and g have an unique common fized point z such that
p(z,2) =0.

Theorem 3 (Theorem 4.3 [4]). Let (X,p) be a complete partial metric space and
f:X — X be a self map. If there exists k € [O, %) such that

p(fz, fy) < kmax{p(z,y),p(z, fz),p(y, fy), p(=, fy),p(y, fr)} (3)

for all x,y € X, then f has an unique fixed point z such that p(z,z) = 0.

Definition 3 ([3]). Let X be a nonempty set. Two mappings f,g : X — X are
said to have property Q if F(f) N F(g) = F(f™) N F(g") for each n € N, where
F(f)={z e X :z = fz}.

The following theorem is proved in [4].

Theorem 4 (Theorem 3.9 [4]). Let (X,p) be a complete metric space and let f,g :
X — X be two self mappings. Suppose that

p(fr,gy) < Ap(x,y) + Bp(z, fz) + p(y, gy)] + Dlp(z, gy) + p(y, fr)]  (4)

holds for all x,y € X, where A, B,D > 0 are such that A+ 2B + 3D < 1.

3. IMPLICIT RELATIONS

Definition 4. Let T, be the set of all continuous functions F(t1,...,tg) : RS — R
satisfying
(F1) : F is non - increasing in variable to,ts, tq,ts, te,
(Fy) : There exists hi, ho € [0,1) such that for all u,v > 0 with
(Foq) @ F(u,v,v,u,u~+ v,v) <0 implies u < hyv,
(Fop) = F(u,v,u,v,v,u+v) <0 implies u < hav.

In the following examples, property (F}) is obviously.
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Example 1. F(t1,...,tg) = t1 — aty — btg — cty — dt5 — etg, where a,b,c,d,e > 0,
a+b+c+2d+e<landa+b+c+d+2e<1.
(Fy) : Let u,v > 0 and F(u,v,v,u,u+v,v) =u—av—bv—cu—d(u+v)—ev <0.

Then u < hqv, where 0 < hy = altb(tij;)e < 1.

Similarly, F(u,v,u,v,v,u+v) <0 implies u < hav, where 0 < hy =

al-l;c(—li)-_cil_—;—)e <
1.
Example 2. F(t1,...,ts) = t1 — kmax{to, ..., ts}, where k € [O, %)

(Fy) : Let u,v > 0 and F(u,v,v,u,u+v,v) =u—k(u+v) <0. Then u < hyv,
wher60§h1:ﬁ<1.

Similarly, F(u,v,u,v,v,u + v) < 0 implies u < hov, where 0 < hg = h; =
e <L

Example 3. F(t1,...,tg) = t2 — t1(ata + btz + cty) — dtsts, where a,b,c,d > 0 and
a+b+c+2d<1.

(Fp) : Letu,v > 0 and F(u,v,v,u,u+v,v) = u? —u(av+bv+cu) —dv(u+v) < 0.
If u > v, then u?[1 — (a + b+ c+ 2d)] < 0, a contradiction. Hence u < v, which
mmplies u < hqv, where 0 < hi =+vVa+b+c+2d < 1.

Similarly, F(u,v,u,v,v,u+ v) < 0 implies u < hov, where 0 < hy = h] =

va+b+c+2d <1.

Example 4. F(t1,...,ts) = t1—amax{t3, 13,13} —btsts, where a,b > 0 and a+2b < 1.
(Fp) : Let u,v > 0 and F(u,v,v,u,u+v,v) = u? —amax{u?,v?} —bv(u+v) <O0.
If u > v, then u?[1 — (a + 2b)] < 0, a contradiction. Hence u < v, which implies
u < hiv, where 0 < hy = vVa+2b< 1.
Similarly, F(u,v,u,v,v,u+ v) < 0 implies u < hov, where 0 < hg = h; =

va-+2b< 1.

Example 5. F(ty,...,tg) = t3 — at?ty — ctotsty — dtitste, where a,b,c,d > 0 and
a+b+c+2d<1.

(F) : Letu,v > 0 and F(u,v,v,u, u+v,v) = ud—auv?—buv?—cv?u—dv(u+v)v <
0. If u > v, then u®[l — (a + b+ c+2d)] <0, a contradiction. Hence u < v, which
implies u < hiv, where 0 < hy = Va+b+c+2d < 1.

Similarly, F(u,v,u,v,v,u + v) < 0 implies u < hov, where 0 < hg = h; =

Va+b+c+2d<1.

Example 6. F(ti,...,tg) = t; — aty — bt — cmax{2ty,t5 + tg}, where a,b,c > 0 and
a+b+3c<1.

(Fy) : Letu,v > 0 and F(u,v,v,u,u+v,v) = u—av—bv—cmax{2u,u+2v} <0.
If u > v, then ull — (a+ b+ 3c)] <0, a contradiction. Hence u < v, which implies
u < hiv, where 0 < hy =a+ b+ 3c < 1.

Similarly, F(u,v,u,v,v,u+v) < 0 implies u < hav, where 0 < hg = 111&106) <1.
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4. FIXED POINT THEOREMS

Theorem 5. Let (X,p) be a complete partial metric space and let f,g: X — X be
two self mappings. If

F(p(fz, gy), p(x,y), p(z, fx),p(y, 9y), p(, gy), p(y, fr)) <0 (5)

forall x,y € X, where F' € §,. Then, f and g have an unique common fized point
z such that p(z,z) = 0.

Proof. Let g € X be an arbitrary point in X. If fzg = x¢ and gzg # 9, by (5) we
have successively

F(p(fzo,970), p(20, Z0), (0, fT0), p(T0, 970), P(T0, 9T0), P(20, f20)) <O
F(p(zo, gx0), p(xo, Z0), p(0, o), P(20, gT0), (20, gT0), (20, Z0)) < 0.
By (F1) and (P,) we obtain
F(p(xo, g0), p(x0, g0), (20, 90), (20, 90), (20, g0), (0, g70)) < 0.
By (Fa,) we obtain
p(zo, 9z0) < hap(wo, gzo) < (20, g20),

a contradiction. Hence, p(zo, gz9) = 0 which implies xy = gz¢. Thus ¢ is a common
fixed point of f and g. So we assume that xg # fzg and zg # gxg. Then, we define
the sequence {z,} in X such that

Tont+1 = [Ton and Tonio = gxap+1, for n € N (6)
By (5) for # = x9y, and y = w2,4+1 we get that

F(p(fa:Qnu 9$2n+1),P($2n, =T2n+1),P($2n, f$2n)a
P(T2n415 9T2n+41)s D(T2n, 9Zon+1), P(T2n+1, f2an)) < 0.

By (6) we obtain

F(p(x2n+1, Ton+2), P(T2n, Tan+1), P(T2n, T2nt1), (7)
p($2n+17$2n+2)3p($2n7$2n+2)7p(x2n+17m2n+1)) <0.

Since by (Py)

D(Ton, Tont1) + P(Ton+1, Tant2) — P(T2n41, Ton+1)
P(Ton, Tont1) + P(T2n+1, Tant2)

P(Ton, Tont2)

IA N
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and by (Ps)
P(T2n+1, Ton+1) < D(T2n, Tant1),

by (7) and (F}) we obtain

F(p($2n+la $2714»2)5 p(l‘Qna '/E2n+1)a p(-TZna $2n+1)a p($2n+1a $2’n+2)5
P(T2n, Tant1) + P(T2n41, Tant2), P(T2n, Tant1)) < 0.

By (Fb,) we obtain

P(Tan+1, Tant2) < hp(Tan, Tant1),

where h = max{hi, ha}.
Similarly, by (5) we have

F(p(fzon, 9xon—1), p(Ton, Tan—1), P(T2n, fTon),
P(T2n—1, 9%2n—1), P(T2n, 9Tan—1), P(T2n—1, f2n)) < 0.

By (6) we obtain

F(p(zan+1, Ton), P(Ton, Tan—1), P(T2n, T2nt1), (8)
P(Tan—1,%2n), P(Tan, Tan), P(T2n—1, Tan+1)) < 0.

Since by (Py)

p(IEanl, 1'271) + p(fL’Qn, $2n+1) - p($2na m2n)

P(Ton—1, Ton) + D(T2n, Tant1),

p(‘Tanla 932n+1)

IN A

and by (Pz),
P(Zan, Tan) < p(T2n, Ton—1),

by (8) we obtain

F(p(xon+1, xon), (@2, Tan—1), D(T2n, T2n+1), P(T2n—1, Tan),
P(T2n, Tan—1), P(T2n—1, Tan) + D(T2n, T2n+1)) < 0.

By (Fyp) we obtain
P(Ton, Tont1) < hp(zan, Tan—1).

Hence
p(xnyxn—l—l) < hp(xn—lvxn) <..< hnp(warl)-
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For n > m we have

P(@n,m) < (W™ R+ B (2o, 21)
hm

< -
> 1—hp(x0’$1)

and so limy, 1—y00 P(@n, Trm) = 0. From the definition of p® we get
P (Xn, Tm) < 2p(Tp, Ty) — 0 as n,m — 0.

This implies that {x,} is a Cauchy sequence in metric space (X, p*). Since (X, p)
is complete, then by Lemma 1, (X, p®) is a complete metric space. Therefore, the
sequence {x,} converges to some z € X with respect to the metric p®, that is,
limy, 00 p*(2n, 2) = 0. Again, by (1) we have

p(z,2) = lim p(xn,2) = lim p(z,,z,) =0.

n—00 m,n—00
By (5) for # = z and y = x9,+1 we obtain
F(p(fza 91'2n+1)’p(27 $2n+1)ap(za fz))p(x2n+17 9$2n+1)7p(27gx2n+1)ap(x2n+17 fZ)) S 07

F(p(fzv $2n+2),p(2, x2n+1),p(z, fZ),p($2n+1, $2n+2),p(2, x2n+2),p($2n+1, fZ)) <0.

Letting n tends to infinity we obtain

F(p(fZ,Z),O,p(Z,fZ),0,0,p(Z,fZ)) S 07

which implies by (Fy) that p(z, fz) =0, hence z = fz.
Similarly,

F(p(f$2nvgz)vp(x2n?Z)’p(xQTlvfz)’p(27gz)vp(xQTU.gz)ap(zvf$2n)) <0,

F(p($2n+1,gZ),p(.f2n,Z),p(xQn,fZ),p(Z,gZ),p(Z'Qn,gZ),p(Z,1’2n+1>) S 0.

Letting n tends to infinity we obtain

F(p(z,92),0,0,p(z,92),p(2,92),0) <0,

which implies by (Fy) that p(z,9z) = 0. Hence z = gz and z is the common fixed
point of f and g. On the other hand by (P):

p(z,2) < p(z, fz) =0,

hence p(z, z) = 0.
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Suppose that there exists an other point u such that fu = gu = u. By (5) we
obtain

F(p(fz gu),p(z,u),p(z, [2),p(u, gu), p(z, gu), p(u, f2)) <0,
F(p(z,u),p(z,u),p(z,2),p(u,u), p(z,u),p(u, 2)) <0,
By (P2) and (F}) we obtain
F(p(z,u),p(z,u), p(z,u), p(z, u), 2p(z,u), p(z,u)) <0

which implies by (Fy,) that

p(z,u) < hp(z,u) < p(z,u),
a contradiction. Hence p(z,u) =0, i.e. u = z.

Remark 1. 1) By Theorem 1 and Example 1 we obtain Theorem 2.
2) By Theorem 1 and Example 2 we obtain the following result

Theorem 6. Let (X,p) be a complete partial metric space and let f,g: X — X be
two self mappings. If there exists k € [0, %) such that

p(fz,g9y) < kmax{p(z,y),p(x, fz),p(y, fy), p(x, 9y),p(y, fr)}, 9)

for all x,y € X, then, f and g have an unique common fized point z such that
p(z,2) =0.

Example 7. Let X = [0,1] and p(x,y) = max{z,y}. Then (X,p) is a complete
partial metric space and p is not a metric. Then for mappings f,g: X — X, where

fz) =

1732 and g(x) = 0 we have

$2

14 3x

1

1
<qe= —p(x, gy).

p(fr,gy) = max{fx,0} = fr = ;

Hence

p(fr,gy) < hmax{p(z,y),p(x, fr),p(y, 9v), p(z, 9y),p(y,, f2)},
1

1
where h = - < —.
Then by Theorem 6, f and g have a unique common fized point x = 0.

Remark 2. By Theorem 5 and Examples 3 - 6 we obtain new particular results.

If f =g, then by Theorem 1 we obtain
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Theorem 7. Let (X,p) be a complete partial metric space and let f: X — X be a
self mapping. If

F(p(fz, fy),p(x,y), p(z, fz),p(y, fy),p(=, fy),p(y, fz)) <0, (10)

for all x,y € X and F satisfies properties (Fy) and (Fa,), then, f has an unique
fized point z such that p(z,z) = 0.

Remark 3. By Example 2 and Theorem 7 we obtain Theorem 3.

Corollary 8 (Theorem 2.3 [2]). Let (X,p) be a complete partial metric space and
let T : X = X be a self mapping such that for all x,y € X

p(Tx, Ty) < max{ap(z,y), bp(x, Tx), cp(y, Ty), dlp(x, Ty)+p(y, Tx)], p(x, 2), p(y, v)},

where a,b,c € [0,1) and d € [O, %) Then T has an unique fixed point z and p(z,z) =
0.

Proof. By (P»),
p(z,Tx),
p(y, Ty)

IN A

and

max{ap(z,y), bp(x, Tx), cp(y, Ty), 24 LETVILLTDL 0 0y p(y,y)} <
< kmax{p(z,y),p(z,Txz),p(y, Ty),p(x,Ty), p(y, Tx)},

where k = max{a, b, ¢,2d} < 1 and the proof follows from Theorem 7 and Examples
2.

Remark 4. A similar result with Corollary 8 we obtain by Example 1 and Theorem
7 (Corollary 2.8 [2]).

5. Q - PROPERTY IN PARTIAL METRIC SPACES

Definition 5. Let §, be the set of all continuous functions F(t1,....ts) : RS — R
satisfying

(Fy) : There exists g € [0,1) such that for all u,v >0, F(u,v,0,u+v,u,v) <0
implies u < qu.

Example 8. F(ty,...,ts) = t1 — aty — bts — cty — dt5 — etg, where a,b,c,d > 0 and
a+2c+d+e<l.
(Fy) - Let u,v > 0 such that F'(u,v,0,u+v,u,v) = u—av—c(utv)—du—ev <

0, which implies u < qu, where 0 < q = 1‘1?512) <L
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Example 9. F(ti,...,ts) = t1 — kmax{ta,...,ts}, where k € (0, %)
(Fy) : Let u,v > 0 such that F(u,v,0,u + v,u,v) = u — k(u+v) < 0, which
mmplies u < qu, where 0 < ¢ = ﬁ < 1.

Example 10. F(ty,....tg) = t2 — t1(aty + btz + cty) — dtsts, where a,b,c,d > 0 and
a+2c+d<1.

(Fy) - Letu,v > 0 such that F(u,v,0, u+v,u,v) = u?—u[av+c(utv)]—duv <
0. Ifu > 0, then u — [av + ¢(u + v)] — dv < 0 which implies u < quv, where
O<q:%fgd<1. If u =0 then u < qu.

Example 11. F(t1,...,tg) = t2 — amax{t3, 13,3} — btsts, where a,b > 0 and 0 <
4a+b< 1.

(Fy) - Let u,v > 0 such that F(u,v,0,u+v,u,v) = u? —amax{v?, (u+v)?} —
buv = u? — a(u+v)? —buv < 0. If u > v, then u?[1 — (4a+b)] <0, a contradiction.
Hence u < v which implies u < qu, where 0 < ¢ = +V4a +b < 1.

Example 12. F(t1,...,tg) = t3 — atty — bt1t3 — ctatsty — dtitsts, where a,b,c,d > 0
and 0 <a+b+d<1.

(Fy) : Let u,v > 0 such that F(u,v,0,u+v,u,v) = u —au?v—buv? — duv <
0. Let u > 0, then u? — auv — bv? — duv < 0. If u > v, then u*[1 — (a +b+d)] <0,
a contradiction. Hence u < v which implies u < qu, where 0 < ¢ =+vVa+b+d < 1.
If u =0, then u < qu.

Example 13. F(ty,...,tg) = t1 — ata — bty — cmax{2t4,t5 + tg}, where a,b,c > 0
and 0 < a+4c < 1.

(Fy) : Let u,v > 0 such that F(u,v,0,u+ v,u,v) = u — av — 2¢(u 4+ v) < 0,
which implies u < qu, where 0 < ¢ = ‘”20 < 1.

Theorem 9. Let (X,p) be a complete partial metric space and let f,g: X — X be
satisfying the conditions of Theorem 5. If F' € §y, then f and g have property Q.

Proof. By Theorem 5 we have that F/(f)NF(g) = {z}, where z is the unique common
fixed point of f and g and p(z,2) = 0. So F(f™) N F(g") # 0, for each n € N. Let
u € F(f")NF(g"), where n > 1 is arbitrary and suppose that n # 2. Then (5) we
have successively

Fp( "z, 9"0), p(f" 2, g ), p(f 2, f72),
p(g™ tu, g"u), p(f" 1z, g"u), p(¢" tu, f2)) <0

n—1 n—1

F(p(z,9"u),p(z, g" 1u),p(z, 2), p(¢" ' u, g"u), p(2, g"u), p(z, g tu)) < 0.

By (P2) and (F}) we obtain

F(p(z, g™u), p(z, g" 1), 0,p(g" u, 2) + p(2, g"u), p(z, g"u), p(z, g"1u)) <0,
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which implies by (F}) that

p(z,9"u) < gp(z,¢" 'u) < ... < ¢"p(z,w).

Since g"u = gu then p(z,u) < ¢"p(z,u), so p(z,u)(1 — ¢") < 0 which implies
p(z,u) = 0. Hence u = z, which implies that f and g have property Q.

Remark 5. By Fxamples 1 and 8 and Theorem 9 we obtain Theorem 4.
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