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1. INTRODUCTION

Let 3, be the class of meromorphic p—valent functions of the form:

-I-Zan 22" P (peN=1{1,2,.}), (1)

which are analytic in the punctured unit disc U* = {z: z € Cand 0 < |2]| < 1} =

U\{0}.

Let Pi(p) be the class of functions p(z) analytic in U satisfying the properties

p(0) =1 and
/'Rep ‘ o < k, 2)

where k£ > 2 and 0 < p < 1. This class was introduced by Padmanabhan and
Parvatham [10]. For p = 0, the class Px(0) = P}, introduced by Pinchuk [12]. Also,
Pa(p) = P(p), where P(p) is the class of functions with positive real part greater
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than p and P2(0) = P, is the class of functions with positive real part. From (2),
we have p(z) € Pr(p) if and only if there exist p1, pa € P(p) such that

ko1 E o1
w0 = (5+3)m - (§-3)me) v, Q
It is known that the class Py (p) is a convex set (see [7]).

The Hadamard product (or convolution) fx*g of f(z) given by (1) and g(z) given
by

1 o0
9(z) = w + Z bp—pz""", (4)
n=1
is defined by
1 o0
(F49)(E) = 25 + D anphaps" ™ = (g% ))2). )
n=1

Define the functions

fa(z)—1+z<n+)\>az”p (o € Ng=NU{0}; A>0),

and
(a)n
(0)n

where a € C* = C\{0}, b € R\Z,, Z;, ={0,-1,-2,...}, F(a,b;c; z) is the (Gaus-
sian) hypergeometric function defined by

(a)n(b)n
(©)n(n

~ 1 1 n

. _ b — E —-p

(P(aaba Z) - ZpF(lvaa b7 Z) - D + ‘ z )
n=

2" (c € R\Zy ),

F(a,b;c;2) = i

n=0

and

1 if n=20,
(M)n = { nn+1)(n+2)...(n+n-1) if n € N.

Also, let the associated function f; ,(z) be defined by the Hadamard product (or
convolution):

1
fa(2) % fpau(2) = m (n>0; z€U").
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Then, we have

IPENf(2) = fran(2) * Pla, b 2) * f(2)

1 K(a) A\ ( »
= w2l () dres )
It is easily verified from (6) that
!/
(T 1)) = TS — (e DT ), @
and
2 (T f(2)) = AT ) — (A p)TE  (2) (8)

We note that:

(1) If’laf f(z) = I5,(0) f(2) (see El-Ashwah and Aouf [4, with A = 1]);

(ii) Ill f‘:‘f(z) = I3, f(2) (see Cho et al. [3] and Piejko and Sokol [11]) (see also
Aouf et al. [2]).

Next, by using the operator Igfﬁ, we introduce two subclasses of meromorphic
multivalent functions of X, as follows:
Definition 1. A function f(z) € 3, is said to be in the class Mﬁ:;’:(ﬁ, v, p, k) if it
satisfies the condition:

a 8 i1 f(2) N 8
[(1 =) (T E) + (bi) (=252 1(2)) | € Pulo).
Iy (=)
(kZZ;aE(C*;bGR\Z(j;aGNO;B,%u,)\>O;O§p<1). (9)

We note that:

MUS(B.A, p, k) = MS,(B.7, p, k) (see Aouf et al. [2]).

Also, we note that:

MES(B 7, p, k) = MESY(B, 5, p,k) = {f(2) €
(=) (1,0 £2) + (B ( P <f)f<z>)ﬂ ePulp)}-
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Definition 2. A function f(z) € ¥, is said to be in the class fo‘/’;\(ﬁ,% p, k) if it
satisfies the condition:

8 Tt f(2) 8
[(1 — ’y) (szs:gj:ljkf(z)> +y <Ip’(;-£’>\f(z) (ZpIg:z;j\f<Z)> € Pk(p),
a,b,u
(k22; aeC’ beR\Zy; aweNo; B,7, p, A > 0; 0§p<1). (10)

We note that:

NENB, s po k) = N3 (8,7, p, k) (see Aouf et al. [2]).

Also, we note that:

NP B, 0 k) = NEH (8,7, p. k) = {F(2) € 5y
(=) It 012) + (S er S (L0 1:2)°] € Puo)} -

2. MAIN RESULTS

Unless otherwise mentioned, we assume throughout this paper that £ > 2, a €
C*, beR\Zy, a € Ny, B,v,u,A>0and 0 < p < 1.

To establish our results, we need the following lemma due to Miller and Mocanu [5].
Lemma 2.1 [5]. Let ¢(u,v) be a complex valued function ¢ : D — C, D C C? and
let w = uy + fug, v = v + fvg. Suppose that the function ¢(u,v) satisfies

(i) ¢(u,v) is continuous in D;

(ii) (1,0) € D and Re{¢(1,0)} > 0;

(iii) for all (fug,v1) € D such that vy < —%(1+u3), Re{¢(iug,v1)} <0.

Let p(2) = 1+ ppz" + pnt12™ L + ... be regular in U such that (p(z), 2zp/(2)) € D for
all z € U. If Re{¢p(p(z),2p'(2))} > 0 for all z € U, then Rep(z) > 0.

Employing the techniques used by Owa [9] for univalent functions, Noor and Muham-

mad [8] and Aouf and Seoudy [1] for multivalent functions and Mostafa et al. [6] for
meromorphic multivalent functions, we prove the following theorems.
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Theorem 2.1. If f(z) € MPN (B, p, k), then

ab,u
(252 82)” € Pulon). (11)
where p; is given by )
=t (0< pr <), (12)
Proof. Let
(22202)" = (- pp(2) +
(k1 ko1
= <4 + 2) (1= p1)p1(2) + p1] — <4 - 2) [(1 = p1)p2(2) + pa],
(13)

where p;(z) is analytic in U with p;(0) = 1 for ¢ = 1,2. Differentiating (13) with
respect to z, and using identity (7) in the resulting equation, we get

[(1 ) (2T 1)+ (W) (zpzzzzf;jﬂz))ﬁl
b,

(1 = p1)2p'(2)
0]

= [(1=p1)p(2) + p1] + € Pr(p)-

This implies that

1ip {[(1 —p)pi(2) + ;1] —p +

Defining the function

(1 — p1)zp;(2)
wB

}6?(26[&1’21,2).

Y1 —p1)o
pnp

where u = p;(z) = w1 + iug, v = 2p}(z) = v1 + vy, we have

(i) ¢(u,v) is continuous in D = C?;

(i) (1,0) € D and Re{¢(1,0)} =1 —p > 0;

(iii) for all (iug,v1) € D such that vy < —%(1 + u3),

P(u,v) = [(1—pr)u+p] —p+

(1 = p1)vs
]
ny(1 = p1)(1 + u3)
2up

Re{op(iug,v1)} = p1—p+

< pr—p—

A+ Bu}
2C 7
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where A =2 (p1 — p) B8 —ny(1—p1), B=—ny(1—p1), C = B > 0. We note that
Re {¢(iua,v1)} < 0if and only if A =0, B < 0, this is true from (12). Therefore, by
applying Lemma 2.1, p;(z) € P (i = 1,2) and consequently p(z) € Pi(p1) for z € U.
This completes the proof of Theorem 2.1.

Using similar arguments to those in the proof of Theorem 2.1 and the identity (8)
instead of (7), we obtain the following theorem for the class Np’a )‘(6 v, P, k).

Theorem 2.2. If f(z) € /\fpbu (8,7, p, k), then

a

a B
(22250 1)) € Pelpa), (14)
where po is given by
2MpB + nry
= T o< 1). 15
P2 208 + ny (0=p<1) (15)

Theorem 2.3. If f(z) € Mi’?;\(ﬁ,’y,p, k), then

(z252))”" € Pato), (16)

where p3 is given by

ny + 2+ 4(pB + ny)uBp
p3 = \/ (u6+m) (0<p3<1). (17)

Proof. Let

(222 1) = =) s

k k1

= <4 + ;) (1= p3)p1(2) + p3] — <4 - 2) [(1 = p3)pa(z) + p3],

(18)

where p;(z) is analytic in U with p;(0) = 1 for ¢ = 1, 2. Differentiating (18) with
respect to z, and using identity (7) in the resulting equation, we get

TP z
[(1 ) (P2 i)+ (M) (zpzzj;z;?f(z))ﬁl
a,b,u z
27(1 = p3) [(1 — p3)p(2) + p3] 2p'(2)

Y € Pr(p).

= [(1 - p3)p(2) + ps]* +
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This implies that
1 2
T, {[(1 —p3)pi(z) +p3]” —p+

Defining the function

27(1 — p3) [(1 — p3)pi(z) + p3] zpi(2)
uB

}eP(zeIU;i:l,Q).

(1 —p3) [(1 — p3)u+ pslv
]

where u = p;(z) = uy + iuz, v = 2p}(z) = v1 + vy, we have
(i) ¢(u,v) is continuous in D = C?;

(ii) (1,0) € D and Re{¢(1,0)} =1—p>0;

(iii) for all (iug,v1) € D such that vy < —%(1 + u3),

Bu,v) = [(1— ps)u+ pl® — p+ >

29p3(1 — p3)ur

Re{p(iug,v1)} = —(1—p3)*ui+p3 —p+ 7
n 1- 1+ u3
< 7(17p3)2u%+p§ —p— ’703( p3)( 2)
]
B A+ Bu}
= —F

where A = ufps—ufp—nyps(1=pa), B = =(1=pa) Bl = pa) + ynps], € =y >
0. We note that Re {¢(iug,v1)} < 0 if and only if A =0, B < 0, this is true from
(17) and 0 < p3 < 1. Therefore, by applying Lemma 2.1, p;(z) € P (i = 1,2) and
consequently p(z) € Pi(p3) for z € U. This completes the proof of Theorem 2.3.

Using similar arguments to those in the proof of Theorem 2.3 and the identity (8)
instead of (7), we obtain the following theorem for the class Np’a’)‘(ﬁ, v, p, k).

a,b,u
Theorem 2.4. If f(z) € 5’&’\(6,7, p, k), then
pPa+1, B
(Z Loy f(Z)) € Pr(pa); (19)
where py is given by
2
ny + /(1) + 4 (A8 + ny) ABp
pa = (0<ps<1). (20)

2(A8 +ny)

Remark. (i) Putting p = a = b = 1 in our results, we will obtain the result obtained
by Aouf et al [2];

(ii) Putting @ = b = 1 in our results, we will obtain new results for the classes
M,’i’o"g(ﬂ, v, p, k) and Nﬁ’a’f(ﬁ, 7, p, k) mentioned in the introduction.
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