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RECONSTRUCTION NUMBER OF TOPOLOGICAL SPACES WITH
UNIQUE ISOLATED POINT
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ABSTRACT. For a topological space X, the subspace X, is called a card of X
and the collection of all cards of X is called the multideck of X. The reconstruction
number of X, denoted by rn(X), is the minimum number of cards of X which can
only belong to the multideck of X and not to the multideck of any other space Y,
Y is not homeomorphic to X; these cards thus uniquely identifying X. It is shown
that the reconstruction number is two or three for all finite topological spaces of
order at least four with unique isolated point such that all open sets together form
an ascending chain.
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1. INTRODUCTION

A vertez-deleted subgraph or card G — v of a graph G is obtained by deleting the
vertex v and all edges incident with v. The collection of all cards of G is called the
deck of G. A graph H is a reconstruction of G if H has the same deck as G. A graph
is said to be reconstructible if it is isomorphic to all its reconstructions. A parameter
p defined on graphs is reconstructible if, for any graph G, it takes the same value on
every reconstruction of G. The graph reconstruction conjecture, posed by Kelly and
Ulam [10] in 1941, asserts that every graph G on n (> 3) vertices is reconstructible.
More precisely, if G and H are finite graphs with at least three vertices such that
P(H) = 2(G), then G and H are isomorphic. For a reconstructible graph G, Harary
and Plantholt [7] defined the reconstruction number of a graph G, denoted by rn(G),
to be the minimum number of cards which can only belong to the deck of G and not
to the deck of any other graph H, H 2 G, these cards thus uniquely identifying G.

In 2016, Pitz and Suabedissen [9] have introduced the concept of reconstruction
in topological spaces as follows. For a topological space X, the subspace X, is called
a card of X and it is denoted by X,. The set Z(X) = {[X,] : = € X} of subspaces
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of X is called the deck of X, where [X,] denotes the homeomorphism class of the
card X,. Given topological spaces X and Z, we say that Z is a reconstruction of
X if their decks agree. A topological space X is said to be reconstructible if the
only reconstructions of it are the spaces homeomorphic to X. Formally, a space X
is reconstructible if 2(X) = 2(Z) implies X = Z and a property & of topological
spaces is reconstructible if Z(X) = 2(Z) implies "X has & if and only if Z has
P,

By order of a set, we mean the number of elements in the set. By size of a
space, we mean the number of open sets in the space. Terms not defined here are
taken as in [4]. A topological space X is said to have an ascending chain if all the
open sets of X together form an ascending chain, or in other words, any two open
sets in X are comparable. Gartside et al [5, 6, 9] have proved that the space of
real numbers, the space of rational numbers, the space of irrational numbers, every
compact Hausdroff space that has a card with a maximal finite compactification,
and every Hausdroff continuum X with weight w(X) < |X| are reconstructible. In
their papers, they also proved certain properties of a space, namely all hereditary
separation axioms and all cardinal invariants are reconstructible. Manvel et al [8]
have done similar work in 1991 itself and they have reconstructed all finite sequences
from their subsequences. Recently, Jini and Monikandan [2, 3] have proved that all
finite topological spaces are reconstructible.

The multideck of a topological space X is the multiset 2'(X) = {X, : z € X}.
In other words, the mutlideck not only knows which card occur, but also how often
they occur. A space X is said to be weakly reconstructible if it is reconstructible
from the multideck of X. Here we study the parameter, that is, the reconstruction
number of topological spaces. Jini and Monikandan [1] have shown that all finite
topological spaces are weakly reconstructible. For a weakly reconstructible space X,
the reconstruction number of X, denoted by rn(X), is defined to be the minimum
number of cards which can only belong to the multideck of X and not to the multi-
deck of any other space Y, Y is not homeomorphic to X; these cards thus uniquely
identifying X. In this paper, it is proved that the reconstruction number of all finite
topological spaces of order at least four with ascending chain and unique isolated
point is two or three.

An extension of a card (X5, 7x,) is a space (Y,7v) Y = (X — {z}) U{y}, where
y is an element not in X — {z}, and each U in 7y is either in 7x, or U = V U{y} for
some V € 7x,. The collection of all extensions of a card X, is denoted by &(X5).

For a space X, to prove rn(X) = k, we proceed as follows.

(i) First show, for any k — 1 cards in the multideck of X, that there exist two
nonhomeomorphic spaces whose decks contain all these k — 1 cards (therefore
rn(X) > k).
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(ii) Next, we consider specific k cards of X.

(iii) Finally, show that every extension of at least one of these k cards is either
homeomorphic to X or does not have all the other £ — 1 cards in its multideck
(therefore rn(X) < k).

The next lemma asserts that no space can be determined (upto homeomorphism)
from just one card X — {z}.

Lemma 1. For any topological space X,rn(X) > 2.

Proof. 1t suffices to show that only one card of X alone can not identify the topology
on X uniquely (upto homeomorphism). In other words, it is enough to show that two
non-homeomorphic spaces can be formed from any card of X. Consider any card X,
and the two collections 71 = 7x, U{X}and o ={U : U €7y, }U{UU{z} : Ue€
7x, }. Clearly, the two spaces (X, 7;) and (X, 72) are nonhomeomorphic, but they
have X, as its common card. Therefore, rn(X) > 2.

2. TOPOLOGICAL SPACES WITH ASCENDING CHAIN

By X, where X = {x1,z9,...,2,}, we mean a finite topological space of order
n(> 4) with ascending chain and unique isolated point, say z1. By an m-open set,
we mean an open set of order m. By Uj, we mean the open set of order j in X.

Lemma 2. Let X be a finite space with acending chain and unique isolated point.
Then X has an ascending chain if at least three cards of X have ascending chains.

Proof. Tt suffices to show that if X does not have an ascending chain, then at most
two cards of X have ascending chains. If X does not have an ascending chain, then
there exist two open sets A and B such that none of them is contained in the other.
Hence both A and B are non-empty and not equal to X. We proceed further by two
cases.

Case 1. A or B is just the set {z;}.

Since A and B are not comparable, it follows from the assumption in Case 1 that
AN B = ¢. Now, the open sets of X must be of the form ¢, {z:},Us,...,U,, B,BU
{z1},V1,..., V5, X for some r > 1 and s > 1. Suppose that Uy = B C BU {1} C
Vi € ... € Vg € X. Then the card X,, alone has an ascending chain. Otherwise,
Uy # B and hence no card of X has an ascending chain. Thus, in this case, at most
one card of X can have an ascending chain.

Case 2. Both A and B are not equal to {z;}.

Now |A| > 2 and |B| > 2. If AN B = ¢, then no card of X has an ascending

chain. So, assume that A N B # ¢. We have two subcases as below.
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Case 2.1. ANB =U # {z1}.

Assume that x; € U and that x; lies in all the open sets in X (as otherewise
no card of X has an ascending chain). Then all the open sets of X are of the
form (]5, {331}, Ul, ey UT,A,B,VL ey V;,X. If Ui - Ui+1 and V] - Vj+1 for all i,j,
ANB=U;|A| =|B|=1|U;]+ 1 and AU B = Vi, then the two cards X, and X,_,
where z,, € A — U; and z; € B — U;, alone have an ascending chain. If U; C U4
and V; C Vjqq for all 4,5, AN B = U;, and |A| > |U;| + 1 or |B| > |U;| + 1, then
no card has an ascending chain. Finally, if {Uy, Us,...,U,} or {V4,Va, ..., Vs} does
not form an ascending chain, then none of the cards has an ascending chain. Thus,
in this case, at most two cards of X have an ascending chain.

Case 2.2. AN B = {x}.

Now we can assume that z; belongs to all the open sets in X (as otherwise no
card of X has an ascending chain). Then all the open sets of X are of the form
¢ {x1},Uh,.. . U, A, BV, Ve, XU IE A = Uy Al = 2,|B] > 3 and V; C Vg
for all j, then the card X,,, where z, € A — {z1}, alone has an ascending chain. If
A =U,|A|l > 3,|B| > 3, and V; C Vj4q for all j, then no card has an ascending
chain. Also, if {U,Us,...,U.} or {Vi,Va, ..., Vs} does not form an ascending chain,
then none of the cards has an ascending chain. Finally, if A # Uy, then no card
has an ascending chain. Thus, in this case, at most one card of X has an ascending
chain.

Lemma 3. ([2])

Let X be a finite topological space with ascending chain. Then X has an i-open set
foreach v, i =1,2,...,n if and only if the multideck of X contains exactly one card
which has an ascending chain and it has an j-open set for each j, j =1,2,...,n—1.

Lemma 4. ([2])

Let X be a finite topological space of size m with unique isolated point. Then X
has an ascending chain and X has no open set of order i for somei, 2 <i<m—1
if and only if the multideck of X contains at least two cards and each card has an
ascending chain.

Lemma 5. Let X be a finite topological space of size m with ascending chain and
unique isolated point. Then X has no k-open set for a unique k,k € {2,3,...,n—1}
if and only if the multideck has only three mutually nonhomeomorphic cards of size
m—1,m — 1 and m respectively such that one card has no k-open set, one card has
no (k — 1)-open set and the other card has a j-open set for each j, 1 < j<mn—1.

Proof. By assumption, let 7x = {¢,U1,Us,...,Ux—1,Uks1,Ukyt2,...,Un}. Then
clearly, the cards X, , x, € U, — Up41 does not have the k-open set and |7x, | =
m—1, the cards X, x5 € Up_1 does not have the (k—1)-open set and |7x, | = m—1
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and the cards Xx, ,xt € Ugy1 — Ug-—1, has the j-open set for each j, 1 <j<n-—1
and [7x,, | = m. To prove the sufficiency, assume to the contrary, that 7x was not
equal to the given form. If X would have an i-open set for every i, i € {1,2,...,n},
then by Lemma 4, any two cards would be homeomorphic, giving a contradiction.
Therefore, X has no i-open sets for at least two distinct i’s, 2 < i < n — 1. Then

TY = {¢’U17U2,.--7Uk717Uk+t7...’Ulfl,UlJrs,...’X}, t,s > 1.

Consequently, the card X, , where z. € X — Uj1,, has no open sets of order k +
t—1,1+ s —1; the card X;,, where x5 € Uj4s — U;—1 contains no open set of order
k+t—1; the card X, , where x4 € U;_1 — Uy has no open set of order k+¢—1; the
card X, , where x}, € Uj¢ — Uj_;1 contains no open set of order [ — 1; the card X, ,
where ), € Uj_1 has no open sets of order k—2 or [—2. In other words, the multideck
of X would not contain a card having a j-open set for each j, 1 < j <n —1, giving
a contradiction to the hypothesis.

Corollary 6. Let X be a finite topological space of size m with ascending chain
and unique isolated point. If X has no i-open sets for at least two distinct i's,
2 <i<n-—1if and only if each card of X has no i-open set for at least one i and
the multideck has at least two nonhomeomorphic cards each of size m and m — 1.

Theorem 7. Let X be a finite topological with ascending chain and unique isolated
point. If X has an i-open set for every i, i = 1,2,...,n, then rn(X) = 3.

Proof. By Lemma 1, we have rn(X) > 2. First we prove that rn(X) > 2. It suffices
to prove that any two cards of X can not determine the topology of X uniquely
(upto homeomorphism). That is, to prove, for any two cards of X, there exist two
nonhomeomorphic spaces whose decks contain both the cards. By Lemma 3, we
have any two cards in the multideck are homeomorphic. Let X, and X, be any
two cards of X, where

TXM = {Ul, UQ, ey Unfl}.

Consider &(X5, ). Since each of these open sets in X, has only two possibilities in the
extension, at most 2n open sets can be formed in the extension, where n = |7x, |.
Hence the possible sizes of the extensions of the card X, are n,n + 1,...,2n.
Therefore, &(X,,) = {Hi,Hs,...,Hp}, where p > 2 and for ¢ = 1,2,...,p, the
size of Hy is n,n + 1,...,2n, where n = |7x, |. Note that, there are more than
one extensions of size n,n + 1,...,2n — 1 and the open sets in extensions of size
n and n + 1 are in the ascending chain and for the extensions of size greater than
n + 1, the open sets does not in the ascending chain. So we denote the exten-
sions of size n,n+1,...,2n — 1 by Hy @y, Hap), - - Hy1(p)s Hp(p) where p > 2 and
the extension of size 2n by H,41. Therefore, we rewrite the collection &(X,, ) as
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E(Xz,) = {Hippy, Haw), - - - » Hu1(p)s Hu(p)s Hnt1}s p > 2. Consider the extensions,
say Hy(y), Hy(ry of size n and n + 1 respectively, where

THy(py = {¢, Ui,Us, ..., U-_1,U. U {.%'T}, Ury1 U {CL‘T}, o, U1 U {a:r}}

and

THQ(T) — {¢7 U17 UQ) crty U’I”flv UT‘v UT‘ U {x'r‘}a UT‘+1 U {‘TT}’ R Unfl U {xT}}

In extension Hy,), the two cards namely, x,, ze, where x, € U, — U,_1 has j-open
set for each j, j = 1,2,...,n — 1 and in extension Hy(,), by Lemma 3, it has the
two cards Xy, , Xy,. Thus the extensions Hy(,), Ha(;) have both the cards X, , Xy,
in their decks and thus rn(X) > 2.

We now show that rn(X) < 3. That is, to prove, there exist three cards of X
such that every extension of at least one of the three cards is either homeomorphic
to X or does not have the other two cards together in its multideck. Consider
arbitrary three cards X, , X, and X;, and &(X,, ). The extension, say Hy,) of size
n + 1 is clearly homeomorphic to X. Consider the extensions of size n. By Lemma
5, only two cards has j-open set for each j, j € {1,2,...,n — 1} and hence one of
the two cards X,,, X, does not belong to its multideck. Since all extensions of size
n + 1 are homeomorphic, consider the extensions of size greater than n + 1. Since
these extensions does not have the ascending chain form, by Lemma 2, at most two
cards can have the ascending chain and hence one of the two cards X,,, X, does
not belong to its multideck. Hence the only extension consisting all the above three
cards is Hy(,). Therefore every extension in &'(X,,) other than Hy(,) does not have
the other two cards in its multideck. Hence rn(X) < 3, which completes the proof.

Theorem 8. Let X be a finite topological space of size m with ascending chain and
unique isolated point. If X has no k-open set for a unique k, 2 < k < n — 1, then
rn(X) = 3.

Proof. By view of Lemma 5, we can assume that the multideck of X has three
nonhomeomorphic cards, say X, , X;., Xz, of size m — 1, m — 1, or m such that
X, does not have an k-open set, X,, does not have an (k — 1)-open set and X,
has an j-open set for each j, 1 < j <n — 1, where

X, =10, U1,U2, ..., Uk—1,Upy1, Ura, - ., X, }
TXps — {(25, U1,U2,...,Uk_2,Uk,Uk+1,...,Xxs} and
TX% = {(b, U1,U2,---,Uk_l,Uk,Uk;+1,..-,th}.

Six cases arise as shown below.
Case 1. The two cards are X, and Xg,.
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Clearly éa(th) = {Hl(p)a HQ(p), ce 7Hm—1(p)7Hm(p)7 Hm+1}, where p > 2. Con-

sider the extensions Hyy), Hy(x41) of size m, where
THyg = 19 U1, U2y oo U1, Ug U{@e}, Upr U}, oo, Xo U{a} ),

THl(k+1) = {d)a Ula U27 ) Uk:—la Uka Uk‘+1 U {xt}a Uk:-i—? U {$t}, s 7th U {.’,Et}}

By Lemma 5, the decks of these extensions contain both the cards X, and X,,.
Case 2. The two cards are X,, and X,,.
Now consider & (X,) and the extensions Hy ), Hy(;—1) of size m, where

T, , = {0, U1, Uz, ... Up—o, Uy U{ae}, Uy U{a}, ..., Xy, U{ze}}

By Lemma 5, the decks of these extensions contain both the cards X, and X,,.
Case 3. The two cards are X, and X,,.

Now consider & (Xy,) and the extensions Hy ), Ha of size m and m+1 respec-
tively, where

THQ(k) = {¢7 Ula U27 sy Uk—17 Uka Uk’ U {l‘t}, Uk—‘rla U{xt}a s ath U {xt}}

In the extension Himy, the two cards, namely z,, Xz, e € Uy —Ui_1 have j-open
set for each j =1,2,...,n — 1. By Lemma 3, the extension Hy) has the two cards
Xz, Xz, in its multideck.
Case 4. The two cards are X, and X, .

Clearly &(Xz,) = {1li(p) 125 - - Im—2(p)s Im—1(p)» Im}, where p > 2. Consider the
extensions Iy(x_1), o(k41), of size m — 1, m respectively, where

TIl(k—l) = {¢7 U17 U27 ety Uk—27 Uk—l U {xr}7 Uk—l—l U {x’l‘}a e 7Xx7' U {'r’i"}}a

7_12(k+1) = {¢7 U17 U27 RN Uk—17 Uk’-i-l) Uk+1 U {xT}a Uk+2 U {xr}a s er U {xT}}

In the extension Hl(k_l), the two cards, namely X, , X, . € Uiy — Ui—1 do not
have the k-open set and k — 1-open set, respectively. In the extension Hy(;1), the
two cards, namely X,,, Xz, 2y € Ug_1 do not have the k-open set and (k —1)-open
set, respectively.
Case 5. The two cards are X, and X, .

Now consider &'(X;, ) and the extensions I (1), Io(k41) of size m — 1, m respec-
tively, where

r

TI1(k+1) = {¢) Ul) U2) B Uk—27 Uk—l) Uk+1 U {xr}, Uk+2 U {xr}, e ,er U {xr}}

In the extension Iy 1), the two cards, namely Xy, , Xy, , e € Ugy1 — Ug—1 do not
have the k-open set and in the extension Iz 1), the two cards, namely, X, Xy, zy €
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Uk42 — Ugy1 do not have the k-open set.
Case 6. The two cards are X, and X, .

Clearly &(Xy,) = {J1(p)s J2p)> - - - » Jm—2(p)» Im—1(p)> Jm }, Where p > 2. Consider
the extensions Jy (), Jo(x41) of size m — 1, m respectively, where

TJl(k) = {Ula U2a ey Uk—27 Uka Uk+1 U {SUS}, Uk+2 U {CCS}, ey )(xS U {Qj‘s}}’

TJQ(k+1) = {(;5, Ula U2a ey Uk‘—37 Uk—?a Uk—2 U {553}, Uk U {.175}, “ee aX:ES U {l’s}}

In the extension Jy), the two cards, namely X, , Xy, e € Ug41 — Uy do not have
the (k—1)-open set and in extension, Jy(;1), the two cards, namely, X, , Xz, 7y €
Uk—2 do not have the (k — 1)-open set. Thus, in all the six cases, we have proved
that rn(X) > 2.

Now we prove that rn(X) < 3. Consider the three nonhomeomorphic cards
X,y Xuy, Xz, and the collection &(X,,). The extension, say Hy,) of size m is
clearly homeomorphic to X. Consider the other extensions Hj of size m, where
j # k. By Lemma 5, the cards do not have either an l-open set or an (I — 1)-open
set, [ # k. Hence (at most) one of the two cards X, , X,, does not belong to its
multideck. Next, consider the extensions of size m + 1. Since these extensions have
i-open set for each i, i € {1,2,...,n}, by Lemma 3, the two cards X, , X,, do
not belong to its multideck. Finally, consider the extensions of size greater than
m + 1. Since these extensions do not have the ascending chain, by Lemma 2, these
extensions can have at most two cards with ascending chain and hence one of the
two cards X, X, does not belong to its multideck. Therefore every extension in
&(Xz,) other than H ;) does not have the other two cards in its multideck. Hence
rn(X) < 3, which completes the proof.

In Theorem &, the reconstruction number is determined for a space with ascend-
ing chain and with out an i-open set for a unique ¢, 2 < i < n — 1. We shall now
determine the reconstruction number for a space with ascending chain and with
out i-open sets for at least two distinct i’s, 2 <7 < n — 1. Let k be the smallest
integer and [ be an integer such that X has no open sets of order k and [. Then
1 <k <l < n. Then 7x can be equal to one of the following collection.

{¢7U17U27"'7U1€—15Uk+t7"°7X}a t22 (C]-)
{¢,U1,U2,...,Uk_l,Uk_:,_l,...,Ul_l,UH_t,...,X}, t>land k+1#1-1 (02)
{¢7 U17U27"'7Uk717Uk+1 = Ul*laUl+t7"'7X}7 t Z 1 (03)
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Theorem 9. Let X be a finite topological space of size m with ascending chain
and unique isolated point. If X has no i-open sets for at least two distinct i’s,
2<i<n-—1 and Tx is equal to the collection given in (C1), then rn(X) = 2.

Proof. By Lemma 1, we have rn(X) > 2. Choose the two cards X;,, X,,, where x;
is the isolated point and X, is any card of size m. Since X does not have open
sets of order k,k+1,...,k+t—1, t > 2, the card X,, has the open set of order
(k+1t—1) or not. Without loss of generality, assume the former case. Since X, is
the isolated point deleted card, it must have the (k + ¢ — 1)-open set. Thus

Tle = {¢7 Ul; U27 ceey Uk‘727 Uk+t717 s 7X$1}7

X, = {¢7 U17 U27 ceey Uk—ly Uk-i-t—l’ ce 7X5’37“}'

Consider g(XxT), where @@(er) = {Hl(p)7 HQ(p), ceey Hmfl(p)v Hm(p), Hm+1}, P > 2.
The extension, say Hjyy) of size m is clearly homeomorphic to X, where

THy(hyt) = {(ﬁ, U,Usy ..., Up—1,Upys—1 U {J}r}, - ,er U {mr}}

Consider the other extensions of size m and at first the extensions Hj(., where
c>k+t—1and

THyoy = {¢, Ui,Usy ..., Up_1, Uk+t717 .U U {:L‘T}, e X;rT U {.%'T}}

The cards of these extensions have an open set of order (k— 1) or (k—2). The cards
having (k — 1)-open set are clearly not homeomorphic to the card X,,. Consider the
cards with (k — 2)-open set. Since these cards have the (k4 ¢ — 2)-open set and the
card X,, has no such open set, it follows that those cards are not homeomorphic to
the card X;,. Consider next the extensions Hy(g), where d < k — 1 and

THy) = {qb, Ui,Us,...,UzgU {137»}, Ugs1 U {xr}, U1 U {.CU?«},

Uk+t—1 U {IET}, PN ,pr U {1}7»}}

The cards of these extensions have either k-open set or (k — 1)-open set. Since
the card X,, has no open set of order k as well as (k — 1), these cards are not
homeomorphic to X,,. Consider the extensions of size m + 1. The size of the cards
of these extensions are either m + 1 or m and hence the card X,, does not belong
to its multideck, since the size of X, is m — 1. Finally, consider the extensions of
size greater than m + 1. Then these extensions have the open sets or order either
‘k—1,k+t—1’or‘k—1,k’or ‘k—1,k+t—1,k+t. In the former case, the cards
of these extensions have open sets of order ‘6 — 1,k +¢—1’or ‘k —1,k+t¢t— 2 ’or
‘k — 2,k +t— 2. ’In the middile case, each card has the (k — 1)-open set. For the
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latter case, the cards of these extensions have open sets of order ‘k—1,k+t—1,k+1t
‘or ‘k—1,k+t—1’or‘k—1,k+t—2,k+t—1’or k—2,k+t—2,k+t—1. Clearly,
the card X,, does not belong to the multideck of these extensions. Therefore every
extension in & (X, ) other than H ;) does not have the card X, in its multideck.
Hence rn(X) < 2, which completes the proof.

Theorem 10. Let X be a finite topological space of size m with ascending chain
and unique isolated point. If X has mo i-open sets for at least two distinct s,
2<i<n-—1 and Tx is equal to the collection given in (C2), then rn(X) = 2.

Proof. By Lemma 1, we have rn(X) > 2. Choose two points x, € Ui — Up—1 and
s € Upyy — Up—1. Then the cards X, and X, will have size m, where

TXwT = {¢7 Ul') U27 ey Uk*lv Uk'} Uk+1 N Ul727 Ul+t717 LR 7X1‘r}7

TX, = {¢7 Ur,Us,..., U1, Uk+1, Uk+2 LU, Ul+t—17 ... ,Xxs}.
Consider &(Xz,) = {Hip), Hap), -+ Hm—1(p)s Hm(p)» Hm+1}, where p > 2. The
extension Hjy) is clearly homeomorphic to X, where

THy gy = 16, U1, Usy -, U1, U U{ 2 }, U U} Ui U {a

Ul+t—1 U {ZET}, e ,er @] {SCT}}

So consider the other extensions of size m and at first Hy(.), where ¢ > k and
THy(o) = {¢, U, Usy ..., Up—1, U, Upy1...,U. U {xr}, U9 U {l’r},

Uipr—1 U{zr}, oo, Xo, Uz}

Since these extensions have the open sets of order £ — 1 and k, the cards of these
extensions have open sets of order either £ — 1,k or K — 1. The cards with k-open set
is clearly not homeomorphic to X,,. So, consider the cards with the (k — 1)-open
set. These cards must be obtained by deleting the points in a k-open set from the
extensions and so the size of these cards is m — 1. Therefore the card X, does not
belong to its multideck. Consider the extensions Hj ), where d < k and

THygy = {¢, U,Us, ..., UdU{xr}, Ud_HU{ajr}, ey Uk_lLJ{xr}, UkU{LUT}, Uk_lU{xr},

o Ua Uz b, U1 U{ar o, X, U2 )

Since these extensions have open sets of order k — 1, k, and k + 1, it follows that all
the cards of these extensions have the open set of order k£ and hence the card X,
does not belong to its multideck. Consider now the extensions of size m + 1. Since
the card X, has the open sets of order k, and k + 1, the extensions of size m + 1

98



A. Anat Jaslin Jini and S. Monikandan — RN of Topological Spaces

must have the open sets of order k, k + 1. Therefore all the cards of these extensions
must have the k-open set and so the card X, does not belong to its multideck. The
similar arguments also hold for the extensions of size greater than m+ 1. Thus every
extension in &(X,,) other than Hy does not have the card X, in its multideck.
Hence rn(X) < 2, which completes the proof.

The only remaining case to determine the reconstruction number is when 7y is
equal to the collection given in (C3). That is,

T — {gb, Ul,UQ,. . -aUk—laUk—H = Ul—laUl-l—tv"',X}v t Z 1.

Since k+1 = [ —1, the order of the open set Uj;; must be at least k4 3. We consider
two more subcases depending upon the order of Uj,,; as below.

T = {(25, U,Usy ..., Up—1,Ups1, Ukte, - - - ,X},t > 4. e (03.1)

X = {¢7 U17U2a .- 'aUk—lka+17Uk+3a .. 7X} s (032)

The latter case is again divided into three subcases depending upon how the order
differs between two consecutive open sets occuring after Uy 3 as follows.

The difference between any two consecutive open sets occuring after Uy, g is one.
That is,

X = {¢7 U17 U27 ceey Uk‘717 Uk+17 Uk‘+37 Uk’+47 Uk+57 LR 7X} R (0321)

The difference between any two consecutive open sets occuring after Ugys is two.
That is,

TX = {¢a Ula U25 ey Uk‘—17 Uk-}—la Uk+37 Uk+5) Uk-}—?a ey Un727 X} et (0322)

The difference between at least two consecutive open sets occuring after U3 (can
be anywhere after Uyy3) is at least two and 7x is not equal to the collections given
in (C3.2.1) and (C3.2.2). That is,

x ={o,U1,Usy ..., Ux—1,Ups1,Us3, ..., U, Upyy,..., X}, t >2. .- (C3.2.3)
Theorem 11. Let X be a finite topological space of size m with ascending chain

and unique isolated point. If X has mo i-open sets for at least two distinct i’s,
2<i<n-—1 and Tx is equal to the collection given in (C3.1), then rn(X) = 2.

Proof. Choose two points z, € Ugy1 — Ug—1 and zg5 € Ugyy — Ug41. Then the two
cards X, and X,, have size m, where

TXET = {¢7 Ulu U27 R Uk—l) Ukv Uk+t—17 R 7er})

99



A. Anat Jaslin Jini and S. Monikandan — RN of Topological Spaces

Tx,, =10, U1, U2, ..., Up—1, Up1, Upgrp—1, - - -, Xy }

Consider the collection &(Xy,) = {Hix), Hap)s - - Hm—1(p)> Him(p)s Hmt1},p = 2.
The extension Hy, of size m is clearly homeomorphic to X, where

THl(k) — {¢7 Ula U25 ey Uk—17 U/C U {xr}a Uk+t—1 U {fEr}a ce. 7er U {CCT}}

So consider the other extensions of size m and at first the extensions Hy(, ¢ > k.
These extensions have the open sets of order either ‘k—1, k, k+t—1or ‘k—1,k, k+1¢’.
In the former case, the cards of these extensions have open sets of order ‘k—1,k, k+
t—1or ‘k—1,k,k+t—20or ‘k—1,k+t—20r ‘k—2,k—1,k+1t— 2. For the
latter case, the cards of these extensions have open sets of order ‘k — 1,k, k + t’or
‘k—1kk+t—1or‘k—1,k+t—1or ‘k—2k—1,k+1t—1. Cleary, the cards
with k-open set is not homeomorphic to the card X,,. So consider the cards having
no k-open set. Since t > 4, these cards do not have the open set of order k£ + 1 and
hence the card X, does not belong to its multideck. Next, consider the extensions
Hjy(q), d < k. These extensions have the open sets of order k, k+1, k+¢. Since these
extensions have open sets of order k, k41, all cards of these extensions have open set
of order k and hence the card X, does not belong to its multideck. Now consider
the extensions of size m+1. Since the card X, has the open sets of order k, k+t—1,
the extensions have the open sets of order either ‘k,k+¢ — 1’or ‘k,k+t—1,k+t’or
‘k,k+ 1,k +t. Since t > 4, no cards of the extensions those have the open sets of
order k,k +t — 1 have no open set of order k£ + 1 and all the cards of the extensions
having the open sets of order k, k + 1, k + t have the k-open set and hence the card
X, does not belong to its multideck. Similar arguments hold for the extensions
of size greater than m + 1. Therefore every extension in &(Xg,) other than Hy,
does not have the card X, in its multideck. Hence rn(X) < 2, which completes the
proof.

The next two lemmas asserts that the spaces with 7x given in (C3.2.1) or (C3.2.2)
have only four mutually nonhomeomorphic cards so that these two spaces can be
recognized.

Lemma 12. Let X be a finite topological space of size m with ascending chain
and unique isolated point. Then X has no i-open sets for at least two distinct i’s,
2<i<n-—1 and 7x is equal to the collection given in (C3.2.1) if and only if the
multideck of X has only four mutually nonhomeomorphic cards X, , Xz, , Xz, and
X, where

Xy, = 10, U1, U2, .o, U1, Upy1, Upy2, Upys, .., X,

TXIS = {(ba Ulu UZ: ey Uk—17 Uk7 Uk+27 Uk+37 cee 7XCC5})

100



A. Anat Jaslin Jini and S. Monikandan — RN of Topological Spaces

X2, =10, U1, U2, o, U1, U1, U3, U as - - Xy
TXIu - {(ba Ulu UZ: ey Uk—27 Uk7 Uk+27 Uk+37 cee 7Xxu}a

Proof. Necessity. Assume 7x = {¢,U1,Us, ..., Uk—_1,Uks+1, Ug+3, Uksa, Ugss, ..., X }.
Then we will get the above four nonhomeomorphic cards X, , X, , Xz, and X, with
desired cardinality by choosing the points x, in Ux43 — Ug+1, s in Ugyq — Ug—1, ¢
in X — Ugys and zy, in Ug_;.

Sufficiency. Assume, to the contrary, that 7x is not equal to the collection given
in (C3.2.1). Suppose that X has no i-open set for some i, 2 < ¢ < k — 1, that
iS, T — {¢, Ul, UQ, ceey Ui—lv Ui+1> ey Uk—h Uk—i—l, Uk+3, Uk+4, Uk+5, ey X} Then
the cards of X have open sets of order ‘e — 1,7+ 1’or ‘4 — 1,4’or ‘¢ — 2,7’. The card
having the open sets of order ¢ — 2 and i does not belong to the given multideck,
a contradiction. Similarly, the same holds for X having no i-open set for some 4,
k+3 <i<mn-—1. Suppose that X has no (k+1)-open set. If X has no open sets of or-
der k£ and &+ 2, then the multideck of X has only three mutually nonhomeomorphic
cards X, , X;, and X, where z, € X — U3, 5 € Ugys —Ui_1, 2+ € Ug_1, giving
a contradiction. If X has k-open set or (k+2)-open set but not both, then the multi-
deck has only three mutually nonhomeomorphic cards X, , X, and Xg,, where z, €
X —Ugys, s € Upy3 —Ux, 1 € U, 1 € X —Ugy2, s € Ugyo — U1, 1t € U1
respectively, giving a contradiction. If X has both open sets of order k and k + 2,
then, by Lemma 5, the multideck has only three mutually nonhomeomorphic cards,
a contradiction. Assume now that X has the (k+ 1)-open set. In addition, if X has
the (k+2)-open set, then by Lemma 3, all cards are homeomorphic, a contradiction.
Otherwise, by Lemma 5, the multideck has only three mutually nonhomeomorphic
cards, again giving a contradiction.

Theorem 13. Let X be a finite topological space of size m with ascending chain
and unique isolated point. If X has mo i-open sets for at least two distinct i’s,
2<i<n-—1 and Tx is equal to the collection given in (C3.2.1), then rn(X) = 3.

Proof. By Lemma 12, the multideck of X has only four mutually non-homeomorphic
cards, namely X, , X, X¢, X, where

TXIT = {¢7 U17 U27 ey Uk—17 Uk+17 Uk+27 Uk+37 o 7pr}7

TXES - {¢a Ula UZ; ey Uk—17 Uka Uk+27 Uk+3) cee 7X$5})
7X,, =10, U1, U2, o, U1, U1, U3, U as - - Xy
TX,, = 10:U1, Uz, ..., Uk—2, U, Upy2, Upys, . .., Xu, },
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ITx,. | = |7x,,| = mand |7x,, | = [Tx,, | = m—1. We shall first prove that rn(X) > 2
by considering ten cases as below.
Case 1. The two cards are X, and X, .

Consider &(X;,) = {Hl(p)a HQ(p), e 7Hm71(p)7 Hm(p), Hp41}, p > 2 and the
extensions Hy 49y and Hy(,_1) of size m, where

THy(k+2) — {¢7 Ur,Us, ..., Uk, Uk+17 Uk+2 U {xr}v Uk+3 U {xT}7 s 7XZT U {xr}},

THy oy = 10 U1, U2y s U1, Up1, U2, Upgss - -+, X, U{r } )

In Hl(k+2), the card X, , where z. € Ugya — Ugy1, is homeomorphic to the card
Xz, In Hy(,—1), the card X, where zy € Xy — Up—2, is homeomorphic to the
card X, .
Case 2. The two cards are X, and X, .

Consider &(X,,) and the extensions Hj9), Ha—1) of size m and m + 1 re-
spectively, where

THygry = 10, U1, Uz, ., U1, U1 U{ar }, U U@ b, UpoU{n 3, UppsU{ar

X, U{zr}}.

In Hy(_1), the card, X, z. € Ugt2 — Ugy1 is homeomorphic to the card X, . By
Lemma 12, the extension Hjy9) has both the cards X, and X, .
Case 3. The two cards are X, and Xg,.

Consider the extensions Hj 2y and Hy(g3) of size m, where

THl(k+3) = {(b; U17 U27 ceey Uk*la Uk+17 Uk+27 Uk+3 U {wr}v o ,er U {xT}}

By Lemma 12, the extension Hj9) has both the cards X,, and X, . In Hyg3),
the card X,,, x¢ € Ugto — Ug41 is homeomorphic to the card X,.
Case 4. The two cards are X, and X, .

Consider &(X,,) and the extensions Hjj9), Hy(x—1) of size m, where

Hyg—1) ={8,U1, U2, ..., U1 U{zr}, Up1 U{zp }, Uppo U{ar }, Uz U{ar ), oo

X, U{z,}}.

By Lemma 12, the extension Hy oy has both the cards X;, and X,,. In Hyg_q),
the card X,_, where x. € Ugy2 — Uiy is homeomorphic to the card X, .
Case 5. The two cards are X, and X,_.

Consider &(Xz,) = {Li(p), L2p)> - - - » Im—1(p)> Im(p)s Im+1}, P > 2 and the exten-
sions Iy(x), I1(n—1) of size m, where

Ly =19, U1, Uz, ..., U1, U U{ws}, Upyo U{xs}, Uz U{ws}, ..., Xo, U{zs} )
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Thnoy = 10, U1, Uz, ., Up—1, Ug, Up2, Upgss - .-, Xoy U {s}}

In extension Iy, the card X, z. € Uy — Ug_1 is homeomorphic to the card X,
In extension Iy, 1), the card X, , ze € Xy, — Up—2 is homeomorphic to the card
Xz,
Case 6. The two cards are X, and X,,.

Consider &'(X,,) and the extensions Iy, [1(x43) of size m, where

Thhis) — {¢, Ui,Ua,...,Up_1,U, Ugso,Ugts U {l‘s}, - :Xxs U {.%'S}}

By Lemma 12, the extension Iy () has both the cards. In extension /y(;43), the card
Xz, Te € Uy — Ug_1 is homeomorphic to the card Xg,.
Case 7. The two cards are X,, and X,

Consider &(X;,) and the extensions Iy, I1(,—1) of size m, where

TL1) = {¢, U,Us, ..., Uk_lU{Is}, UkU{$s}, Uk+2U{x5}, Uk+3U{a:5}, c ,XxSU{xs}}.

By Lemma 12, the extension I ) has both the cards. In I;,_y), the card X, z. €
Uy — Ug—1 is homeomorphic to the card X,
Case 8. The two cards are X, and X,,.

Consider &(Xz,) = {Ji(p)s Jo(p)s - - - » Jm—2(p)s Im—1(p)> Jm }» P > 2 and the exten-
sions Jy(p—1); J1(kt1) Of size m — 1, where

TJ1 (n—1) {¢7 U17 U27 seey Uk*lv Uk‘+17 Uk+37 Uk+47 LU 7X3?z U {.’I:t}},

TJl (k+1) {¢7 U17 U27 ) Uk*lv Uk‘+1u{xt}7 Uk+3u{xt}7 Uk+4u{xt}7 e ey Xact U{l't}}

In Jin-1), the card X, , ze € X;, — U,—2 is homeomorphic to the card X,,. In
Jl(k+1)> the card Xxf, 2 ¢ € Ugq1 — Ug—1 is homeomorphic to the card X,,.
Case 9. The two cards are X, and X,

Consider &(X,,) and the extensions Jo(n-1)s J1(k—1) of size m and m — 1 respec-
tively, where

Thyy =18, U1, Uz, .o, Ug—1 U}, Ui U{an}, UgsU{@et, UgpaU{a o X U@t

7—’](2(”,1)) = {¢7 U17 U27 ceey Uk*l? Uk+17 Uk’+37 Uk+47 ey XJ?ﬂX.Z‘t U {xt}}

By Lemma 12, the extension Jy,_1) has both the cards. In Jy_1), the card
Xzo, Te € Ugqs — Uk is homeomorphic to the card X, .
Case 10. The two cards are Xxu and X,

Consider &(Xz,) = {Kj( p), 2p)s +» Km—20p)s Km—1(p), Km}, p > 2 and the
extensions Ky (,_1), Kq(x), of size m — 1 where

TK1<n,1> - {¢a Ula UZ: ey Uk—27 Uk7 Uk+27 Uk+37 cee )XCEu U {xu}}7
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TKl(k) = {¢7 U17 U27 ceey Uk727 Uk U {wu}a Uk‘+2 U {xu}7 Uk+3 U {xu}a ER 7X3:u U {xu}}

In Ki(n-1), the card X,,, ze € Xz, — Up—2 is homeomorphic to the card X;,. In
Kl(k), the card chf, xy € U — Ug_2 is homeomorphic to the card X,,. Thus, in all
the ten cases, we have proved that rn(X) > 2.

Next we shall show that rn(X) < 3. Consider the three nonhomeomorphic
cards X, Xz, Xz, and the collection &(X;,). The extension Hj9) of size m
is clearly homeomorphic to X. Consider the other extensions of size m and at
first the extensions Hj(), ¢ > k + 2. These extensions have the open sets of or-
der k 4+ 1,k 4+ 2 and hence all the cards of these extensions have the open set of
order k + 1 and hence the card X,, does not belong to its multideck. Consider the
extensions Hyg), d < k + 2. These extensions have the open sets of order either
‘k—1,k+2,k+30r ‘k, k+2,k+3’. In the former case, the cards of these extensions
have open sets of order ‘k — 1,k + 2,k + 3’or ‘k — 1,k +2or ‘k — 1,k + 1,k + 2’or
‘k—2,k+1,k+ 2’. Since no card has the open set of order k, the card X,  does
not belong to its multideck. For the latter case, the cards of these extensions have
open sets of order ‘k, k+2,k+3or ‘k,k+2'or ‘k,k+1,k+2or ‘k—1,k+1,k+2.
Since each card has the open set of order k + 2, it follows that the card X, does
not belong to its multideck. Next, consider the extensions of size m + 1. Then the
size of its cards are m + 1 or m and hence the card X,, does not belong to its
multideck, as size of X,, is m — 1. Finally, consider the extensions of size greater
than m + 1. Since these extensions do not have the ascending chain, by Lemma 2,
these extensions can have at most two cards with ascending chain and hence one of
the two cards X, , X, does not belong to its multideck. Therefore every extension
in &(X,,) other than Hj9) does not have the other two cards in its multideck.
Hence rn(X) < 3, which completes the proof.

Now we move on to the collection given in (C3.2.2). From the structure of
the open sets of X, it is enough to prove the result for the open sets of order
L,2,...,k—1Lk+1,k+3,k+5.

Lemma 14. Let X be a finite topological space of size m with ascending chain
and unique isolated point. Then X has no i-open sets for at least two distinct i’s,
2<i<n-—1 and Tx is equal to the collection given in (C3.2.2) if and only if the
multideck of X has only four mutually nonhomeomorphic cards X, , Xz, , Xz, and
Xz, , where

TX,, = 10, U1, Uz, ..., Up—1, Ups1, Upt3, Upsa},
7x,, = {0, U1, Vs, ..., Ug—1, Ugt1, U 42, Ugta},
7X,, =19, U1, U2, ..., U1, Uk, Ugy2, U 14},
TX,, =10, U1, U, ..., Ug—2, Uy, Ugy2, Uk14},
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ITx..| = I7x,.| = |tx,,| = m and |7x,, | = m —1.

Proof. Necessity: Assume that 7x = {¢,U1,Us,...,Ug_1,Uk+1,Ugs+3, Ugss}. Then
we will get the above four nonhomeomorphic cards X, , X, , X;, and X, with
desired cardinality by choosing the points x, in Ugys — Ugts, s in Ugys — Uk,
zt in Ugy1 — Ug—1, and zy, in Ug_;.

Sufficiency: Assume, to the contrary, that 7x was not equal to the collection given
in (C3.2.2). Suppose that X has no i-open set for some i, 2 < i < k — 1. The
cards of X have open sets of order ‘¢ — 1,7+ 1’or ¢ — 1,7’or ‘¢ — 2, ¢’. The cards
having open sets of order ¢ — 2 and ¢ do not belong to the given multideck, a
contradiction. Suppose that X has no (k + 1)-open set. If X has no open sets of
order k,k + 2,k + 3 and k + 4, then the multideck has only two nonhomeomorphic
cards X,, and X, , where x, € Ugys — Uk_1, xs € Ui_1, a contradiction. If
X has the i-open set, where ¢ = k,k + 2,k + 3, or £ 4+ 4 and X has no j-open
set, where j € {k,k + 2,k + 3,k + 4} — {i}, then the multideck has only two or
three mutually nonhomeomorphic cards, a contradiction. If X has the k-open set
and the (k + 2)-open set, then the card X, , where z, € Ugio — U, does not
belong to the given multideck. Similarly, the same hold when X has at most three
open sets of different order from {k,k + 2,k + 3,k + 4}. If X has open sets of all
order from {k,k + 2,k + 3,k + 4}, then by Lemma 5, the multideck has only three
mutually nonhomeomorphic cards, a contradiction. Similarly, the same hold for the
case that X has no (k + 3)-open set. Now assume that X has the (k + 1)-open
set. If X has no open sets of order k,k + 2,k + 3 and k + 4, then the multideck
has only three mutually nonhomeomorphic cards X, , X,, and X, where x, €
Ukys — Ukt1, x5 € Ugy1 — Uk—1, ¢ € Ug—1, a contradiction. If X has the i-open
set, where i = k, k+2,k+4 and X has no j-open set, where j € {k,k+2,k+4}—{i},
then the card X, , where z, € Ugys, xr € Ugy1, xr € Ugys does not belong to the
given multideck for each i respectively. If X has the k-open set and the (k + 2)-open
set, then the card X, , where x, € Ugys, does not belong to the given multideck.
Similarly, the same hold when X has at most three open sets of different order from
{k,k+ 2,k + 3,k +4}. If X has open sets of all order from {k,k + 2,k + 3,k + 4},
then by Lemma 3, all cards are homeomorphic, a contradiction. Similarly, the same
hold for the case that X has the (k + 3)-open set.

Theorem 15. Let X be a finite topological space of size m with ascending chain
and unique isolated point. If X has mo i-open sets for at least two distinct i’s,
2<i<n-—1andTx is equal to the collection given in (C3.2.2), then rn(X) = 3.

Proof. By Lemma 14, the multideck of X has only four mutually non-homeomorphic
cards, namely X, , X5, Xy, Xy, where |7x, | = [7x, | = |7x,,| = m, [7x,, | =m — 1,

TXIT = {¢7 U17 U27 ceey Uk—17 Uk+17 Uk+3) Uk+4}7
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TX., =10, U1, U2, .., Up—1, Upy1, Upy2, Uy},
7x,, = 16,U1,U2, ..., U1, Uk, Uk 12, Ur14}, and

TXIu - {¢7 U17 U27 ) Uk—27 Uk7 Uk+2) Uk+4}
We shall first prove that rn(X) > 2 by considering ten cases as below.
Case 1. The two cards are X, and X, .
Consider &(X;,) = {Hl(p)a Hg(p), e va—l(p)7 Hm(p)v Hp41}, p > 2 and the
extensions Hy(jy4), Hi(ry3) of size m, where

THy sy = 105 U1, Uz, o, U1, U1, Ugs, Ukpa U {2 3,

THl(k+3) = {¢7 U17 U27 ey Uk—lu Uk+17 Uk+3 U {l’r}, Uk+4 U {JJT}}

In Hy(j14), the card X, , z¢ € Ugtq — Ugys is homeomorphic to the card X, . In
Hi(1y3), the card Xy, @y € U3 — Ugy1 is homeomorphic to the card Xy, .
Case 2. The two cards are X, and X, .

Consider &(X,,) and the extensions H(j4), Hagrq1) Of size m and m + 1 re-
spectively, where

TH2<k+1) = {¢7 U17 UQ? e ey Uk*l) Uk+17 Uk+1 U {x’l‘}a Uk+3 U {xr}7 Uk+4 U {x’l‘}}

By Lemma 14, the extension Hj4) has both the cards. In the extension Hy 1),
the card z., where z. € Ugy4q — Ugy3, is homeomorphic to the card X, .
Case 3. The two cards are X, and Xg,.

Consider &(X,,) and the extensions Hjj4), Hox—1) of size m and m + 1 re-
spectively, where

THygoyy = 10, U1, Uz, oo, Up—1, U1 U{ b, Uppr U{ar }, Ups U{ar b, Upa U {2 } 1

By Lemma 14, the extension Hj4) has both the cards. In the extension Hy,_1),
the card z., where z¢ € Ugyq — Ugy3, is homeomorphic to the card X, .
Case 4. The two cards are X, and X, .

Consider &(X,,) and the extensions Hj.4), Hy(y—1) of size m, where

THy(x_1y) = {(25, Ui,Usgy ..., Up_1 U {:L'r}, Ugs1 U {xr}, Ukss U {HTT}, Uk44 U {xr}}

By Lemma 14, the extension Hj4) has both the cards. In the extension Hy,_1),
the card z., where z¢ € Ugy4q — Ugy3, is homeomorphic to the card X, .
Case 5. The two cards are X, and X,_.

Consider & (Xz,) = {Li(p)s La(p)s - - - » Im—1(p)> Im(p)> Im+1}, where p > 2. Consider
the extensions Iy 2y, [1(k44) Of size m, where

Tll(k+2) = {¢) Ul) U2) vy Uk—17 Uk—l—l) Uk)+2 U {xs}) Uk+4 U {l's}}a
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TIl(k+4) - {¢7 Ula U27 ceey Uk*la Uk‘+17 Uk’+27 Uk+4 U {IES}}

In I (149), the card X, where . € Ugyo — Ugy1, is homeomorphic to the card X, .
In Iy (k4 4), the card X, where 2y € Ugtq — Ug2, is homeomorphic to the card X, .
Case 6. The two cards are X, and X,,.

Consider the extensions Iy(x19), Io—1) of size m and m + 1 respectively, where

THygyy = 16, U1, Uz, ..., U1, Ug—1 U{as }, Uk U{as}, Ugo U {2}, Ukpa U{as )}

By Lemma 14, the extension Iy, 9) has both the cards and in extension I5;_1), the
card x., where x, € Ugtyo — Ug41, is homeomorphic to the card X,,.
Case 7. The two cards are X, and X, .

Consider &(X,,) and the extensions Iy(42), [1(x—1) of size m, where

TIl(k—l) = {¢) Ul) UQ) ey Uk—l U {CCS}, Uk+1 U {CCS}, Uk+2 U {CCS}, Uk+4 U {CCS}}

By Lemma 14, the extension Iy 2y has both the cards. In Iy;_y), the card z,
where x, € Uyt — Ugy1, is homeomorphic to the card X, .
Case 8. The two cards are X,, and X,,.

Consider &(Xz,) = {Ji(p)s Jo(p)s - - - » Jm—1(p)s Im(p)> Jm+1}, p > 2 and the exten-
sions Jy(x), J1(k+4) Of size m, where

TJl(k) — {¢7 Ula U27 ey Uk—l? Uk U {xt}v Uk-}—? U {xt}a Uk+4 U {xt}}a

Thes = 10 U1, Uss oo, Ug—1, Uy, U2, Uppa U {a b}

In Jl(k)7 the card X,_, where z. € Uy, — Ui_1, is homeomorphic to the card X,,. In
J1(k44), the card X, where xy € Ug1q — Ugy2, is homeomorphic to the card X, .
Case 9. The two cards are X,, and X, .

Consider &(X,,) and the extensions Jy ), Ji(x—1) of size m, where

Thh1) = {(;5, U,Us, ..., Ug_1 U {I‘t}, U, U {xt}, Uk42 U {xt}, Uk44 U {:Ut}}

By Lemma 14, the extension J ) has both the cards. In Jy_y), the card z., where
Ze € Uy — Ug—1, is homeomorphic to the card X, .
Case 10. The two cards are X, and X, .

Consider & (Xz,) = {Ki@p), Kop)s - - s Km—2(p)> Km—1(p)s Km}, p > 2 and the
extensions Ky (g4, Ky(ry2) of size m — 1, where

TKl(k+4) = {¢7 U17 UQ; ey Uk‘—27 Uk‘a Uk+2a Uk+4 U {l’u}},

TKl(;H_Q) = {¢a Ula U27 ceey Uk—27 Ukv Uk‘+2 U {$u}a Uk+4 U {:Eu}}
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In Ky(jyyg), the card X, , where x. € Ugtq — Uk42, is homeomorphic to the card
Xy In Ky(gy9), the card X;,;f7 where ¢ € Ujyo — Uy, is homeomorphic to the card
X, Thus, in all the ten cases, we have proved that rn(X) > 2.

Now we shall show that rn(X) < 3. Consider the three nonhomeomorphic cards
Xz, Xoyy Xz, and the collection & (X, ). The extension Hy 4y of size m is clearly
homeomorphic to X. Consider the other extensions of size m. These extensions have
the open sets of order either ‘k + 1,k + 4,k + b'or ‘k + 2,k + 4,k + 5’. For the
former case, the cards of the extensions have open sets of order ‘k + 1,k + 4’or
‘k+1,k+3,k+4'or ‘k,k+3,k+4". For the latter case, the cards of the extensions
have open sets of order ‘k + 2,k +4'or ‘k+2,k+3,k+4or ‘k+1,k+3,k+5". In
both cases, the cards X, and X, do not belong to the multideck of the extensions.
Next, consider the extensions of size m + 1. The size of the cards are either m + 1
or m and hence the card X,, does not belong to its multideck, as the size of X,
is m — 1. Finally, consider the extensions of size greater than m + 1. Since these
extensions do not have the ascending chain, by Lemma 2, these extensions can have
at most two cards with ascending chain and hence one of the two cards X, , X,,
does not belong to its multideck. Therefore every extension in &(X,,) other than
Hj. 4 does not have the other two cards in its multideck. Hence rn(X) < 3, which
completes the proof.

Theorem 16. Let X be a finite topological space of size m with ascending chain
and unique isolated point. If X has no i-open sets for at least two distinct s,
2<i<n-—1 and Tx is equal to the collection given in (C3.2.3), then rn(X) = 2.

Proof. By Lemma 1, we have rn(X) > 2. Choose two points x, € Ui — Ux_1 and
Zs € Ugy3 — Ugy1. Then the cards X, and X, will have size m, where

Xz, — {¢7 Ul; U27 ) Uk’*h Uk7 Uk+27 ) Ul*h UH‘t*l’ te 7X$T‘}’

TXZS = {¢7 U17 U27 ey Uk—17 Uk+17 Uk+2) sy Ul—17 Ul—‘rt—lu L 7X.Z‘S}'
Consider the collection &(Xy,) = {Hip), Hap)s - - Hm—1(p)> Hm(p)s Hmt1},p > 2.
The extension Hyy) of size m is clearly homeomorphic to X, where

THl(k) - {¢7 U17 U27 ceey Uk—lu UkU{xr}’ Uk+2u{xr}7 L) Ul—lu{xr}7 Ul+t—lu{x7"}7 ey

Xz, U{z,}}

So consider the other extensions of size m and at first the extensions Hy (), ¢ > k.
These extensions have the open sets of order either ‘/ — 1,[+t — 1’or ‘l — 1,1+ t’or
‘I,l +t’. In the former case, the cards of these extensions have open sets of order
dU—1,1+t—1or ‘Il —1,1+t—20or ‘Il —2,1+t—2. Cleary, the cards having
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(I 4+t — 2)-open set is not homeomorphic to the card X, . So consider the cards
having both (I — 1)-open set and (I +t — 1)-open set. These cards must be obtained
by deleting the points which is not in the (I+¢—1)-open set from the extensions and
so these cards have the k-open set. Therefore the card X, does not belong to its
multideck. In the middle case, the cards of these extensions have open sets of order
‘I—1,l+tor‘l—1,l+t—"1or ‘l—2,l+t—1". Cleary, the cards having (I — 2)-open
set and (/4 t)-open set are not homeomorphic to the card X, . So consider the cards
having both (I — 1)-open set and (I 4+t — 1)-open set. These cards must be obtained
by deleting the points (I + ¢)-open set which is not in the (I — 1)-open set from the
extensions and so these cards have the k-open set. Therefore the card X, , does
not belong to its multideck. For the latter case, the cards of these extensions have
open sets of order ‘I,l + t’or ‘I,l +t— 1’or ‘I — 1,1+t — 1". Cleary, the cards with
l-open set are not homeomorphic to the card X, . So consider the cards having both
(I — 1)-open set and (I + ¢ — 1)-open set. These cards must be obtained by deleting
the points in the l-open set from the extensions. If the deleted point belongs to
U; — Ug, then these cards have the k-open set. Otherwise, the cards have no k-open
set but size of the card is m — 1 and hence the card X,, does not belong to its
multideck. Next, consider the extensions Hj), d < k. These extensions have the
open sets of order k, k+ 1. Since these extensions have open sets of order k, k+1, all
cards of these extensions have open set of order k and hence the card X, does not
belong to its multideck. Now consider the extensions of size m + 1. Since the card
X, has the open sets of order k£ — 1, k, the extensions have the open sets of order
either ‘k —1,k’or ‘k — 1, k, k+ 1’. For the former case, the cards of these extensions
have open sets of order ‘k — 1, k’or ‘k — 1’. Cleary, the cards with k-open set are not
homeomorphic to the card X,,. So consider the cards having k — 1-open set. These
cards must be obtained by deleting the points in the k-open set from the extensions
and so size of the card is m — 1 and hence the card X,, does not belong to its
multideck. For the latter case, all the cards of the extensions have the k-open set
and hence the card X, does not belong to its multideck. Similar arguments hold
for the extensions of size greater than m + 1. Therefore every extension in & (X, )
other than Hy) does not have the card X, in its multideck. Hence rn(X) < 2,
which completes the proof.
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